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ABSTRACT

In this paper we obtain the blow-up rate for positive solutions of a system
of two heat equations, v,=Au, v,=Awv, in a bounded smooth domain @, with
boundary conditions §%=v?, 42—=u?. Under some assumptions on the initial
data o, vo and p,q subcritical, we find that the behaviour of « and v is given
by ||u(-,t)Hoo~(Tft)72(§T+—11> and ||v(-,t)\|oo~(Tft)7%. Asacorollary of
the blow-up rate we obtain the localization of the blow-up set at the boundary
of the domain. The main tool in the proof, is a nonexistence theorem for an
elliptic system; we prove that the only nonnegative classical solution of the
system Au=0, Av=0 in R?, with boundary conditions ge—yP, Su—u? ON ORY
isthetrivial solution u=0, v=0, when p< -2, < =25 and pg>1.

n—2"

1. Introduction

In this paper we obtain the blow-up rate for positive solutions of the following
parabolic system

{ut:Au in Qx(0,7), L.1)

vu=Av in Qx(0,7),
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g_"; — o on 92 x (0,T),
o (1.2)
By = u? on 0Qx (0,7),

{u(m,O) =uo(zr) in Q, (1.3)
v(z,0) =vo(xz) in Q.

Parabolic reaction-diffusion problems or systems like (1.1)-(1.2) or of a more
general form, allowing for example source terms or with different boundary condi-
tions, appear in several branches of applied mathematics. They have been used to
model, for example, chemical reactions, heat transfer or population dynamics and
have been studied by several authors. See [18] and the references therein.

The question of whether the solution develops singularities in finite time has
deserve a great deal of interest. In particular, for (1.1)-(1.3) it is well known (see [5],
[20] and [21]) that if pg > 1 the solution (u,v) blows up in finite time, i.e. there
exists a finite time 7" such that

th/n% [uC, )l L) + [v( D)2 (@) = +o0.
We observe that both functions, v and v, go to infinity simultaneously at time
T. In [1] the blow-up problem is considered for more general nonlinearities, in the
equation and in the boundary conditions, in a general smooth domain §2.

The question of how this blow-up phenomena happens is therefore a natural one
and a lot of work has been done in that direction. In the case of a single equation
(i.e. p = q and uy = vp which imply u = v) we cite the work of [13] where they
prove that the blow-up rate in that case was

fJu(, t)HLOO(Q) ~ (T - t)—l/(2(p—1)).

For the blow-up rate of the system (1.1)-(1.3), we refer to [5], [19] and [22] where
the authors consider only the radial case.

Here we obtain the blow-up rate problem for (1.1)-(1.3)in a general bounded
smooth domain, under suitable assumptions on the exponents p, ¢ and on the initial
datum (ug,vg). More precisely, throughout this paper we assume that ¢ < p (for
symmetry reasons, this is not a restriction). Also we assume that, if n > 3, pg > 1,
p < -5, ¢ < 5 and, if n = 2, pg > 1. On the initial data we suppose that
are positive, verify a compatibility condition and Awug, Avg > « > 0 in order to
guarantee ug, vy > 0.

The main result of the paper is:
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Theorem 1.1

Under the above assumptions on p, q, ug and v, there exists positive constants
C, c such that

¢ < maxu(-, t)(T — t)(p+1)/(2(pq—1)) <C (t /T),
Q

¢ <maxo(-,t)(T —t)atV/Cea-D) < ¢ (¢ /T).
Q

As a Corollary we obtain the localization of the blow-up set at the boundary
of Q.

Corollary 1.1

Let p, q, ug and vy be as in Theorem 1.1. Then if ' CC § there exists a
constant C = C(dist(€2',09)) such that

lu(, oy + v )Ly <C (£ €[0,T))
(i.e. the blow-up set is localized at 0f).

The proof is based on a “blow-up” type argument introduced by Gidas-
Spruck [11] and that was adapted for the parabolic case by [13]. Here, we use
these ideas to deal with our system.

After this “blow-up” technique is used, the proof relays on the following
Liouville-type theorems for an elliptic system in the half space with nonlinear bound-
ary conditions:

Theorem 1.2
Suppose n > 3, and p < 5, q < "5 with pqg > 1. Let (u,v) be a classical

n—27
nonnegative solution of the following problem:

Au=0 in R7,
(1.4)
Av=0 in R,
with boundary conditions
% =" on ORY,
" (1.5)
% =u? on OR%
an +

then u =0, v=0.
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Theorem 1.3

Let n =2, and p,q > 0. Let (u,v) be a classical nonnegative solution of (1.4),
(1.5) with u bounded, then u =0, v = 0.

