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ABSTRACT

Frames consisting of translates of a single function play an important role in sam-
pling theory as well as in wavelet theory and Gabor analysis. We give a necessary
and sufficient condition for a subfamily of regularly spaced translates of a function
SEL*(R), (Tno®)nea, ACZ, to form a frame (resp. Riesz basis) for its closed linear
span. One consequence is that if ACN, then this family is a frame if and only if it
is a Riesz basis. For the case of arbitrary translates of a function ¢c L' (R) we show
that for sparse sets, having an upper frame bound is equivalent to the family being a
frame sequence. Also we give some relatively mild density conditions which yield
frame sequences. Finally, we use the fractional Hausdorff dimension to identify
classes of exact frame sequences.
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1. Preliminaries

Let H be a Hilbert space with inner product < -,- > linear in the first entry. Let A be
any countable index set. Recall that a sequence (f,,)nea C H is a frame for H if

(1.1) JA,B>0: AlfIP <Y | < fifo> P <BIfI, Vf€H.
neA

A, B are called the lower and upper frame bounds. They are not unique: the biggest
lower bound and the smallest upper bound are called the optimal frame bounds. It
can be shown that every element f € H has a representation as an infinite linear
combination of the frame elements: using the frame operator

S:H—H, Sf=) <[ fu>fn

Then
F=88"f=> <[, fu> fa, VfEH.

Clearly a frame (f,) is total, i.e., span(f,) = H. In case (f,,) is a frame for span(f,)
(which in general might be a proper subspace of H) we say that (f,) is a frame
sequence. We say that (f,) is an ezxact frame sequence if (f,) is a Riesz basis for
span (fy); i.e., if

2
<B> eal,

for all (¢,) € coo(A), the space of finitely nonzero sequences.

Let us remark here that (1.1) implies that (f,)nea is a frame for H with frame
bounds A and B, if and only if there is a bounded operator V : H — ¢%(A) defined
by Vf = {{f, fn)nea with A|f||? < [Vf|* < BJ/f||? for f € H. Thus V must be
an isomorphism onto its range V(H). Let (e,,)nea denote the canonical basis vectors
in /2()\). We then see, taking adjoints, that the above condition is also equivalent to
the existence of a bounded surjective operator T' : ¢2(A) — H so that Te, = f, and
Allal]? < ||Tal|? < Bllal|? for a € (ker T)* or, equivalently Ad(a,ker T)? < ||Tal* <
B||f||?. The frame operator is S = TV = TT*.

Thus in particular (fy,)nea is a frame sequence with constants A, B if and only if
we have the linear map T' : ¢oo(A) — H defined by Te, = f, extends to a bounded
operator on f5(A) and satisfies

(1.2) JA,B>0: AZ]cnyngchfn
nen

(1.3) Alla|* < | Tal|* < Blal|?

for a € (ker T)*. Comparing with (1.2) we see that (f,) is an exact frame sequence if
and only if T is one-one.

The most important examples of frame sequences comes from sampling theory [5].
For z € R we define translation by x by

7ot L*(R) — L*(R), (o f)(y) = f(y —2), y € R.
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It is proved in [4] that a collection (7, ¢), where ¢ € L?(R), (x,,) C R can never be a
frame for L?(R). However, frame sequences of this form exist and play an important
role in sampling theory as well as wavelet theory ([5], [6], [8]).

We start by considering sequences of the form (7,4¢)nen, ¢ € L3(R), A C Z. In
section 2 we give necessary and sufficient conditions for such sets to form frame (resp.
exact frame) sequences. This extends work of Benedetto and Walnut [2] and Benedetto
and Li [1] (see also Herndndez and Weiss [9]) as well as removing an unnecessary
hypothesis in their results. Kim and Lim [13] also showed that this was an unnecessary
hypothesis in [2]. As one of several applications of this result, we show that if A C N,
then (7,,5¢0)nea is a frame sequence if and only if it is an exact frame sequence. In
section 3 we give conditions for an arbitrary sequence of translates to have finite
upper frame bound. In section 4 we consider the case where ®; (see section 2 for the
definition) is continuous and use the cardinality of the zero set of ®, and the density
of our set to produce frame sequences. Finally, in section 5 we relate the fractional
Hausdorff dimension to exact frame sequences of translates.

2. Frames of translates

Our first theorem is a generalization of a result of Benedetto and Li [1]. The proof we
give is considerably simpler.

