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Abstract

If every member of a class P of Banach spaces has a projectional resolution
of the identity such that certain subspaces arising out of this resolution are also
in the class P , then it is proved that every Banach space in P has a strong
M -basis. Consequently, every weakly countably determined space, the dual of
every Asplund space, every Banach space with an M -basis such that the dual
unit ball is weak∗ angelic and every C(K) space for a Valdivia compact set K ,
has a strong M -basis.

1. Introduction

It is well known that every separable Banach space has a complete total biortho-
gonal system, in particular, a Markuševič basis (in short, M -basis). The problem
regarding the existence of a basis in every separable Banach space remained open
until an example of a separable Banach space without a basis was given by En-
flo [6]. Meanwhile, a type of M -basis called the strong M -basis was defined by
Ruckle [10]. Every basis of a Banach space is a strong M -basis while the converse
is not necessarily true [11, Example 7.1]. Following Enflo’s counterexample, Davis
and Singer [4, Problem 2] raised the question whether every separable Banach space
admits a strong M -basis. A partial negative solution to this problem was given
by the author [12] for strong M -bases with a little extra condition. Very recently
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Terenzi [14] has finally solved the problem by proving that every separable Banach
space admits a bounded norming strong M -basis.

For non-separable Banach spaces in general, Reif [8, 9] proved that every weakly
compactly generated Banach space, and every subspace there of, have M -bases.
Fabian and Godefroy [7] have shown the existence of M -bases in duals of Asplund
spaces. On the other hand Alexandrov and Plichko [1] proved that there exists a
non-separable Banach space E with an M -basis and containing a copy of �∞ such
that E does not admit any strong M -bases. It is now natural to ask whether every
non-separable weakly compactly generated Banach space or the dual of an Asplund
space has a strong M -bases. What we prove in this note answers this question
positively. In fact, some recent progress in the theory of the projectional resolutions
of the identity (in short, PRI) enables us to conclude much more.

Deville, Godefroy and Zizler [5] in their book, have considered the following
hypothesis : Assume that every member E of a class P of Banach spaces admits a
PRI (pα)ω≤α≤µ with dens E = card µ such that pα(E)(respectively (pα+1−pα)(E))
belongs to P for every α ∈ [ω, µ). Besides the class of separable Banach spaces
many well known classes of non-separable Banach spaces also satisfy this hypothe-
sis. Recently, it has been shown in [13] that every Banach space in a class satisfying
this hypothesis has the Gelfand-Phillips property. In this note we prove that every
Banach space in a class satisfying the hypothesis has a strong M -basis. As a con-
sequence, we obtain strong M -bases in weakly countably determined (in particular,
weakly compactly generated) Banach spaces, in the duals of Asplund spaces, in Ba-
nach spaces whose duals equipped with the weak∗ topology belong to a certain class
Σ and in C(K) spaces for Valdivia compact sets K. As an immediate corollary we
get the already known result [5, Theorem 7.1.8] that every Banach space in a class
satisfying this hypothesis admits an equivalent locally uniformly rotund norm.

Very recently, Alexandrov and Plichko [2] have shown that every non separable
Banach space with a norming M -basis has a strong M -basis and that the converse
may not be true. Thus it follows that the result in this note can not be improved
in general to get a complete extension of the theorem of Terenzi [14] to a class of
non-separable Banach spaces satisfying the hypothesis.

2. Preliminaries

Let E be a Banach space. A system (xα, fα)α∈I , where (xα)α∈I ⊂ E and (fα)α∈I ⊂
E∗, is said to be a biorthogonal system if fα(xβ) = δαβ for all α, β ∈ I, where δαβ
is the Kronecker delta. A biorthogonal system (xα, fα)α∈I is said to be complete
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or fundamental in E if the linear span of (xα)α∈I is dense in E, and total on E if
fα(x) = 0 for all α ∈ I imply x = 0. The close linear subspace spanned by a subset
A of a Banach space shall be denoted by [A].

A family (xα)α∈I in E is said to be a Markuševič basis (in short, M -basis) if
there is a family (fα)α∈I in E∗ such that (xα, fα)α∈I is a biorthogonal system which
is both complete in E and total on E. In this case the family (fα)α∈I is unique and
is said to be the associated family of functionals (in short, a.f.f.) to the M -basis
(xα)α∈I .

An M -basis (xα)α∈I of E with the a.f.f. (fα)α∈I in E∗ is said to be bounded if

sup
α∈I

‖xα‖ < ∞ and sup
α∈I

‖fα‖ < ∞ .

We denote by V the norm closed linear span of (fα)α∈I in E∗. The M -basis (xα)α∈I

is said to be norming if the norm given by

‖x‖v = sup
{
|f(x)| : f ∈ V , ‖f‖ ≤ 1

}

is equivalent to the original norm in E.
An M -basis (xα)α∈I of E with the a.f.f. (fα)α∈I in E∗ is said to be strong if

each x ∈ E is in the closed linear span of (fα(x)xα)α∈I . Every Schauder basis of E
is a norming strong M -basis while the converse is not usually true [11].