These theorems are of independent interest. In fact it have been used by the
authors to prove an existence result for an elliptic system with a nonlinear boundary
condition in a bounded domain [6].

The proof of Theorem 1.2 is based on the Moving Plane Method, introduced by
Alexandroff and then used by several authors to study the symmetry properties of
many elliptic equations [10], [4], [16], etc). In [14] the Moving Plane Method is used
to study the single equation

Au=0 in RY,
ou

%:fup on 8]Ri.

It is proved there that the only classical solution is u = 0 when p is subcritical
(p < -%5) and greater than one.

The paper is organized as follows, in §2, we prove Theorem 1.1, in §3 the
nonexistence results (Theorems 1.2 and 1.3) and we leave for the Appendix some
uniform Schauder estimates needed in the proof of Theorem 1.1.

2. Blow-up rate for the system

To prove Theorem 1.1 we need a result that gives the asymptotic behavior for solu-

tions of
wy = Aw in Qx/[0,T),

ow k
6_77(2) < T—1° on 00 x[0,7T), (2.1)
w(z,0) =we(z) >0 on €,

where s > 1/2. We state this result as follows.

Lemma 2.1

Let w be a positive solution of (2.1) that blows-up at time T, then

(e Dw( DT -t V2<C (t /).
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Proof. It is enough to prove the Lemma for w such that w; > 0, because, given wq
we can choose an initial datum wy such that Awg > § > 0 (this guarantees w; > 0)
below or above wq, then we obtain the result by a comparison argument.

Let I'(z,t) be the fundamental solution of the heat equation, namely

1 |z[?
F(I‘,t) = WGXP (—?> .

Now for = € 09, using Green’s identity and the jump relation (see [7]) we have

—w(x,t) = /QI‘(QU —y,t—2)w(y, z) dy

+/t/m8_w(ym) —y,t —7) dS,dr (2.2)
/ /69 y,t —T)w(y,7) dSydr.

Now we set W (t) = supyw(-,t). Since € is smooth, for instance 9Q € C'*t T’
satisfies (see [7])

o
(= 7)o — g2

8—F($— t—71)| <
an Y, T) =

if aw < 7o t)g by (2.2) we obtain, for 1 —a/2 < pu <1

%W(t) <W(z)+ C/Z 7= 7_)81(2 i dr 4+ CW(t)(T — z)' .

We choose z such that C(T — z)'~* < 1/4 then multiplying by (T — t)°*~/? we get

W W(t) < (T — )"~/ (2)

t
k
T_t 3—1/2/ d .
T e

One can check that the right hand side of the last inequality is bounded uniformly
in t as we wanted to prove.

For the other inequality, if 8 2 T—nF t)s )

1 ¢ k 1—p
§W(t) > /Z /aQ T =1 Iz —y,t—1) dSydr — CW(t)(T —z) "
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As before, we choose z such that C(T — 2)'™# < 1/2 then

W) z/jﬁ </89F(xy,t7') dSy> dr
Z/ T G

As before, one can check that the right hand side multiplied by (T — ¢)5~'/2, is
bounded by below uniformly in ¢. This completes the proof. [J

Now we state two results.

Lemma 2.2

Let z be a positive solution of

2z = Az in Qx][0,T),
g—; < 2" on 00 x[0,T), (2.3)

2(x,0) = zo(x) in €,

with k > 1 and blow-up time T'. Then there exists ¢ > 0 such that

c< max 2(-, 0)(T — )Y/ =1),

The proof can be found in [13].

The second result is a comparison between the pair of functions u and v” (with

_ p+1
7= §+1
us to reduce the problem to a single equation and then apply Lemma 2.1. The proof

), where (u,v) is the solution of (1.1)-(1.3). This comparison result allows

of this Lemma can be found in [19] and [5].

Lemma 2.3

There exists a constant C' > 0 such that

where (u,v) is a solution of (1.1)-(1.3).
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Now we prove that the converse of Lemma 2.3 is, in some sense, true. In fact,
we prove the following result (see [9] for a similar result for a semilinear system).

Lemma 2.4

Let
M(t) = maxu(-,1), N(t) = maxv(-,1). (2.4)
Q Q
There exists a constant 6 > 0 such that

d max { M (), NPTH(#)} < min {MIT (1), NPT(1)}.

Proof. We argue by contradiction. Assume that there exists a sequence t, — T
such that

max { M9 (t,), NP (t,) ) = MOTY(t,), M-, ) NPT () — 0.