We first introduce some notation. For a function ¢ € L!(R) we denote by (;AS the
Fourier transform of ¢

5(6) = / b()e M€ () do.

As usual the definition of the Fourier transform extends to an isometry ¢ — ¢ on
L?(R).

Now suppose ¢ € L?(R) and that b > 0. Let us identify the circle T with the
interval [0, 1) via the standard map & — €2™%. We define the function ®, : T — R by

2= [o(SEM)[

nez

Note that ®, € L(T).
For any n € Z we note that

1
() = (e226.0) = 5 [ @ufe)e =g = L)

If A C Z we let Hp be the closed subspace of L*(T) generated by the characters
e2™¢ for n € A. We let E, be the closed subspace of Hy of all f such that ®,(£)f(¢) =
0 a.e. If f € Hy we denote by d(f, Ex) the distance of f to the subspace Ej.
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Theorem 2.1

Suppose ¢ € L*(R) and b > 0. If A C Z then (T,p¢)nen is a frame sequence with
frame bounds A and B if and only if for every f € Hx we have

1
A1, < 5 [ IF€ PR < BISI
0

or equivalently, for all f € Hy N Eq,

1
AP <5 [ IF©PRedE < BIf
0

Furthermore, if this condition is satisfied, (T,ps®)nea is an exact frame sequence with
the same bounds if and only if Ex = {0}.

Proof. By our remarks and the definition (7,,¢)nea is a frame sequence with frame
bounds A, B if and only if the linear map T : coo(A) — L?(R) defined by Te,, = T,
extends to a bounded linear operator T : £2(A) — L?(R) such that Te, = 7,,¢ and

Ad(u,ker T)? < |[Tul® < Bul?

for u € £2(A). A
Let U : Hy — ¢%(A) be the natural isometry Uf = {f(n)}nea. Then for any
trigonometric polynomial f € Hyp

iU = || 3 Fonmad]|
neA

- /_Z ‘ Z f(n)e_%inbgff;(ﬁ)rdg

neA
~3 [ el () s

e )
S AIGIRIGTE

This immediately implies the theorem. [

Theorem 2.1 yields a generalization of a result of Benedetto and Li [1] which is part
(3) of the next theorem (note that an unnecessary hypothesis in [1] is also eliminated).

Theorem 2.2

If ¢ € L*(R), and b > 0 then:
(1) (ThpP)nez is an orthonormal sequence if and only if

Ou(y) =0 ae.
(2) (Tup®)nez is an exact frame sequence with frame bounds A, B if and only if
bA < ®p(y) < bB a.e.
(3) (Tub®)nez is a frame sequence with frame bounds A, B if and only if
(2.1) bA < ®y(y) < bB a.e. on T\ Ny,
where Ny = {£ € T : ®,(&) = 0}.
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Proof. Note that (1) follows easily from the fact that (7,5¢)nez is orthonormal if and
only if TU is unitary. (2) is immediate from (3). For (3) we note that if A = Z then
Hp = L*(T) and Ey = L?(N,). Hence d(f, Ex)? fT\N |f|?d€. The proof is then
immediate. [

The next theorem addresses the relationship between frame properties for the two
families (7,,p0)nez and (ThaP)nez. Observe that we can assume 0 < b < a without loss
of generality.

Theorem 2.3

Let a,b € R with 0 < b < a.
. . 2 .
na n
(1) There exists a function ¢ € L*(R) so that (Tho@)nez Is a frame sequence but
(Tnb®)nez Is not a frame sequence.
(2) If ¢ € Z and (Twp@)nez is a frame sequence, then (T,,¢)nez is a frame sequence.
3) If ¢ ¢ 7 then there is a function ¢ € L?(R) so that (T,y¢)nez is a frame sequence,
b
but (Tpa@)nez is not a frame sequence.

Proof. (1) Define a function ¢ € L?(R) so that

P& =1, if osfgé,
N ab 1 1 1
(f)_b_a (fﬂ_g) if aﬁfﬁga

and

é(f) =0, otherwise.

Then we can easily check that

for all £ € T. Hence, ®;(&) is not bounded below on T and so (7,,5¢)nez is not a frame
sequence. On the other hand, if £ € T then g € [0, 1], so that ®,(¢) > 1. Therefore,
®, (&) is bounded below on T and so (T,40)nez is a frame sequence.

