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ABSTRACT

We give characterizations of orthogonal families, tight frames and orthonormal
bases of Gabor systems. The conditions we propose are stated in terms of
equationsfor the Fourier transforms of the Gabor system’s generating functions.

1. Introduction

In many studies one seeks a particular function g that produces an orthonormal
system or even a basis, as well as similar systems, when certain group actions are
performed on g. This is well known in the case of wavelets, where the object is to
find functions ¢ € L*(R), such that {¢; : j,k € Z} forms an orthonormal basis.
In this particular case we first apply the group action of translations, followed by
dyadic dilations.

More than 50 years ago, Gabor proposed the study of systems defined by
gma(T) = €
point of view of Fourier analysis. A simple example of such a system is provided by

mim@g(z — n),m,n € Z. This, of course, is very natural from the

g = X[0,1]- In this case {gm,n : m,n € Z} is an orthonormal basis for L?(R). This
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example is typical for such systems since one cannot expect to have both smooth-
ness and rapid decay at infinity for g, if we are seeking an orthonormal basis of this
type. The well known result of Balian and Low states that in such a case either
[ 2lg(x) 2dz = oo or [ €23(€)[2dg = o

One can consider somewhat more general systems, where translations and mod-
ulations have the form: translations by bn and modulations of the form e27i@me
where a and b are nonzero, real numbers.Again it was observed that there are lim-
itations to such choices. In fact, Rieffel [13] has shown that if ab > 1, then such
a system cannot be complete. If ab = 1, we are back to the situation of Gabor
systems. If ab < 1 orthonormal bases are not possible; nevertheless one can obtain
tight frames by forming these systems. For more information on this topic, we refer
the reader to the book of Daubechies [§8], or to the survey [1].

In the case of wavelet systems, simple equations have been found to completely
characterize orthonormality, completeness and other important properties of these
systems. Moreover, these equations are valid for various d-dimensional versions of
wavelets. For references see the book of Herndndez and Weiss [11], where the two
equations of Wang [15] and Gripenberg, for wavelets with dyadic dilations appeared.
For other dilations see [9], [6] or [4]. We also refer the reader to the works of Lemarié
[12] and Daubechies [7], for similar considerations.

In this paper we shall consider the d-dimensional case as well, and we will present
equations that characterize the orthogonal families, tight frames and orthonormal
bases of Gabor systems. In a later paper we shall present the extension of the result
of Rieffel and the special case of Daubechies, for multidimensional Gabor systems.

The characterizations of orthogonal families and tight frames, in case of one
generating function of one variable, have been recently obtained by Casazza and
Christensen, [5].

Before we proceed further let us present here the notation and several results
that will be of use to us.

DEFINITION 1.1. Let ¢¥ € L?2(RY), for k = 1,..., L. By the Gabor system defined
by the functions ¢g*, we mean the set of functions {gfnn cm,n €Z4k=1,... L},
where

by a(x) = A (@ B),

for some nondegenerate linear maps A, B on R,
We shall use the following notation: let a be the Jacobian of A and b be the

Jacobian of B. Moreover, let B’ denote Bt™'. We use the Fourier transform defined
by:

f(6) = / f(@)e2 = dy,
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Proposition 1.2
The system {go.n : n € Z%} is orthogonal if and only if

D 9= BE)>=blgll5 ae &R
kezad

The proof presented in [11] (Proposition 2.1.11) can be adapted to this case.

Proposition 1.3 (see [11])

Let H be a Hilbert space and {e; : j = 1,2,...} be a family of elements of H.
Then:

Hf”2 = Z I(f, ej>|2 holds for all f € H
j=1

if and only if

(e.0]
f= Z(f, ej)ej,  with convergence in H, for all f e H.
j=1
A system {e; : j = 1,2,...} is called a tight frame for H, with constant 1, if
either of the two above conditions is satisfied.