Let x,, € 9 be a point such that u(x,,t,) = M(t,). We define

1
‘Pn(y, 3) = M(tn)u()\any + Tn, )‘is + 7571)’

1
Un(y,8) = —g V(A Rny + Ty Ais + 1),
)\%—Pq
Where R,, is an orthogonal transformation that maps the unit normal vector at z,,
1-pgq

to —e;. We choose A\, = M™#+1 (t,). These functions ¢,, 1, satisfy 0 < ¢, <

1, (1071(0’0) =1,0<9¢, < % — 0 and
M P+T (t,)

(Son)s = A@nv (wn)s = Al/Jm
On _yp  Fn _ g
877 ns 87] ns

in Q, x I, where Q, = {y | \uRpy + 2, € Q} and I, = (=), %t,,0]. We observe
that A, — 0 as n — oo. Hence ,, approaches to the half space RY = {y; > 0}
and I,, — (—00,0]. The Schauder estimates allows us to pass to the limit as n — oo
(using a subsequence, if necessary) in the space C*t#1+#/2 (see the appendix for
the details) obtaining that ¢,, — ¢, and v, — 1) = 0. Hence we have 0 = %(O, 0) =
©P(0,0) = 1, a contradiction. [

Now we prove Theorem 1.1.
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Proof of Theorem 1.1. We use a scaling argument similar to that of Lemma 2.4.
With M (t*) and N(t*) given by (2.4) we define

1

Ay, s) = M(t*)u(ARy + 2 M\2s %),
1

Ay, s) = N(t*)v(ARy + 2%, N2 1),

where T'/2 < t* < T and u(z*,t*) = maxgu(-,t*) and R = R(t*) is as in Lemma 2.4.
These functions ¢y, ¥y satisfy 0 < px, ¥\ <1, ©2(0,0) =1, 9o 88% > 0 and

Js
(90)\)8 = AQD)M (wk)s = Aw)\v
% - -1z P % — qn—1 q

Now we choose A = % and observe that A goes to zero as t* goes to 1" because

by Lemma 2.3, A = £ < eNY9ET 0.
We define Ky = AM ~'NP and observe that, by Lemmas 2.3 and 2.4, 0 < ¢ <
Ky <C < +o0ast" goestoT.
We claim that there exists a constant C' such that for every A small
oY

52 (0,0)2C

To prove this claim, suppose not. Then there exists a sequence A; — 0 such

that
0Py,
Os

As @y, and 9y, are uniformly bounded in C2H1+7/2 (see the appendix for the
details) we obtain a pair of positive functions ¢, ¥ such that ¢y, — ¢, ¥y, — ¥,

Ky, — Ko # 0 and verify 0 < ,9 <1, ¢(0,0) =1, g—?% > 0 and

(0,0) — 0.

Ps = A‘P: ws = A%

dp oY
Y gapP. 2 e
67’] 017[) ) 677 2

in Rf X (—00,0]. We set w = 15 and as w satisfies the heat equation, a boundary
condition of the type %—;’]’ > 0 and w(0,0) = 0, then by Hopf’s lemma we obtain that
w = 0, that is ¢ does not depend on s.

Let z = s, z is positive and satisfies the heat equation with a boundary

condition of the form g—f] > 0.
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On the other hand we have that 0 = ‘g—:}’ = qp? 1z, but 77! is not zero at
the boundary of the domain RY X (—o0,0] (if it is zero at a point in the boundary
it has a minimum there and then by Hopf’s lemma it has to be zero everywhere,
a contradiction), then z is zero on the boundary of RY x (—o0,0] and using again
Hopf’s lemma z = 0 in all the domain. This proves that ¢ and v are independent
of s and by Theorems 1.2 and 1.3, we obtain a contradiction as Ky # 0.