(2) By our assumption, there is a natural number m so that a = mb. Hence,

o0 SR - S
m—1 ( 4k —|—n>‘ mz@b<§;k>
k=0 k=0

It follows that if (7,,5¢)nez is a frame sequence, then either ®,(§) =0or A < ®,(¢) <
Bm. Hence, (T,,4¢)nez is also a frame sequence.
(3) Since ¢ ¢ Z, there is an 0 < € so that

E+n
a

¢ E%—i—e] VneZ, Y0o<¢<e
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Define a function ¢ € L?(R) so that,

$&) =¢, ¥ os%é,

Ho=1, v cely.p+d.
and 45(5) = 0 otherwise. Then,

%(5)2@3(2)2, V 0<vy<g

and so ®,(€) is not bounded below on T. Therefore, (7,,,¢)nez is not a frame sequence.
On the other hand,
®,(¢) > 1 on 0,(],

where ¢ = min{e, £}, and for £ € [c, 1], either ®,(§) = 0 or ®,(§) > ¢*. Tt follows that
where @, (&) is non-zero, it is bounded above and below and hence (7,,¢)nez is a frame
sequence. []

Notice that Theorem 2.3(2) implies that if (7,,5¢)necz is a frame sequence then
(Tnb®)nea is a frame sequence whenever A is a subgroup of Z. It is also clear that
any subsequence of an exact frame sequence remains an exact frame sequence. The
following result is a converse of this.

Theorem 2.4

Suppose ¢ € L2(R) and b > 0. Then the sequence (7,,,$)°°; is a frame sequence
if and only if (T,p®)nez Is an exact frame sequence.

Proof. Assume (7,5$)nen is a frame sequence. Then (see for example [7]) if 0 # f € Hy
we have that log | f| € L! and so, in particular, |f| > 0 a.e. This implies that Ey = {0}.
It follows that if A, B are the frame bounds for (7,4)nen then for every trigonometric
polynomial in Hy we have

Al < / FOPoL©)de < Bl

Now suppose f is any trigonometric polynomial. Then for large enough n we have
that e>™€ f ¢ Hy. Thus the same inequality follows trivially for all trigonometric
polynomials in L?(T). This implies the theorem. [J

Remark. If (1,4¢)nez is a frame sequence but not an exact sequence frame, then of
course (Thp¢)o>; cannot be a frame sequence. The set (7,,¢)nez is linearly indepen-
dent, but it follows easily that the lower frame bound for (7,,,¢)"_; must converge to
0as N — o0.

Remark. Note that if A C N then the argument of the above theorem shows that
(Tnb®)nea is a frame sequence if and only if it is also an exact frame sequence.
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3. Upper frame bounds for subsequences

In this section we give some criteria for the existence of an upper frame bound for a
sequence (Tpp®P)neA-

First we introduce some notation. If A is a countable subset of R we define for
x > 0 the function

Dp(x) =sup |[AN[t,t+ z]]|.
teR

Our first result concerns general conditions for an upper frame bound to exist for

a sequence of translates (which need not in this case be regularly spaced).

Theorem 3.1

Let F : (0,00) — (0,00) be a monotone-decreasing function such that F' € Lo.
Define

(3.1) G(z) = F(z) /:F(t)dwr/oo F(t)%dt.

Let A = (\,,) be a countable subset of R. Then:

(1) Suppose ¢ € L?(R) is such that for some X and every x with |x| > X we have
|¢(z)| < F(|x|). Then in order that (7x,¢) has an upper frame bound it is sufficient
that

/100 G(a:)DA(a:)d% < 0.

(2) If Y(z) = F(|z|) for x # 0 then a necessary condition for (7, 1) to have an upper
frame bound is that

sup G(x)Dp(z) < oo.
r>1

Remark. Note that G is continuous, decreasing and bounded by

r—0

G(0) = lim G(z) = /O " F(2)de.

Proof. Suppose t > 0. Note that

/_OO Y(z+t)p(r —t)de =2 ; Y(z +t)p(r —t)de + 2 h Y(z + t)p(r — t)de.

2t

Now
2t

2P (31) / Ry <
0 0

Wz + (e — t)de < 2B(1) /0 Pla)da

and

/Oo Flo)de < | b+ (e — Hds < /Oo Fla)2da.
3 t

t 2t
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We now argue that
4 [e.e]
3 G(3t) < / (x+t)(z —t)de < AG(t).