Let µ be the first ordinal of cardinality dens E. A long sequence (pα)ω≤α≤µ

of linear projection on E is said to be a projectional resolution of the identity (in
short, PRI) of E if it satisfies the following:

‖pα‖ = 1 (ω ≤ α ≤ µ),(1.1)

pα · pβ = pβ · pα = pβ (ω ≤ β ≤ α ≤ µ),(1.2)

dens pα(E) ≤ cardα (ω ≤ α ≤ µ),(1.3)

pα(E) = ∪{pβ+1(E) : ω ≤ β < α} (ω ≤ α ≤ µ),(1.4)

pµis the identity operator on E.(1.5)

If a Banach space E has a PRI (pα)ω≤α≤µ then for each x ∈ E the map
α −→ pα(x) from [ω, µ] into E is continuous and if β ≤ µ is a limit ordinal then
pβ(x) = lim

α<β
pα(x) for each x ∈ E.
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3. Main results

Amir and Lindenstrauss [3] introduced the concept of a PRI and constructed a PRI

in a weakly compactly generated Banach space. Vǎsák [17] improved this result to
show that every weakly countably determined Banach space has a PRI. Further,
Fabian and Godefroy [7] proved the existence of a PRI in the dual of an Asplund
space. Since the above mentioned properties of Banach spaces are hereditary, com-
plimented subspaces of weakly countably determined spaces and that of dual of
Asplund spaces have PRI. More examples of Banach spaces with similar properties
given by Valdivia [15, 16] shall be discussed later. Now, we prove our main result.

Theorem

Assume that every member E of a given class P of Banach spaces admits a

PRI (pα)ω≤α≤µ with dens E = card µ such that pα(E) (respectively, (pα+1−pα)(E))
belongs to P for each α ∈ [ω, µ). Then every E in P has a strong M -basis.

Proof. We proceed by transfinite induction on dens E. If E is separable then by
a result of Terenzi [14] E has a strong M -basis. Let E be non-separable, i.e. dens
E > N0. We set up the first induction hypothesis that every Banach space F in the
class P with dens F < dens E has a strong M -basis. Let µ be the first ordinal with
cardinality dens E. Since E is in the class P there is a long sequence (pα)ω≤α≤µ

of linear projections on E satisfying conditions (1.1) - (1.5) such that pα(E) and
(pα+1 − pα)(E) also have PRI for each ω ≤ α < µ.

Let Eω = pω(E) and Eα+1 = (pα+1 − pα)(E) for ω ≤ α < µ. Then, by (1.3) we
have

densEω = cardω = N0 < cardµ = densE ,

densEα+1 ≤ card (α + 1) < cardµ = densE (ω ≤ α < µ) .

Therefore, by the induction hypothesis Eω has a strong M -basis (xω
i )i∈Iω with the

a.f.f. (fω
i )i∈Iω in E∗

ω and Eα+1 has a strong M -basis (xα+1
i )i∈Iα+1 with the a.f.f.

(fα+1
i )i∈Iα+1 in E∗

α+1 for each ω ≤ α < µ, where card Iω = N0 and card Iα+1 = dens
Eα+1 for ω ≤ α < µ. Since pω is a projection on Eω and pα+1 − pα is a projection
on Eα+1, by the definition, for each ω ≤ α < µ and x ∈ E, we have

pω(x) ∈
[ ⋃
i∈Iω

(fω
i · pω)(x)xω

i

]
(1.6)

(pα+1 − pα)(x) ∈
[ ⋃
i∈Iα+1

(
fα+1
i · (pα+1 − pα)

)
(x)xα+1

i

]
.(1.7)
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Again, since (xω
i )i∈Iω and (xα+1

i )i∈Iα+1 for ω ≤ α < µ are M -bases, it follows
by (1.1) that

(
(xω

i )i∈Iω ∪
( ⋃
ω≤α<µ

(xα+1
i )i∈Iα+1

)
,
(
(gωi )i∈Iω ∪

( ⋃
ω≤α<µ

(gα+1
i )i∈Iα+1

))

is a biorthogonal system in E, where gωi = fω
i · pω(i ∈ Iω) and gα+1

i = fα+1
i (pα+1 −

pα)(i ∈ Iα+1 , ω ≤ α < µ). We claim that for each ω ≤ α ≤ µ and x ∈ E

pα(x) ∈
[( ⋃

i∈Iω

gωi (x)xω
i

)
∪

( ⋃
ω≤λ<α

( ⋃
i∈Iλ+1

gλ+1
i (x) (x)λ+1

i

))]
.(1.8)

We shall use transfinite induction again on α to prove (1.8). It is enough to
discuss the case when α is a limit ordinal. If α = ω, then (1.8) coincides with (1.6)
and thus holds. Let ω < α ≤ µ. We form a second induction hypothesis that (1.8)
holds for all ordinals β with ω < β < α. Since α is a limit ordinal lim

β<α
pβ(x) =

pα(x) (x ∈ E); it follows that

pα(x) ∈
[ ⋃
ω<β<α

{( ⋃
i∈Iω

gωi (x)xω
i

)
∪

( ⋃
ω≤λ<β

( ⋃
i∈Iλ+1

gλ+1
i (x)xλ+1

i

))}]
(x ∈ E) ,

whence

pα(x) ∈
[( ⋃

i∈Iω

gωi (x)xω
i

)
∪

( ⋃
ω≤λ≤α

( ⋃
i∈Iλ+1

gλ+1
i (x)xλ+1

i

))]
(x ∈ E) .