So we have proved that

G

0s

in terms of v, that is % > (. As N is Lipschitz continuous, this implies

(0,0) > C

N1=2(e+D)/ (et Da N > O

Let r =1 — 22 ¢ <« —1. now we integrate between ¢t and T and obtain

g+1
T +o00 C
(T - 1) g/ NN (8) dtg/ Sds——
t N(t) N()—t=r
Finally
C
NO < G hmoee -
Using this bound for v, w verifies the heat equation and g—z =P < %

(T—t)2(Pa—1)
Then by Lemma 2.1 we obtain

C
M(t) < (T — 1) P+)/Cra=1)

Let us prove the reverse inequalities in order to finish the proof of Theorem 1.1.
Now we begin by u. Using Lemma 2.3, u satisfies

up = Au,
u — P < CuP?Y
on -

where py = pngJ”ll) > 1, then Lemma 2.2 tells us that,

c C
M(t) = (T — OV/Cm—1) ~ (T — )+ 0/ Clpa—1)

By the previous bound, v satisfies the heat equation and g—z =ul > in this

q(p+1) 1
2(pq—1) >3

c
(T—t)>

case s = and by Lemma 2.1, v satisfies

C
N(t) > (T _ t)(q+1)/(2(10(1—1))

so we have finished the proof of Theorem 1.1. [
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We observe that with this blow-up rate we can localize the blow-up set at the
boundary of the domain.

Proof of Corollary 1.1. We just observe that we fall into the hypothesis of
Theorem 4.1 of [13]. O

3. Nonexistence results

Throughout this section, to apply the Moving plane method we use the following
notation, for A € R let

Xy = {(a:1,...,xn);a;1 >0, z, < )\}, T\ = {(wl,...,xn);xl >0, =, = )\}7

Sa =3 —{(0,...,0,20)}, B}f (yo) = Bu(yo) N {z1 > 0}.
Let (u,v) be a positive solution of (1.4)-(1.5) and oy = —;’;%11, g = —pqq%ll

(we observe that, as pg > 1, ay and ay are negatives). Then define

a(r) = p~Mu(pr),  U(w)=po(p).
As u, v satisfy (1.4)-(1.5), @, T verify

Au(z) =0, Av(x) =0,
ou v (3.1)

Iia—ry 4 i —q.
an oP, an u
By (3.1), if w = 0, then v = 0, then we can suppose that u # 0, v Z 0. Now we
observe that if p < 1

—aq

sup  u(z) < p sup u(z) < Cp~*,

z€BT(0) z€B}(0)
(3.2)
sup v(z) <pm* sup w(x) < Cpm .
z€B; (0) z€B}(0)
Also
inf  u(x)>p * inf  w(x) >cp Y,
z€BT(0) z€B;f (0)
(3.3)

inf v(x)>p~* inf w(x)>cpum*.
z€B; (0) z€B;(0)
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Let &1, €5 be the following numbers which are positive by the maximum principle,

g1 = min a(z) >0, g9 = min T(z) > 0.
|2|=1,2,>0 |z|=1,2,>0

Next we observe that if € = min{ey, 2}, then by a comparison argument,

\x!i‘Q lz| >1 =z, >0,
(3.4)

V

u(x) >

™

— |x‘n72 :
Now we use the Kelvin’s inversion to define

wwzﬁ;} wmzﬁﬁl

As w, v satisfy (3.1), these functions ¢, ¥ satisfy

Ap(r) =0, Ag(x) =0,
Do W) 0w o)
o " T e oy T o

As a consequence of (3.4), we obtain

(= ul ==
P(z) = |(,'§23 >e, pz) = ‘(|'Z'22) >e, infz[<1 z, >0,
X i

Also, by (3.2)

(r2z)  Sup,cptUy) Oy
_ NP yeBY (0) p :
( ) - |l"n72 — |$|%n*2 — |£U‘n72 if ‘$| > 17 Tp > 07

(3.5)

() SW,ep o) 0W) _ Cpe

[z]2 yEB; (0) L :

() = — < — < — if |z|>1, =z, >0.
’:L’|" 2 |l’|” 2 |$|n 2

In order to prove symmetry properties of ¢ and v, we set
Dr(z) = palz) —o(z),  Ui(z) = Palz) —Y(2),

where for A < 0 we define

Ox(T1y ey ) = P(T1, oy T 1, 2X — ) = @(T)),
UA(X1y ey @) = V(T1, ooy Tr1, 2N — X)) = V(X))
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Now we can begin the moving plane method.

Lemma 3.1

If —\ is big enough, then
O\, U\ >0 in %,.
Proof. Let us start by defining the following functions:
Ba@) = [°0a(),  Ta(@) = 2] Tx (@),

where z = x +e; =z + (1,0,...,0). This functions satisfy

—_ 2 _ -2 —
_A(I))\+_ﬁz.vq))\+uq>)\:0’
|22 |22
in Xy
_ 9 _ _9_3)_
—A\I/A—F—BZ‘V\I’)\—FM\I’,\:O.
|22 |2]?

