Collectanea Mathematica (electronic version): http://www.mat.ub.es’CM

Collect. Math. 52, 2 (2001), 157-168
(©) 2001 Universitat de Barcelona

On Picard bundles over Prym varieties

L. BRAMBILA-PAZ

CIMAT, Apdo. Postal 402, C.P. 36240 Guanajuato, México
E-mail: lebp@fractal.cimat.mx

E. GOMEZ-GONZALEZ

Departamento de Matematicas, Universidad de Salamanca, Plaza de la Merced 1-4
37008 Salamanca, Spain
E-mail: esteban@gugu.usal.es

F. PioL1

Dipartimento di Matematica, Universita degli Sudi di Genova, Via Dodecaneso 35
16146 Genova, Italy

E-mail: pioli@dimaunige.it

Received November 22, 2000. Revised February 14, 2001

ABSTRACT

Let7: Y — X bea covering between non-singular irreducible projective curves.
The Jacobian J(Y") hastwo natural subvarieties, namely, the Prym variety P and
the variety 7*(J(X')). We prove that the restriction of the Picard bundle to the
subvariety 7*(J (X)) is stable. Moreover, if P isa principally polarized Prym-
Tyurin variety associated with P, we prove that the induced Abel-Prym morphism
p:Y — P isbiraiona to itsimage for genus gx > 2 and degm # 2. We
use this result to prove that the Picard bundle over the Prym variety is simple and
moreover is stable when p'is not birational onto itsimage.
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Introduction

Let Y be a non-singular irreducible projective curve of genus gy > 2 over an al-
gebraically closed field of characteristic zero. Let Py be the (normalized) Poincaré
bundle over Y x J¢(Y). The higher direct images of the Poincaré bundle on J(Y") are
called Picard sheaves. If d > 2¢gy — 2, the direct image W; of Py is locally free and
is called the Picard bundle. These sheaves have been studied extensively in the last
years (see e.g. [10], [13] and [7]). In [7], Ein and Lazarsfeld prove the stability (with
respect to the theta divisor) of the Picard bundle W; when d > 2gy — 1, generalizing
a result of Kempf ([10]) holding for d = 2gy — 1.

In this paper we study the restrictions of the Picard bundle W; to the Prym
variety associated with a covering m:Y — X and to the subvariety 7*(J(X)) of the
Jacobian J(Y). More precisely, let m:Y — X be a covering between non-singular
irreducible projective curves. Let (J(Y'), ©y) be the principally polarized Jacobian of
degree zero of Y and Py the Poincaré bundle over Y x J(Y'). Fixing a line bundle L on
Y of degree d > 2gy — 2, we identify J(Y') with J¢(Y) and consider the Picard bundle
Wy = pa.(p7Lo ® Py) on J(Y). We denote the restriction of W; to the subvarieties
P and 7*(J(X)) of J(Y') by Wp and W, respectively.

We prove that if 7.(Lo) is stable and deg(m.(Lo)) > 2ngx, then (7*)*(Wj) is
© x-stable on J(X), where 7*: J(X) — J(Y) is the pull-back morphism (see Theorem
2.2 and Remark 2.1), and deduce that W, is stable with respect to the polarization
@ﬂ— - G)Y ™ (J(X))-

The restriction ©p of Oy to P need not be a multiple of a principal polarization.
However, it is possible to construct (see [14]) a principally polarized abelian variety
(ﬁ,E) and an isogeny f:P — P with f~Y(©p) = nZ= such that there exists a map
7Y — P with p(Y) and Z™~! numerically equivalent (where m = dim P = dim P).

We prove that if n # 2 and gx > 2, the morphism p: Y — P is birational to its
image (Theorem 1.2) and use a property of the Fourier-Mukai transform to show that
in this case Wp is simple. Moreover, we characterize explicitly the cases where p may

not be birational. In this case, we prove that the Prym variety is the image in J(Y") of
the Jacobian of the normalization of the curve p(Y). As a consequence of the stability
of Wi, the Picard bundle Wp is stable with respect to ©y |p when p is not birational.
In particular, for gx > 2 and d > 29y + 4, Wp is simple (Theorem 2.9).