This completes the proof of (1.8) and hence that of the second process of transfinite
induction. In particular for α = µ, it follows by (1.5) and (1.8) that

x ∈
[( ⋃

i∈Iω

gωi (x)xω
i

)
∪

( ⋃
ω≤α<µ

( ⋃
i∈Iα+1

gα+1
i (x)xα+1

i

))]
(x ∈ E) .(1.9)

Now, it follows immediately from (1.9) that the extended biorthogonal system
(
(xω

i )i∈Iω ∪
( ⋃
ω≤α<µ

(xα+1
i )i∈Iα+1

)
, (gωi )i∈Iω ∪

( ⋃
ω≤α<µ

(gα+1
i )i∈Iα+1

))

is both complete in E and total over E. Hence,
(
(xω

i )i∈Iω ∪
( ⋃
ω≤α<µ

(xα+1
i )i∈Iα+1

))
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is an extended M -bases of E with the a.f.f.(
(gωi )i∈Iω ∪

( ⋃
ω≤α<µ

(gα+1
i )i∈Iα+1

))
,

which again by (1.9) is an strong M -bases. This completes the first process of
transfinite induction on dens E and the proof as well. �

Some more examples of Banach spaces satisfying the hypothesis of the theorem
are in order. For a set I, we denote by Σ(I) the topological subspace of R

I formed
by the points {xi : i ∈ I} such that {i : xi �= 0} is countable. A topological space X
is a said to belong to the class Σ if there is a set I and a continuous one-to-one map
from X into Σ(I). Further, a compact set K is said to be Valdivia compact if there
is a set I and a subset K0 of the compact space [0, 1]I such that K is homeomorphic
to K0 and the subset of K0 consisting of points {xi : i ∈ I} such that {i : xi �= 0} is
countable, is dense in K0. Valdivia [15] has shown that a Banach space whose dual
equipped with the weak∗ topology belongs to the class Σ, has a PRI and that the
above mentioned property is also complimentably hereditary. It follows that such
Banach spaces satisfy the hypothesis of the theorem. It has further been shown
in [15, Corollary 2] that for a Banach space E with an M -basis, the dual E∗ belongs
to the class Σ if the dual unit ball is weak∗ angelic. Finally, it was observed in [16]
that if K is a Valdivia compact set then C(K) satisfies the hypothesis of the theorem
(also see [5, Corollary 7.1.10]).

The following corollary adds some new classes of Banach spaces to the list of
those which are already known to have strong M -bases.

Corollary 1
Each of the following Banach spaces has a strong M -basis.

(a) A weakly countable determined Banach space.
(b) The dual of an Asplund space.
(c) A Banach space E such that the dual E∗ with the weak∗ topology belongs to

the class Σ.
(d) A Banach space with an M -basis whose dual unit ball is weak∗ angelic.
(e) A C(K) space where K is a Valdivia compact set.

Another immediate consequence of the theorem which follows from a result of
Alexandrov and Plichko [1] is the following, which is already proved in [5, Theo-
rem 7.1.8].

Corollary 2
Assume that every member E of a given class P of a Banach space admits a

PRI (pα)ω≤α≤µ with dens E = card µ such that pα(E) (respectively, (pα+1−pα)(E))
belongs to P for each α ∈ [ω, µ). Then every E in P has an equivalent locally
uniformly rotund norm.
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Let us note that if Γ is any set with card Γ > dens �∞, then �2(Γ) ⊕2 �∞
has a PRI, whereas it has no equivalent locally uniformly rotund norm (see [5,
Remark 7.1.9]) and hence no strong M -basis (see [1, Theorem 1]). Thus, our theorem
can not be proved for every Banach space with a PRI. Very recently, Alexandrov
and Plichko [2] have shown that the space C[0, ω1] of continuous functionals on the
ordinal interval [0, ω1] does not have any norming M -basis. However, C[0, ω1] has
a PRI and it satisfies the hypothesis of the theorem. It follows that though every
Banach space satisfying the hypothesis in the theorem has a strong M -basis, it
may not have a norming strong M -basis. Thus our theorem can not be improved to
obtain Terenzi’s result in its full strength in non separable Banach spaces satisfying
our hypothesis.

Finally, the author is thankful to the referee for some valuable suggestions
towards the improvement of the paper.
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