We choose § = "7_2 so that the coefficient of order zero in both equations is
nonnegative.
At the boundary, this functions verify

(96)\ 8]z\ﬂ 8<I>A
A = — i) A o
o =0 (aml A@) 121752 @) ) Lo

_ 0
_ (W‘I’A 12 e (r(#) ~ w(x))> loro

:_%5A+‘Z|ﬁ<| : Ux - - 1/1p>~

x}\|n7(n72)p |$’n7(n72)p

Now, as |z)| < |z| in ¥y, (A < 0), by the mean value theorem,

1 ., 1 ,
<m>\|n—(n—2)pw)\ - |x|n—(n—2)pw )

> () = —— (pe"=10)

- |x’n7(n72)p ‘x|n7(n72)p
where £ lies between ) and 1. Then

0%y

6 = Ty 1 p—1
61‘1 ’$1:02 ——2(1))\ + \I’)\ng . (36)

2]
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Analogously

ov _ _
— A i\I’)\—l-(I),\

kel _ Sl
61’1 |I1:0_ |Z|2 |$|n_(n_2)qq< (37)

where ( lies between ¢, and ¢.
Now suppose that the statement of the lemma is false, that is,

inf &, =—6<0.
TEX)

We have

[a(@)] = |27 loa(x) — ()] < |21 (lea(@)] + lo(2)])
< <CM_ : + Cn 1> |2|° < O if |z| is big enough.

za|"2 " Jz[n2 2| (=272
Analogously
_ CufoQ
[Wa(z)| < a2

Now, near the point (0, ...,0,2\) (more precisely, for |z — (0,...,0,2)\)| < 1), we
have

Fa(e) > 2P — p(a) > |2 ( - C“—)

|x|n—2

Cpu—
> |z)? (6 — |)\/|Lﬁ> > 0, if —X\ is big enough.

In a similar way we obtain, for |z — (0,...,0,2\)] < 1, Ux(x) > 0. Then the
infimum must be located in zg € X3\ B (0, ...,0,2).

By the maximum principle, zo ¢ int(i,\) and xo ¢ Ty because &y = 0 in T,
then xop must be in {(x1,...,z,)/x1 = 0}.

If Wy(x9) > 0 we are done because by (3.6) the normal derivative of ®, must
be positive at xg a fact that contradicts Hopf’s Lemma.

If not, 1 (x¢) < ¥ (x0) and then inf ¥ (z) = ¥y (z1) < 0, and by an analogous
argument, v (z1) < ¢(x1).

Then we have, by (3.5)
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By Hopf’s Lemma, we can suppose that the normal derivative of ® is negative
at xo, that is, using (3.8)

0%

B — - 1 1
0> g > ———=® i T P
oy ‘ 0= |Z’2 )\(.’L'o) + A(:UO) ‘J)O‘n_(n_2)pp§
> DB (@) + T () g pCu~ V.
1+ |zo]? |zo]?

Then, we have

B p

— < —-——09 —a2(19—1)$ .
1+|1‘0|2 |JJO|2 1% A(l’o)

Replacing in (3.7) we get

oV JC R q o (g
A > Py _ Oy~ la=1g
oy 1= Z T g A0) — ek
/82 |x0|2 1 q _ -1
—~ sCp~rla=b 3.9
T 1+ 72 1+ |zo]2 pCu—o2-1) |z, ]2 K (3.9)
s —arg-1)| 0
pCM_OQ(p_l) —QC,U |(L’1|2.

We observe that, as pg > 1, if we choose p small enough, we get that the last
term is positive which is a contradiction, and the Lemma is proved. [J

Let us now start to move the plane.

Lemma 3.2

If \o=sup{A<0:®,,¥,>01in i'y V v < A} then
Ao =0.
Proof. Suppose that A\g < 0. By continuity, we have
Dy, ¥y, >0 in fb\o.

In the boundary {z; = 0} N X,,, by (3.6) and (3.7) this functions verify

a(pAo _ /lzz)i /(/Jp p p—1
g oD o 2 e P20 (310)
ovy, o5 @9 q

- - > g—1 >
677 |ﬂj‘)\|n_(n_2)q |x|TI—(n—2)q — |x|n_q(n_2)<- q))\o = 0.
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_Now, by (3.10) (asn—p(n—2) >0, n—g(n—2) > 0and A\g <0), ®y,, ¥y, Z0
in X,,, then, by the maximum principle, we have

Dy, ¥y, >0 in Xy, — {Tx, U{(0,...,0,2X0)} }. (3.11)

Now, let us define the following numbers, which by (3.11) are positive

_ A

o1 =inf { @y, 121 >0, o= (0,..,0,2))| = | 20\ L
. _ _ Xl

(52 —lnf{\I/AO LT >07 ‘$_(0,7072>\0)’ - 9 }’

6 = min {61,(52}.