As an application of the above results (see Theorems 3.1 and 3.3), we show that
the corresponding Picard bundle W, over the moduli space of stable vector bundles of
rank n and fixed determinant &, with n and d = degf coprime, is simple when gx > 2
and d > n(n+1)(gx — 1) + 6. In the case gx = 2 and n = 2 the bundle W is stable
for d > 10.

Acknowledgments: We thank Laura Hidalgo for discussions and G.P. Pirola for
useful suggestions concerning Theorem 1.2. The first and third authors acknowledge
the generous hospitality of Departamento de Mateméticas of the University of Sala-
manca. The third author wishes to thank the Centro de Investigacion en Matematicas
(CIMAT), Guanajuato, for the warm hospitality and support. We thank the referee
for some useful suggestions.
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1. Prym varieties

We shall denote by J(X) the Jacobian of degree zero of a non-singular projective
irreducible curve X and by © x the natural polarization on J(X) given by the Riemann
theta divisor.

Let m: Y — X be a covering of degree n between non-singular irreducible projective
curves of genus gy and gy, respectively. We have the norm map N,: J(Y) — J(X) and
the pull back map 7*: J(X) — J(Y). It is known that the map h: J(X) — 7*(J(X))
induced by 7* is an isogeny such that h~! (@y\ﬂ*(J(X))) = nOx. We will denote by
O, the restriction of the theta divisor of J(Y') to 7*(J(X)).

The Prym variety P associated with the covering is the abelian subvariety of
J(Y') defined by P = Im(nld;yy) — 7" o Ny). We shall denote by p the morphism
(nIdjyy —7* o Np): J(Y) — P.

On P there exists a natural polarization ©p given by the restriction of the theta
divisor Oy to P. In general ©p is not a multiple of a principal polarization (see [11],
Theorem 3.3, pp. 376). The following theorem gathers several standard results about
Prym-Tyurin varieties for which we refer to [11], [14] and [8].

Theorem 1.1

Let m:Y — X be a covering of degree n. There exist a principally polarized

abelian variety (P,Z), an isogeny f : P — P and a morphism p: J(Y) — P such that:
1. f_l(@p) = n=.
2. The map fopu: J(Y) — P coincides with the morphism p defined as above.
3. The restriction fi|p is surjective and the map f o ji|p coincides with the multipli-
cation by n on P.

Moreover, the following relation holds
N-YOx)+ 5 ' E) =nOy.

The isogeny f and the morphism /i in the previous theorem are not unique. From
now on we shall consider a fixed isogeny f: P — P enjoying the properties listed in
Theorem 1.1. Let yo be a fixed point on Y. Let py,: Y — P and py,: Y — P be the
morphisms

Pyo = O Oy and Pyo = [0 Py = 10y,
where ;Y — J(Y) is the Abel-Jacobi map y +— O(y — yo). We shall refer to py,
and py, as the Abel-Prym maps of P and P, respectively. When there is no risk of
confusion we shall omit the point ¥y in the notation.

By the theory of Prym-Tyurin varieties (see [14] and [11]) the morphism p has the
following property:

p=Y] = ﬁ /_\ [=],

where m = dim P = dim P. This last property is usually expressed by saying that the
curve Y (or rather the morphism p) is of class n in (P, E).

Theorem 1.2

Let m:Y — X be a covering of degree n. If gx > 2 and n # 2 then the Abel-Prym
morphism p:Y — P is birational to its image.
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Proof. Suppose that p is not birational to its image and n # 2. Let Z be the normal-
ization of the curve p(Y) and let ™Y — Z and Z — P be the induced maps. If 7 is
the degree of T, then n divides n and the curve Z is of class n/n in P. That is,

Y ~
n:1 \/ﬂ_ # \n:l
X Z

Since the morphism /i is surjective, Z generates P. Therefore the map i: J(Z) — P
defined by the universal property of the Jacobian is surjective. Hence gy — gx =
dim P < gz, where gz is the genus of Z.
By the Riemann-Hurwitz formula for the coverings 7w and 7, we have the following
inequality
< 9y — 1~ (degRy)/2 I 1 — (degRx)/2