Indeed we have

oo

3t
%G(Zit) = gF(SSt)/O F(z)dr + g /3t F(x)*dx

< 4F(3t)/0 F(z)dz + % 9 Y(z +t)p(xr —t)dx

2t o)

<2 ; Yz +t)Y(r —t)dr + % Y(x+t)Y(r —t)de

2t

< [ v+ iuta - s

2t
=2 Y(x+t)p(r —t)dr + 2 Y(x+ t)Y(r — t)de
0 2t

t 0o
< 4F(t)/ F(z)dx + 2/ F(x)*dx
0 t
< 4G(1).
Let us now prove (1). We first estimate |¢| < [¢| +[dx[—x,x]|- It now follows that
ift > X
/ |p(z + t)||p(x — t)| do < 4G(t) + C F(2t — X)

for a suitable constant C. It follows (noting that G is bounded) that for a suitable
constant C' we have that

(6,726) < CG(5a)

for all a > 0.

Consider any finitely nonzero sequence (c,,). Then

H - D) Emen(d, a2, )
n=1 m=1n=1
<03 S fenllenl (5 hm — M)
m=1n=1
< %om}:j 223 (leml? + leal?)G (5 = Mol

C i |2 ZG(§|Am - )\n|>.
n=1

m=1
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ZG<%|)\m—/\ny>§2Z IR E D DR ()

n=1 k:O 2k71<|>\7n_kn‘§2k |A77L_ATL‘§1/2

< 4§j DA(2"MG(2F1) 4 DA(1) G(0)
k=0

<8 i DA(2F72)G(2871) + D, (1) G(0)

k=0
< 8(log2)"* jo Dy (2)G(x >d—x 1 DA(1) G(0)
8(log2)~ / Dy (x — +(1+log4)DA( ) G(0).

This establishes (1).
To prove (2) fix z > 1 and t € R, and let A ={n:¢t <\, <t+z}. Then

DIEY IEED 3D CIWEPH)
neA meEAnEA

> 514 6(54)

so that if B is the upper frame bound,

G(gx)yAy < %B.

Hence 5 5
e < Z
G(2x> Dp(x) < 1 B
Now this implies that
1 3
G(z)Da(z) < 2G(x)DA(§1:) <3B

This completes the proof. [J

Corollary 3.2

Under the hypotheses of the theorem if F € L*(R) then a necessary and sufficient
condition for (7, ¢) to have an upper frame bound is that Dy (1) < oo.

Proof. In this case we clearly have an estimate G(z) < CF(z). The condition Dx (1) <
oo is equivalent to Dy(x) < Cx for z > 1. O

Lemma 3.3

Suppose that F : (0,00) — (0,00) satisfies the conditions of Theorem 3.1 and is
such that for some € > 0 we have that x'~¢F(z) is increasing for x > 1 and x'T<F(z)?
is decreasing for x > 1. Then there is a constant C so that C~'xF(z)? < G(x) <
CxF(x)?, for x > 1, where G is defined in (3.1).
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Proof. This is an immediate calculation from (3.1). O

Remark. Note that in the theorem if F(z) = min(1,z~*) where 1 < a < 1 then G(z) ~
min(1, 21 72%). Hence a necessary condition for (7, (¢)) to have an upper-frame bound
is that Dy (z) < Cx?%~! for z > 1 and a sufficient condition is that Dy (z) < Cx?e~1-¢

for x > 1, for some € > 0. If F(z) = min(1,z~!) then G(z) ~ 7 !(1 +logz) for z > 1.

We now prove a more precise result for the case when F' is of the form given
in Lemma 3.3, by giving a condition which is close to necessary and sufficient. This
result will not be used later and the reader who is only interested in later results may
therefore omit it. The argument is simply an adaptation of an argument used for a
similar result in [10] and derives from more general results in [11].

Theorem 3.4

Suppose F' : (0,00) — (0, 00) is a monotone decreasing function with the property
that for some € > 0 we have x'~¢F(z) is increasing for x > 1 but z**¢F(x) is decreasing
for x > 1. Let A = (\,,) be a countable subset of R. Then:

(1) Suppose ¢ € L?(R) is such that for some X and every x > X we have |¢(x)| <
F(|z|). Then in order that (7, ¢) has an upper frame bound it is necessary that there
is a constant C' so that for every finite interval I we have

(3.2) Y G(IAm = Anl) SCIAN [t + ]
AmyAn €1

where G is defined by (3.1).
(2) If Y(z) = F(|x|) then (3.2) is also necessary for (T, ¢) to have an upper frame-
bound.