The point (0, ...,0,2X0) might be a singularity point for ®,, and ¥, to control
this fact, we define h. to be the solution of the following problem:

1
Ah. =0 in < ‘I— (0,...,07 2)\0)‘ < §|)\0|, x1 >0,
1
he=6 on |x—(0,..,0,2)\)| = 5])\0|, x1 >0,
he =0 on |x—(0,..,0,2X)| =€, 1 >0,
Oh.
o =0 on &< |z—(0,..,0,2X)| < 3|Ao[, z1 = 0.

By the maximum principle, we have

1

(b)\o’\l’)\o > ha in ¢ < ’fL‘— (0,...,0,2)\0)| < 5’)\0|, |.T1| > 0.
Now, let ¢ — 0, and as lim._,o+ ho(z) = 6, we obtain
1

(I))\07\I/)\o >6 in 0< ’I‘ - (077072)\0)’ < 5‘)‘0|7 |.T1| > 0.

AS, in i)\o 6/\0 > q)/\o, T)\O > \If,\o, we obtain

lim inf Dy > inf Dy, > 6
AN o [2—(0,...,0,2X0) <[ Ao /2 |2—(0,...,0,2X0) | <[ Ao /2
z1>0 xz12>0

and an analogous inequality holds for Wy.
By the definition of )y, there exists a sequence (Ag), Ax \, Ag such that

inf ®,,(z) <0 or inf W,,(r) <O0.
IEZ/\k CEEE)VC
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Let us suppose that
inf Oy, (z) < 0. (3.12)
xEEAk
Clearly, lim|;_oc ®», (z) = 0, then the infimum (3.12) must be located in some
point 2% € ¥y, — Bjag (0,...,0,2X0) if |[A\r — Ag| is small enough.
2

Now, z¥ cannot be an interior point by the equation that satisfies ®y,, and as

®,, =0 in T),, thus ¥ must be located on the lateral wall
Aol

{o/o1 =0, 20 < A, 2= (0,,0,200) = 1.

Then the tangential derivative E);)Tl’“(xk) = 0. Now, as ®,,, ¥, verify (3.6) and
(3.7), the infimum of ¥, must also be less than 0, and by analogous considerations
must be located in the lateral wall too.

By the boundary conditions (3.6), (3.7) and by (3.9) we have that ®,, cannot
take a negative minimum at a point on the boundary {z; = 0} N {|z| > 1}, then we
must have |2*| < 1. Therefore we can assume (via a subsequence) that limy,_, o, 2% =
Zo.

Then we have

— o0d
D, (20) =0, 8;0 =0, @ €T, N{z =0} (3.13)
and, as a consequence of (3.13), we get
0Py,
= 0. 3.14
2 (o) (314)

Let g be the solution of the following elliptic problem

Ag=0 in {3/2Xg <@y < Ao, 23+ -+ +22_; <1},

g(x)=0 on {z,=X}Nn{a?+ - +22 | <1},

g(z)=0 on {z?+---+22_; =1}N{3/2)\ < x, < o},
Y=n on {oa =3/} N{#+ -t a3, <1},

where n = inf {®) (z) : x, = 3/2)\g, 23+ --+22_, <1} > 0. By construction, we

have

—

(I))\O Z g.
Now, as g is symmetric respect to {x; = 0}, we have

99 99

on (z) = 1y

()=0 on {x; =0}
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and as Dy, (zo) = g(zo) =0,

0Py, dg
< —(xp).
oz, (zo) < ) (o)

n

But, by Hopf’s Lemma, %gn(mo) must be negative which is a contradiction to

(3.14) and proves our claim. [J

End of the proof of Theorem 1.2. From the last Lemma we have that

(L1, ooy —Ty) = (L1, 0oy Tny)s T, < 0.

As the same is valid for x,, > 0 we obtain that ¢ is symmetric with respect to
the x,, axis.