+2 (1)

n n
where R, and R; are the ramification divisors.
Since 71 divides n, denote by ¢ € N the quotient n/n. Hence, the inequality (1)
implies that

(n—q—1)gy <2n—q—1- <(deg2Rw) N q(degRﬁ>2> |

Since ((degRy)/2 + q(degRz)/2) > 0 and n # g + 1 because n # 2, we have

+1
o [ 2]
n—q—1
where [—] denotes the integral part of a rational number. Since 1 > 1, it is easy to
check that [nz;il} > 1 if and only if i = 2, 3, 4.

Studying these special cases we obtain that if p is not birational and n # 2, then
only the following cases can occur:

ifn=4 then gy <3
n=3, n=3 and gy <4; n =4, ;

ifn=2  then gy§57
ifn=6 then gy <2

ifn=2 then gy <3
n =6, ifn=3 then gy <3; n# 3,4,6,

ifn#2 then gy <2
ifn=2 then gy <4
From this it follows that, if p in not birational to its image and n # 2, then gy < 5.
Now suppose that gx > 2 (and n # 2). By the Riemann-Hurwitz formula applied
to the covering 7, it follows that if the Abel-Prym p is not birational to its image then
necessarily only the two cases given by the following numerical conditions can occur:

TL:?), ’FL:37 gY:4a gX:2a gZZQa Rﬂ':Rfr:O
n 27 gY:5a gXZQa gZ:37 Rﬂ:Rfr:O (2)

9

Therefore, if we assume that gx > 2 and n # 2, the theorem is proved. [
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Remark 1.3. From the proof of Theorem 1.2 we deduce that if gx > 2, then the Abel-
Prym map p may possibly not be birational to its image in the cases given in (2) and
when n = 2. For n = 2, it is well-known that if Y is not an hyperelliptic curve then p
is birational to its image and therefore p is birational to its image.

We conclude this section with a lemma that we shall use later on.

Lemma 1.4

For any € € ]5, we have
i (12053) 205 @ )7,
where Tg IS the translation by é .

Proof. By Theorem 1.1, there exists ¢ € P such that ji(€) = €. Using the relation
between the polarizations given in that theorem, we obtain

7 (0) o (7 (05031)) 2o (7 (70503
= 0" (17 (050 (nOy) @ N Oyx)(0x)" @ ) ,

where N € Pic’(J(Y)). In particular, NV is invariant under translation. Moreover, we
have 77 (N:Osx)(©x)Y) = N (0y(x)(©x)Y) because £ € P and

o (70 (v)(nOy)) = a* (O(v)(nOy)) @ €™

Therefore, it follows that p* (T?Og(E)) = ﬁ*(’)g(E) ®E™. Since £ = f(p|p(E7h)) =

f(&)71, the lemma is proved. [J

2. Stability and restrictions of Picard bundles

Let Y be a non-singular irreducible projective curve of genus gy > 2. We fix a line
bundle Ly on Y of degree d and a point yo € Y. Let Py be the Poincaré bundle
over Y x J(Y) normalized with respect to the point yo, i.e. Py|yo1xsv) = Oyy)-
The Picard sheaves (relative to Lg) on J(Y) are defined as the higher direct images
R'pa.(piLo®Py) where p; are the canonical projections of Y x J(Y') to the jth factor.
If d > 2gy — 2, then W; := po.(pj Lo ® Py) is a vector bundle, known as the Picard
bundle. We shall consider the restrictions of W; to some subvarieties of J(Y).

Let m: Y — X be a covering of degree n between non-singular projective irreducible
curves of genus gy and gx respectively, and let 7*: J(X) — J(Y) be the pull-back
morphism. As in §1 we consider the Prym variety (P,0©p) and (7*(J(X)),©,) in
J(Y).