Proof. In this proof, we will use C' for a constant depending only on F which may
vary from line to line. Note that we have estimates of the form F(z/2) < CF(z) and
G(z/2) < CG(z). It follows therefore that

56 (lal) < (4, 726) < CG(lal).

Let us first prove (2) (necessity). Indeed for any bounded interval I, if A= {n: A, €

I}, then )
[ nil,25 6 -)
neA m,n€A

and so the conclusion is immediate.

The other direction (1) is harder. It will be convenient to assume F(x) = 1 for
0 < x < 1. Clearly if we prove the result under this assumption the general case will
follow.

Let us start by observing the estimate from (3.2) that if A = {n : A\,, € I} then
G(7)|A]? < C|A| so that

(3.3) IANI| < CG(z)™t
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Now fix t € R and suppose z > 1. We estimate, using Lemma 3.3:

S B M) <O FET) [{n: 2 < - A < 2]

[t—=An|>x k=1

<C i F(2%2)G(2%x) ™!
k=0

<C> 27k P (2ka) !
k=0

S C Z 276k} (2(671)]61,7117(2]6'%)71)
k=0
< Cx 'F(z)™t

In general for all x > 0 we conclude an estimate of the type:

(3.4) > F(jt—Anl) < Cmin(l, 2™ ) F(x)~".

[t=Apn| >

We now introduce two further functions. Let N(t) = [AN[t —1,¢ + 1]| and let
H(t) =5, F(|t — An]). Our assumptions give us that N(¢) < C and N(t) < H(t). By
(3.4) we have H(t) < N(t) + C.

Suppose we have an interval I = [z — h/2,2 + h/2] of length h > 1. Let J =
[z—h, z+h]. Then we can write H(t) = H1(t)+ Ha(t) where Hi(t) = >\ ; F(|[t—Aul)
and Ha(t) = H(t) — Hy(t). Using (3.4) we have, if [t — 2| < 3h,

Hy(t)’ <2 ) Yo Flt=Au)E(t = Aal)

<C D =l

Am@J

On the other hand:

/ H(t)?*<C Y Gm—-M)=cC 1.
- Am s An €J

Am€J

Combining we have

/H(t)2dt < CY " min(1hlz — A | 7).
I m
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We use this inequality to estimate

(3.5)
/ Pt — 2|) H(z)2dz < / H(z
+C F2k/ H(z)*dx
kzl 2kl |t—x|<2k

<C> PR min(1, 28t — A7)
k=0 m

= CZ iF(Q’“) min(1, 28t — A |71)

m k=0
<C> ) 2FEME-Aa+C) D> F(2N)
mo 2k <[z, | m 2k>|z—Ap]|

<O F(t = Am|) = CH(?).

For each n let E,, = (\, — %, An + %) For any finitely nonzero sequence (a,,), let

f =, lanlxe,. Then since f> < N(t) 3, lan|*x5, we have [|f|* < C(3, lan/?).
We also have:

[ aumndl], <CZ!amllan\/ F(t = ) F(Jt — Al
(36) <CY_lamlan) / ~ /E F(t-alde / Pt = yl)dya
< C/Z(f(t))th

where

ft) = /oo F(|t — s|) f(s)ds.

— 00

Now suppose ¢ is any nonnegative L?—function of compact support with ||g|| = 1
and suppose §(t) = [ F(|t — s|)g(s)ds. Then § € Ly and

/ g0 f(t)dt = / T a0t
(3.7) < C/_OO G(t)f()H (t)dt

<o [_seruara) " (Sier)"

— 00
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Now

which implies

Now (3.7) implies

and as g is arbitrary (subject to being of compact support and norm one) this implies
that || f]|? < C>", |am|?* and (3.6) then yields the theorem. [J

For regularly spaced sequences we have some other criteria. We use the terminol-
ogy of Section 2. Recall that a subset A of Z is a A(p)—set (for p > 2) if the Lo— and
L,—norms are equivalent on Hy. See [14] and [3].