The same argument shows that ¢ is symmetric with respect to every direction
perpendicular to z1, and hence

o(z) = q(zl, [(x2, ,CCn)D

We conclude that u and v depends also of z1 and |(x2, ..., x,)|. As the origin is
arbitrary we obtain that u and v are functions of x1 only and we can easily see that
this is not possible unless u = v = 0. [

Proof of Theorem 1.3. As before, if u = 0, then v = 0, then we can suppose that
u and v are not identically zero. By the maximum principle, we have

c= inf v(z) >0
|z|=2R; ©12>0

and by hypothesis ||u||f~ < L.
We now construct the auxiliary function

o) =

jzl=

A direct calculation shows that

—AyY <0 for x # 0since n =2 and € > 0,
oY ov

_— < R — =

an 0< n on {x; =0},

P(z) =c<wv(x) on {x; =2R}N{x; >0},
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Jm, g, )= ve) 20

It follows from the maximum principle that
v(z) > P(x), for |z| > 2R, x; > 0.
Now, letting ¢ — 0, we obtain
v(z) > ¢, for |z| > 2R, z1 > 0.

Next, let K > 2R be a large positive number and take a smooth cut-off function
¢(x) such that

¢(z)=0 on {|lz|] < K}uU{|z| > 4K},
((z)=1 on {2K < |z| < 3K},
D<@ <1, Vo)< 1

Multiplying the equation Au = 0 by u~'¢? and integrating by parts, we obtain

2
/ ¢ rds + / / CQ’W| / / 20V o
{z;=0} U {z1>0} u? {z1>0} u
2
g// VC|2daz+// c2|vg‘| dx
{x1>0} {x1>0} U

/ —vpd5’<// IV¢|2da,
{z=0} U {z1>0}

It follows that

which implies that
D 3K _p 2
K </ v — (0, z9)dzo < O—|B4K( 0)| < —5K?*<C.

This is a contradiction if K is large enough. [
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A. Appendix

In this Appendix we prove the uniform bounds needed in the proof of Theorem 1.1.
The main difficulty comes from the fact that g can be less than one, so one of the
nonlinearities needs not be Lipschitz.

Let Q be a bounded domain with boundary 99 € C?*t Q, = {y € R" :
ARy + z* € Q} and ¢y, ¥, the solutions of

0 T
ﬂ:A(p)\ in QAX[——Q,O},
oy . T :
T =Aw i Max[-55.0]
with the following boundary conditions
T
%:ng in OQ,\X[——Q,O],
on 2\ (A.2)
i N |
on A A 20271
These functions ¢, and ) also verify
0 0
0< o)) <L Py D=0 (A3
0s ds

Let Dg = QyN{Jy| < K} x (—K?,0). For each point (y,s) € R x (—o0,0],
there exists a cylinder Dag(y,s) C R’ x (=00, 0]. Therefore, following the argument
of [3] we obtain a countable number of cylinders {Dsg, }ien such that Dop, C
R% x (—00,0] and {Dg, }ien covers R’} x (—o0,0] where Dg, is the cylinder with
its top having the same center as the top of the cylinder Dyg,, but with half the
radius.

Since Q2 approaches R’ as A — 07 (see [3]), the families {¢x} and {y\} will
be defined on each cylinder if A is small enough. Therefore, by (A.1), (A.3) and the
Schauder interior estimates, we obtain that

[ealloztaitara(Dr;) < Clloallzee(Don,) < C
[¥allez+antarz(Dr;) < CllYallzec(por,) < O

for each i (see [7]), where the constant C' is independent of A.
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Since the sets {¢x}, {¢)»} forms bounded sets in C2T*1*+2/2(Dpy ) we obtain
that {pa}, {¢»} are precompact in C**#1+8/2(Dp) for 0 < B < «a (see [12]).
Therefore, by the diagonal method, we form a sequence A\; — 07 such that

©x, P and Py, — Y (A.5)

in C2+8:148/2(Dp ) for each i.
Now, let us obtain some boundary estimates for ¢y and ¥,. Let C' > 0 such
that Ky < C V), then we have

<1

%2
Lo (8D2xNOL)

|51

L (dDaxNON)

therefore, from [15], we obtain

HCPAHCQQ/2(E)7 Hw)\HCa,a/2(E) S CK
AISO, if B = BDQK N 8@)\
5]

= [EKxeSllen ~/2(B) S Cllelllen. v/2(B)

C7:7/2(B)

< C (168l 5) + (28] nror)

q _
<C|1+ sup ’¢A(y175) 90)\(?4273”
(yi,8)EBsy17#Y2 |y1 - y2|7

R (TR (CESIA
(y,8:)EB;s1#s2 |51 — 32‘7/2

If ¢ > 1, from the mean value theorem, we get

|90§(y1a5)_<10q/\(y275)| |€‘q 1‘90>\(y17 ) @A(yQJS)’
ly1 — y2|? ly1 — g2

where £ is an intermediate value between ¢, (y1, s) and ¢ (y2, s), then we obtain