From now on we fix a line bundle Ly on Y of degree d > 2gy — 2. Denote by Wp
and W, the restrictions of the Picard bundle W; (relative to Lg) to P and 7*(J(X)),
respectively.
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Remark 2.1. We can take a line bundle Ly € J¢(Y) such that m,(Lg) is stable and

deg . (Lo) > 2ngx. Indeed, for a generic line bundle L on Y, A. Beauville proved in [3]
2

that . L is stable on X if [x(L)| < gx + 2% or degm < max {gx(1+3)—1,29x +2}.

Therefore, if L € J4 (V') with

93 93
QY_gX_l_FXSd/SgY'i‘gX_l'f‘?X’ (3)

then 7, L and 7, (L ®7* M) are stable for any line bundle M on X. Thus, for a generic
line bundle Ly € J4(Y') with d such that:

(i) d > max {29y — 2+ 2n — (degR,)/2 , 2gy — 2},
(ii) d is equivalent (modulo n) to a number d’ such that d’ fulfils the condition (3),

we have that m,(Lg) is stable and degm,(Lg) = deg Ly — (deg Rz)/2 > 2ngx. In the
case degm < max{gx(1 + v/3) — 1,2gx + 2}, it is sufficient that deg Lo fulfils the
condition (i).

Theorem 2.2

If m.(Lo) = Ey is stable and deg (Ey) > 2ngx, then (7*)*(W;) is © x-stable on
J(X).

Proof. For convenience of writing, we set up the following commutative diagram:

X — " Yy
TPX QIT \ p1
X x J(X) &y J(X) Xy % J(Y) (4)

|

Ps(X) N l%
J(X) —Z— J(Y)
where the vertical morphisms are the natural projections.

Fix a Poincaré bundle Px on X x J(X) normalized with respect to the point
m(yo) € X. Then, the vector bundle (id x 7*)*Py on Y x J(X) is isomorphic to the
bundle (7 x id)*Px. From diagram (4) and the base change formula, we have

(m*)*Wi) = qox (g1 Lo ® (id X 7°)*Py ) = py(x)s (7 X id)+ (¢f Lo ® (7 x id)*Px))
= pyix)s (X id). (g7 Lo) @ Px) = pyix)«(px (Eo) ® Px).

Since Ejy is stable of degree d > 2ngx, p%(Ep) ® Px is a family of stable bundles
parametrized by J(X). Such family corresponds to an embedding of the Jacobian in
the moduli space M(n,d) of stable vector bundles of rank n and degree d. As in the
proof of Theorem 2.5 in [12], it follows that p s x)«(p% (Eo) ® Px) is © x-stable. [J

Corollary 2.3

If m.(Lo) = Ey is stable and deg(Ep) > 2ngx, then the restriction Wy of Wj to
7 (J(X)) is ©-stable.
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Proof. The map h: J(X) — 7*(J(X)) is an isogeny such that h=1(©,) = nO x. Since
h*(Wy) =2 (7*)*(Wy), it follows from Lemma 2.1 in [1] that W, is O -stable. [

To study the restriction Wp of W; to the Prym variety P we consider two cases,
namely when the Abel-Prym map p is not birational and when it is. In both cases we
can reduce our study to consider the corresponding vector bundle over (ﬁ, =) where
I P — P is a fixed isogeny as in Theorem 1.1. That is, if jp : P — J(Y) is the
natural inclusion, we shall denote by 3 : P—J (Y') the composition map f o jp and
by W5 the vector bundle 3*(W;). Actually, f*(Wp) = W5.

Proposition 2.4
If W5 is E-stable (resp. simple), then Wp is © p-stable (resp. simple).

Proof. The stability follows from Lemma 2.1 in [1]. Suppose W5 is simple. Since
Op — [f.O3 is injective, the map

Hom(Wp, Wp) — Hom(Wp, Wp ® f*O];) =~ Hom(Wp, f« f*Wp)

is injective. Hence, Hom(Wp, Wp) = C and Wp is simple. [

Suppose p is not birational. As in section § 1, let Z be the normalization of p(Y)
and 7 : Y — Z the morphism induced by p (of degree n).