Theorem 3.5

Suppose b € R and that ¢ € L*(R). Suppose A is a A(p)—set where p > 2 and
that ®, € L,.(T) where % + % = 1. Then (T,p®)nea has an upper-frame bound.

Proof. If f € Hy, we observe that

/T FO) PR () < 1112115

and so the theorem is immediate. [J

Remark. In order that ®; € L, it is sufficient by the Hausdorff-Young inequality that
ZneZ ’<¢7 Tnb¢>’p/2 < 0.
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4. Frame sequences when ¢ € L*(R).

Let us call a subset A of Z sparse if for any n € N the set A N (A + n) is finite. Thus
any increasing sequence (A, ) is sparse if and only if lim,, o (A, — Ap—1) = 00.

Theorem 4.1

Suppose 0 # ¢ € L*(R) N L?(R) and A is a sparse subset of Z. Then (Tp®)nea
has an upper frame bound if and only if it is a frame. In particular if |¢(z)| = O(F(x))
where F' : (0,00) — (0, 00) is monotone-decreasing and integrable then (T,5¢)nea is a
frame.

Proof. Suppose (Tup¢)nea has an upper frame bound but no lower frame bound. We
appeal to Theorem 2.1. There is a sequence (f,) € Hy N Ef\' so that

n—oo

1
lim i | fn ()2 ®y(£)dE = 0

but ||f,|| = 1 for all n. By passing to a subsequence, we can assume without loss
of generality that f, converges weakly to some f € Hy N Ex, and even further that
In = %(fl + -+ 4 fn) converges in norm to f. Since (g,,) converges to f in measure, it
follows from Fatou’s Lemma that fol |f(6)?®p(£)dé = 0 and so f € Ey. Hence f =0,
and f, converges weakly to zero.

Now we estimate

1
| [ 1@ | < 31 1+ )
0 jeL

Hence
1 . N ~
| [ 1t@Pe g < S 1L GIAG R
0 FEAN(A—FK)
Since f, converges to 0 weakly this converges to 0 if £ # 0. Hence the measures
| fn(€)|2dE converge weak* to d€ in C(T)*.

Now since ¢ € L' the function ¢ is continuous and so ®(t) is lower-semi-
continuous and 2m—periodic when regarded as a function on R. In particular ®, is
lower-semi-continuous on T and hence there is a sequence of functions 1, € C(T) such
that 0 < v, T ®, pointwise.

Clearly

1 1
Gy NG AGIR
0 0

n—0oo

1
S GIAGIE
0
=0.
Hence fol ®4,(£)d¢ = 0 which is a contradiction. [J

If ¢ decays rapidly enough at oo we can achieve a stronger result. We will need
the following lemma.
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Lemma 4.2

Suppose A C Z, and suppose f € Hy, with ||f|| = 1. Let F = |f|?. If ] is a finite
interval in 7 then

Y |E(n)| < Da(l3)).

nelJ

Proof. We have X R
()] <D xa(®)xaln — k) F®)If(n— k).

keZ

Making the estimate |f(k)||f(n — k)| < 3(|f(n)]> + |f(n — k)[?) we obtain
Z k)[*xa(n — k)
ke

so that

D IEm) < Da(I) Y If (k)P

nejJ k€EZ

which immediately yields the lemma. [J

Theorem 4.3

Suppose ¢ € L*(R) and that b € R. Assume ®y, is continuous on T and has exactly
N zeros. Suppose A is any set satisfying the density condition

. Dx(x) 1
AT SN

Then (Tnp®)nen Is a frame sequence.

Proof. Since ®; is bounded the upper frame bound is trivial. Assume there is no lower
frame bound. Then there is a sequence f, € Hpy with || f,|| = 1 and

[ @@l =

Without loss of generality we can suppose the measures |f, (z)|?dz converge weak* to
a probability measure du. Since @y, is continuous (lower semi-continuity would suffice!)