PR (1, 8) = A (y2:8)| _ loa(y, ) — palye, s)]
1 — 2| - Y1 — 42

In a similar way, we obtain

P8, 81) — QAW so)| _ oAy, s1) — oa(y, 52)]
‘51_32|’Y/2 - |51—52|7/2
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Now, if 0 < ¢ < 1,

% (W1, 8) — X (Y2, )| |9 (y1,8) — 5 (32, 5)] <\%(y1,8)—w(y2,8)\>q

ly1 — yo | Jea(yr, s) — @a(y2, s)|? ly1 — 2|1/
< sup [z — | (\%(yhs) - @A(@Dﬁ)’)q
T ayeon) [Tyl ly1 — y2|7/4

<c <!<m(y1,8) — w(yz,S)I)q.
‘yl — y2”7/‘1

Then if we set v < min{ag; a}, ||83%H0%7/2(B) < Ck. Analogously, we get
Haa%”mwﬁ(g) < Ck, with v < min {«; aq} (observe that p > ¢). This implies (see
[17]) that H(10>\|’C'1+%1/2+W/2(m)7 H¢>\”cl+m1/2+w/2(m) < Ck, where the constant
Ck is independent of A.

Then, by the same argument as before, we can assume that the limit functions
@, € CUHPLZHB/ZRY x (—00,0]) N C2HAIHB/ZRE x (—00,0]) for 0 < B < 7.
Also, we can assume that Ky, — Kp.

By this estimates, we obtain that ¢, ¥ verify

9¢ _ Ap in R} x (—00,0]
gfp (A.6)
55 =AY in RE x (—00,0]
B .
oo = Ko in {y1 =0} x (~00,0]
&Z (A.7)
i o in {y1 =0} x (—00,0]
¢(0,0)0=1, 0<p,p<1 (A.8)

So by the regularity theory of parabolic PDEs [15], we find that ¢, ¢ € C*° for
the y and s directions up to the boundary {y; = 0}.

By (A.3), (A.5) and the fact that the functions ¢s(y, s), 1¥s(y, s) are continuous
up to the boundary {y; = 0}, we get that

0s(Y,8),Ys(y,s) >0 for 0 <y; <oo, —o0<s<0.

Now, by (A.8) and Hopf’s lemma we obtain that for a fixed K > 0 there exists
6k > 0 such that ¢,9) > 6x > 0on Hg = OR? N{Jy| < K} x [-K?,0].
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Therefore, by the use of this lower bound for ¢,¢ and the fact that ), —
©; ¥y, — ¢ uniformly on Hp, we have that there exists ex > 0 such that for
sufficiently large j, ox;, ¥\, > €x > 0 on H.

We can use this fact to obtain more regularity on the boundary. We have that

[&P,\j] B [
on C1H+7,1/247/2 (Hy)

Yy,

J:| Cl+%1/2+'v/2(HK)

= SU.p |:DZ(¢§J):| CW(HK) + |:w§j:|cl/2+’7/2(HK)

laj=1

= sup |pyy ' Doy, +C
a|=1[ 5 Dyl )}c;um "

P8 DE () (w1, 8) — PR D, ) (y2, 5)] .

< sup sup %
la|=1 (ys,s)EHK; y17Y2 |y1 - 3/2|’Y
D¢ . s)) — D2 , s
< sup sup |pw§—1(y1’ S)‘ ’ y(qu)A] (yla )) y(dj)\j (3/27 ))|
lal=1 (ys,s)€Hic; yiys ly1 — y2|7
U (1, 8) = pUh (g2, 9))
+ sup sup 1Dy (¥x; (y2, )| — - K-
lal=1 (yi,5)€Hx; y17y2 ly1 — 2|

Now, by our previous estimates, the first term is bounded by a constant Cg,
and because of the lower bound for ¢y, ¥, and the mean value theorem, the second
term is bounded by another constant. Therefore,

0P
H (DY <C
677 C1+7:1/247/2(H) —
and in a similar way
Oy
H& < Cr
877 C1+7:1/2+7/2(H)

This implies that

||90>\j||c2+~/,1+w/2(HK/2); ||90>\j||c2+w,1+w/2(HK/2) < Ck,

where the constant Ck is independent of A (see [12]).
So again, by compactness and if necessary by further refinement of the sequence,
we obtain that
lox, = @llez+atsr2(m, ) — 0,

15, = Ylloz+sas/2 (e ,5) = O
for0< B <y. O
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