Proposition 2.5

If the Abel-Prym map p: Y — P is not birational to its image and degLg > 2gy +4,
then the Picard bundle Wp is © p-stable.

Proof. We consider separately each case where p might not be birational (see Re-
mark 1.3).

1) Suppose n = 2.

We have that deg# = 2 and p(Y) is of class one in (P,E). Then, by Matsusaka’s
Criterion, Z = p(Y) and (J(Z),0z) = (P, ).

From the construction of the map p, we have Nz = fi. Moreover, i = jpo f =3
(see section § 1 in [14]). Therefore the map 7* : J(Z) — J(Y') coincides with the map
3:P — J(Y) via the isomorphism J(Z) = P. By definition of W, we have

Wi = (7)" (W)).

In this case, deg 7 = 2 < max {gz(1 + v/3) — 1,29z + 2} because gz > 1. There-
fore, by Remark 2.1 and Theorem 2.2, if degly = d > 2gy + 2 > max{2gy + 2 —
deg(R#7)/2,2gy — 2}, then (7%)*(W,;) = Wy is E-stable and from Proposition 2.4, Wp
is © p-stable.

2) Suppose n =3, n=3,9y =4, gx =2, 9z =2, R = Rz = 0.
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Since p(Y) is of class one in (P,Z), Z = p(Y) and (J(Z),0z) = (P,Z). In this
case, deg @ = 3 < max {gz(1++/3) — 1,297 +2}. Hence, if degLo = d > 2gy +4 = 12,
then W5 is =-stable and Wp is © p-stable.

3) Suppose n =4, 1 =2, gy =5, 9x =2,9z =3, R = Rz =0.

We have the following commutative diagram:

where u is the map induced by Z — P. Therefore,
B=jpof=pt =7 ou: P — J(Y)

and Img! = P C Im7*. Since dimP = 3 = dimJ(Z) = dim7*(J(Z)), it follows
that 7*(J(Z)) = P C J(Y). Since degi = 2 < max{gz(1 + v3) — 1,29, + 2}, if
deg Lo = d > 2gy +2 = 12 then, from Corollary 2.3, the restriction of W; to 7*(J(Z))
is Oy stable, i.e. Wp is @ p-stable. [J

T (J(2))”

Remark 2.6. Observe that in the previous proposition the result holds for any line
bundle Lj (of degree d > 2gy + 4) whereas in Remark 2.1 the condition “m.(Lg) is
stable” holds for a generic line bundle Ly. If the Picard bundle Wy, p corresponding
to Lo is stable, then Wi, p = po.(piL ® Py|yxp) is stable for any L (of degree d).
In fact, since L® Ly' € J(Y), one can write L = Ly ® 7N ® M where M € P and
N € J(X), therefore the two Picard bundles are related by Wr, p = 73, (Wroer=N,P),
where 7)7: P — P is the translation by M. Since m.(Lg) is stable, m.(Lo ® 7*N) is
stable as well. Hence, Wy, p is stable.

Before considering the case when the map p is birational we shall describe the
bundle W5 in a different way.

The abelian variety (]5, =) is principally polarized, so that we can identify P with
its dual abelian variety. The Poincaré bundle on P x P is given by

Q=m"05(2) ® i 05(8)" ® 3 03(8)",

where m is the multiplication law on P and ¢; the canonical projections of P x P to
the i-th factor.

Proposition 2.7
The bundle Wy is isomorphic to the bundle ga. (7 (px(Lo)) ® Q).

Proof. Consider the commutative diagram:
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y —2 - p

plT qu
YxP &L yp 2 pyp

ps N\ a2

P
Let Pz be the line bundle P5 = (id x (f o jp))*(Py) on Y x P, where jp :

P — J(X) is the natural inclusion. From the normalization of Py, the restrictions
of the line bundles P and (p x id)*Q" to {yo} x P are trivial and for every { € P,

the restrictions of both bundles to Y x {é } are isomorphic to f (5) by Lemma 1.4.
Therefore, Pz = (p x id)* Q.
From the projection formula and the base-change formula, we have

W 2 p, (p;Lo ® 775> = g, (7 x id), (p} Lo @ (7 x id)* QY))
= o« (P x id)« (p1Lo) @ Q) = g2s (q1 (Px(Lo)) ® Q7). O

Proposition 2.8

If the Abel-Prym map p is birational to its image then the restriction Wp of the
Picard bundle Wj to the Prym variety is simple.