‘/%@mmwzo

so that u can be written in the form y = Zivzl a6, where t1,...,tyN are the zeros of
@y, and 0 < a with Y ay = 1.
Now if F,, = |f,|* we have, applying Lemma 4.2, for every natural number m that

we have

Z |E,(K)|]> < Da(2m +1).

k=—m
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Hence

> lak)* < Da(2m+1).

k=—m
It follows from a theorem of Wiener [12] that

N
Da@m+1) 1
S a < lim Da(@m+1) _

Pt m—oo  2m+1 N

But then this contradicts the Cauchy-Schwartz inequality since Eff:l ar,=1.0

Theorem 4.4

Suppose h : (0,00) — (0,00) is an increasing continuous function such that there
exist constants 1 < ¢; < ca < oo with cih(z) < h(2z) < coh(x) for all x, and
JSt72h(t)dt = oo. Suppose ¢ € Lo(R) satisfies the condition that ¢(z) = O(e~2M®)))
as x — oo, where 6 > 0. Then, for any b € R, there exists an integer N so that if
A C Z with lim,_, DAT(x) < % then (Tpp®)nen is a frame sequence.

Proof. The idea of the proof is to show that the function ®; is C* on T and is quasi-
analytic (see [12]) so that there is no £ € [0,1) for which all derivatives @Ign) & =0
for n > 0. It then follows from Taylor’s theorem that the zeros of ®, are isolated and
hence finite. Theorem 4.3 will then complete the proof. To show ®, is quasi-analytic
we need to show that if M, = ||<I>l()n)||2 and 7(r) = inf,,(M,r™) then

FlogT(r) ,
(4.1) /0 T2 dr = —o0.

Throughout the proof C' will denote a constant, depending on h and ¢, which
may vary from line to line but is independent of x,m,n,k etc. We begin with the
observation that there exists a constant C' so that

é/om h(t)% < hiz) < C/Ozh(t)%

so that by replacing h with H(z) = [ h(t)% we can suppose h is continuously differ-

entiable and that there is a constant C' so that
1 zh/(x)
C = h(z)

<C

for all z > 0. If we let v = h~! be the inverse function then we also have

1 av(x)
C = v(x)

<C.

Let m € N. Then 2™e~"(*) attains a maximum at a point x,, where z,,h/(2,,) =
m and so C~'m < h(z,,) < Cm. Hence also C~1v(m) < x,, < Cv(m). Combining we
have
zme @) < (Co(m))™
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Let N be an integer greater than 2/4. It follows that
gNme—h(@) < (C(’U(Nm))>Nm
and so
gMe0h(@)/2 < (Cv(m))m

From this we obtain

/ e @) gy < (Cv(m))m/ e oM@/ 2y < (Cv(m))m.
0 0

We now use the argument of Theorem 3.1 to deduce that
(¢, Tap)| < Cmin(1, e 0 1/21n10))
for some suitable constant C and all n € Z. It follows easily that

(&) = > (¢, Tp)e>™ "

nez

is C°°. Furthermore

M, = ”(I)l()n)H < CZ |k,’n676h(1/2\k\b)
ke
for n € N. Hence
M, < C”/ e M) gy < (Cv(n))n.
0

It follows that
7(r) < inf (Co(n)r)".

n>1

For given r < 1 choose n = [Ch(r~!)/e]. Then Cv(n)r < 1/e and n > Ch(r=1)/e — 1.
Hence

log7(r) < —C’h(r_l)

for small enough r. Now

1 —1 %)
/ h(r™’) dr :/ hr) dr = oo
0o 1472 1 142

so that (4.1) holds and the proof is complete. O
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5. Fractional dimension of the zero-set and frames

For our next lemma (which is probably known) we let £(I) be the length of an interval
ICT.

Lemma 5.1

Suppose A C Z, and suppose f € Hp, with || f|| = 1. Then there is a constant C
so that if I is an interval contained in T then

[ 1#(©Pds < conDa(en ).
I
Proof. Let I be the interval [t — h,t + h]. Set r =1 — h and then let

1—r? 4
_ _ |n| 2min(t—z)
I e R DG

Then for some absolute constant C' independent of ¢, h we have x; < Ch~ 1. Hence
1
/ |f(2)[2dz < Ch—! / (@) F (2)da
I 0
<Ch™ ) rMF(n - k)|

kEZ

o0
<20h~1 Z rmkDA(m)
k=0
for any integer m. Let m be chosen so that ¢(I)"! < m < 2/(I)~!. Then r™ <
(1 —h)Y/(h) < ¢ <1 for some absolute constant c. We thus quickly obtain the result
since D (2x) < 2D (z) for any z. O

Now if 0 < a < 1 let us define the essential a-Hausdorff measure denoted H, (E)
of a subset E of T to be the infimum of Y>>  ¢(I,)* over all collections of intervals
(I,)22, so that E C FUJ,_, I, where F has measure zero.

Theorem 5.2

Suppose ¢ € L*(R), b > 0 and A C Z are such that (T,s¢)nea has an upper
frame bound. Suppose further that 0 < a < 1 and lim¢_g H,(®p, > €) = 0 and that
D (x) < Czt=« for some C and all z. Then (T,p¢)nea is an exact frame sequence.

Proof. If € > 0 then pick intervals I,, so that {®, > e} C (.-, I, up to a set of
measure zero and Y {(1,)* < 2H,(®, > €). Then

/ 1<I>b(€)\f(§)\2d§Ze(HfHQ—i | n@r).

0

If f € Hy then
Z/ [F©)PdE < CIIFIP Y 4(In)" < 2CH(Pp > o) f*-
n=1 In n=1

If we take € small enough we have:

= 1
> [ 1@k < 30rP
n=1 n

and the result follows by appealing to Theorem 2.1. [J
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Combining this with Theorem 3.1 gives us the following theorem:

Theorem 5.3

Suppose & < a < 1 and that ¢ € L*(R) satisfies the conditions that |¢(z)| =
O(z=*¢) as |x| — oo where ¢ > 0 and that lim._g Hoq—1(®y, > €) = 0. Then for
any subset A C Z with Dp(x) < C2*1~%) we have that (Tpp¢)nen is an exact frame

sequence.

Note that in the case when ®;, is lower-semi-continuous the condition lim._.q H,
(®p > €) reduces to the condition that hq (P, = 0) = 0 where hy(E) is the infimum of
> €(I,)™ over all coverings E C |J;—, I,,. Thus in this case the condition is essentially
a condition on the fractal dimension of the zero set of ®,.

ExamMpPLE: We conclude by constructing an example where ®;, is bounded,
lim, o Hy(®, > €) = 0, for every € > 0 we have an estimate Dy (z) < Ceaxl=oFe,
but (Tnp¢)nen fails to be a frame sequence. We observe however we do not have any
such example with ®; continuous or lower-semicontinuous.

For each n € N let m,, = max([an —/n|,0). We then let A =, -,{2" + k2™ :
1 <k <27 ™}, Now suppose N = 2P. Then for any interval J of length N it is clear
that we have

p—1
ANJ| <Y 207™ 4 2|]| max2™ ",
| |_; u Jjzp
Hence
p—1
AN J] < 207 37 27T s 4 9P max 2™ T,
j=1 Jjzp

Since we have an estimate m, < m,_; + CB3j where « < 8 < 1 and C is a constant
independent of 7, p, this implies that

DA(2P) < C2P~ ™

which implies Dy (z) < Cez!=2T¢ for all € > 0.
Now suppose

gn—mn

fn(f) :z(mnfn)/2 Z e2m’k2m"£

k=1
so that || f,]| =1 and f,, € Ha. Notice that

Fal€)] = 22

sin(2"71¢/2)
sin(2m»—1¢) ’ .

Let B, = {|f,] < 2/2(=mn=v7/2)} "and let F,, = T\ E,. We will have for an
appropriate constant C' that

/|ﬂ®ﬁﬁscr”ﬁl
E,
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Also F,, is a union of at most 2™ equal intervals and has total measure bounded
by C2mn—n+1/2Vn Hence

Ha(Fn) < Canfoera\/ﬁﬂ) < 2704\%/2'
Set Fy = T. Now define ® on T =[0,1) by
B() = ;irzlfo 27"\ .

Then H,(Uj>,F;) — 0 so that @ >0 a.e. and indeed lime~o Hy(® >e¢)=0.
We choose ¢ € L*(R) so that ¢ = <I>1/2X[071). If we take b = 1 then ® = ®,. Now

1
/ (&)@ (§)dE < 2‘”/ 1£(€)2de + C27V/2 0.
0 F,

Hence (7,¢)nea cannot be a frame sequence.

Remark. Just before this paper went to press we became aware of a paper by J.J.
Benedetto and O.M. Trieber, A perfect reconstruction multirate system with narrow
band filters, Wavelet Transforms and Time-Frequency Signal Analysis, Chapter I, Sec-
tion 1.4, Birkhauser, Boston, 2000. In this paper the authors also give a proof of
the result of Benedetto and Li [1] which removes the unnecessary hypothesis of that
theorem.
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