Proof. From Proposition 2.4 it is enough to prove that Wﬁ is simple. The bundle
W5 is the Fourier-Mukai transform of the sheaf p«(Lo) by Proposition 2.7. Since
deg(Lo) > 2gy —2, the sheaf ¢{ (p.(Lo))® Q" has only one non-null direct image. Then
the Fourier-Mukai transform is a complex concentrated in degree zero and, therefore,
W is simple if p,(Lo) is simple (see [13], Corollary 2.5).

To prove that p.(Lo) is simple we write p as a composite jo7 where 7:Y — p(Y)
is a birational morphism between curves and j: p(Y) — P is a closed embedding. Since
p is birational to its image, 0. (Lg) is of rank 1. Therefore the sheaf K defined by

0—-K—0v'vLy— Lyg—0
is a torsion sheaf. From the exact sequence
0 — Hom(Lo, Lo) — Hom(#* v, Lo, Lo) — Hom(K, Lo)
and the fact that Hom (K, Ly) = 0, we obtain
Hom (7, Lo, ¥4 L) = Hom(0* v, Lo, Ly) = Hom(Lg, Ly) = C.

Since j is a closed embedding, j*j.E = E for any sheaf E, and applying the
adjunction formula again, we obtain that j.7.(Lg) = pi Lo is simple. O

From Proposition 2.5 and Proposition 2.8 we have

Theorem 2.9

The restriction Wp of the Picard bundle Wj to the Prym variety is simple if
gx > 2 and degLo > 2gy + 4.
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3. Applications

We shall recall the construction and properties of spectral coverings given by Beauville,
Narasimhan and Ramanan in [4].

Let X be a non-singular projective irreducible curve of genus gx > 2. Denote by
M(n, d) the moduli space of stable vector bundles over X of rank n and degree d. If n
and d are coprime there exists a universal family & parametrized by M(n,d) called the
Poincaré bundle. If d > 2n(gx — 1) the Picard bundle W is the direct image of U and
is locally free. We denote by W the restriction of W to the subvariety M, C M(n,d)
determined by stable bundles with fixed determinant ¢ € J4(X).

Let K be the canonical bundle over X and W = @;_, H*(X, K"). For every

element s = (s1,...,8,) € W, we denote by Y; the associated spectral curve (see [4]).
For a general s € W, Y is non-singular of genus gy, = n?(gx —1)+1 and the morphism
e Yy — X

is of degree n.

In [4] it is proved that if 6 = d+n(n—1)(gx —1) then there is an open subvariety T}
of J°(Y;) such that the morphism T5 — M(n,d) defined by L — 7. (L) is dominant.
Moreover, the direct image induces a dominant rational map

fiP ——> Mg

defined on an open subvariety 77 C P’, where P’ is a translate of the Prym variety P
of 75 (see [4], Proposition 5.7). The complement of the open subvariety 77 C P’ is of
codimension at least 2. Actually, f:T7" — M is generically finite.

Consider the following commutative diagram:

Yo x T X4 x oo M ¥ M,

a5 N\ QQJ( qal

T _r Me
where ¢4, g2, p2 are the projections to the second factor.

If Py is the restriction of the Poincaré bundle over Yy x P’ to Y, x T" and U is
the restriction of the universal bundle ¢/ to X x Mg, then, by the definition of f,

(id x )" (Us) = (s < id)«(Prr) ® g3 (M)
for some line bundle M over T”, which depends on the choice of Y. Therefore,
FrOWe) = (g2)(id x f)"(Ue) = (g2)+ (705 x id).(Pr)) @ M = (g3)«(Pr+) @ M.
Actually, (¢5)«(Pr) is just the restriction of the Picard bundle Wp: over P’ to
T.
Theorem 3.1
The Picard bundle We on M is simple for d > n(n+1)(gx —1)+6 and gx > 2.
Proof. Since codim(T") > 2, we have

EndWp:) =2 HY(P',End(Wp:)) = H(T', End(Wpr|7/)) = End(f*W).
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The Abel-Prym map for the spectral cover is birational to its image if n # 2
or gx > 2. In this case, from Proposition 2.8, the bundle Wp: is simple if § =
d+n(n—1)(gx —1) > 2gy, — 2. Since the map f:7" — M, is dominant and
generically finite, as in the proof of Proposition 2.4, we deduce that the Picard bundle
We on Mg is simple for degree d > n(n +1)(gx — 1).

For n = 2 and gx = 2, if the map p is not birational to its image, then by the
proof of Proposition 2.5, Wk is simple for d > n(n+1)(g9x — 1) +6. O

Remark 3.2. Denote by ©¢ a generalized theta divisor on M¢. By [12], Theorem 4.3,
we have that

f7(0(8¢)) = O(0p)|1

where ©p/ is the restriction of the theta divisor of J(Y;) to P’. Since Wp/|p =
J*We, by Lemma 2.1 in [1], it follows that if Wps is © p,-stable, then We is O¢-stable.
Moreover, from Theorem 2.2 in [6], Wp: is stable if pj (Wp/) is stable on Y for a
general line bundle L.

Now we will focus on the case n = 2 and gx = 2. M(2,¢) will denote the moduli
space of stable rank 2 vector bundles with fixed determinant ¢ (with degé odd). We
shall show how to construct a spectral covering m:Y; — X of degree 2 in such way
that the curve Y; is hyperelliptic. Let p: X — P! be the covering of degree 2 given
by the canonical bundle Kx. Let s be a section of H?(X, K%) such that the spectral
covering m: Yy — X of degree 2 corresponding to (0, s) is smooth, integral and such
that the induced map from the Prym variety associated to Yy, — X to the moduli
space M(2,€) is dominant. Observe that since gx = 2 we can write the section s as
a product s = s; - s where s; € HY(X, Kx) for i = 1,2. If P; + Q; is the divisor
associated to the section s;, then p(P;) = p(Q;) = z; € PL.

According to the construction of cyclic coverings of curves given in [9], the mor-
phism X = P! — P! of degree 2 ramified at the points z1, 2, is the cyclic covering
defined by the construction data (D = z; + 22, L = Op1(2)). Let C be the desingular-
ization of the curve X xp1 X. From Theorem 2.13 in [9] the map C — X is the cyclic
covering associated to the data (p~1(D),p*L), but since p~ (D) = {P1,Q1, P2, Q2}
and p*L = K%, then Y, = C and the map Y; 2 C — X = P! is of degree 2. Therefore
the curve Y is hyperelliptic.

Let P be the Prym variety associated to the degree 2 covering Y; — X. Since
the spectral curve Y; is hyperelliptic then the Abel-Prym morphism p: Y; — P is not
birational to its image. As in the case 3) of the proof of Proposition 2.5, it follows
that in this case if 6 =d+n(n —1)(gx — 1) > 29y, + 2 = 12, then the Picard bundle
on the Prym variety P is stable with respect to the restriction of the theta divisor.
From Remark 3.2 the stability of Picard bundles on Mx(2,€) is ensured. Thus we
have proved the the following result.

Theorem 3.3

Let X be a smooth projective irreducible curve of genus 2 and let Mx(2,£) be
the moduli space of of rank 2 stable vector bundles on X with fixed determinant &. If
d = deg(&) > 10 and d odd, then the Picard bundle W on Mx(2,§) is stable with
respect to the theta divisor.
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Remark 3.4. After this paper was completed, I. Biswas and T. Gémez informed us
that they have obtained the stability of the Picard bundle in the case of the moduli
space Mx(2,&) of rank 2 stable bundles over a smooth curve X of genus gx > 3 such
that d = deg€ > 4gx — 3 and odd ([5]).
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