Proposition 1.4 (see [11])

Suppose {e; : j =1,2,...} is a family of elements of Hilbert space H, such that
the first equality in Proposition 1.3 holds for all f in a dense subset of H. Then this
equality is valid for all f € H.

Theorem 1.5 (see [11])

Suppose {e; : j =1,2,...} is a tight frame with constant 1. If |le;|| > 1, for all
J, then {e;j : j =1,2,...} is an orthonormal basis for H.

Acknowledgments. I would like to express my gratitude to Professor Guido Weiss,
who introduced me to this subject. Methods used in this paper, I learned from his
wonderful lectures at Washington University, and from his book, [11]. T also thank
him for help and many suggestions during my work on this paper.
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2. Orthogonal Gabor systems

Our first theorem will characterize the orthogonality of Gabor systems in terms of
the Fourier transforms of the functions g¢°.

Theorem 2.1
System {g,, , : m,n € Z*,i =1,..., L} is orthogonal if and only if

(2.1) S lgie - BB =0blg'} ae ceRi=1,...L
kezd
(2.2) S GiE+Bl-Ajgi(E+ B =0 ae £cRY,
lezd

for every j #0,i=1,...L, and

(2.3) 3 G+ Bl-Aj)giE+ B =0 ae. £€RY
lezd

for every j and i # k.

Corollary 2.2
System {g., , : m,n € Z*,i =1,...,L} is orthonormal if and only if

(2.1) ST lg€ - BR)P=b ae £€RLi=1,..L
kezZd

and equations (2.2) and (2.3) are satisfied.

Remark. One can easily translate the above conditions, into conditions involving
the functions ¢°, rather than their Fourier transforms g*. The reason we do it this
way is that, in the future, we want to discuss similar problems for wave packets,
which as in the case of wavelets, require this approach.

Proof. First let us assume that the system {gﬁnn :m,n € Z4i = 1,...,L} is
orthogonal. Proposition 1.2 implies then, that the first equation is satisfied, for
every i. Moreover, using the Plancherel theorem we obtain
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—_ /\

0= (0" = (79"} = / Q2TIBRA 2TIBRE G (€ A) v (€)dé
2mBk -Aj Z/ f2mBk§ 5 Aj) ( ) §
leza

=B 30 [ eamBhegiey - Af)gT (¢ + B)E,
lEZd 0

where for | = (l1,...1l4), define Q; = B’(l + [0,1)%). By Beppo-Levi’s theo-

rem, we can interchange the order of summation and integration in the integral

fQo Dieza € —2miBk: 6g (E+ Bl — A]) "(€ 4+ B'l), if the following series converges:

Z/ e 2B Gi(¢ 4 B'L— Af)g¥ (€ + BII))|.

leza

Observe, however, that

gi(€ — Aj)g (©)|ae

/|g£ Aj)[dg) /!1 oas)” < ox.

since we assumed that ¢g° € L2(R9). This shows that for i = i’, j # 0 and k € Z¢,
or for i # i’ and j, k € Z¢ we have:

lezd ¥ %0

OZA; §:g§+BZ—An @+BW>‘%WM&.

leza

Since {e?™Bk . k € 74} is a basis for L(Qq) and ZleZd g (f—i—B l— A]) "€+ B'l)
is a Qo-periodic function, we conclude that for ¢ = 7" and j # 0, or for i # i’ and all
J: -

3" gi(E+ Bl Aj)gT (€ + B'l) =

leza

for a.e. ¢ € R%. This completes the proof of the first implication.
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Now let us assume that all the three conditions are satisfied. It is easy to see
that
(G Ghn) = XTHATTEN G ')
Moreover, Proposition 1.2 implies that the systems {gO,n : n € Z} are orthogonal
for each ¢. Therefore to finish the proof, we can use Beppo-Levi’s theorem, the

Plancherel formula and the second and third conditions, to prove, as above, that
<g;7kvgz > = 07
fori=14',j#0,1 € Z% and for i # i’ and j, k € Z%. O
In order to present the following results, we assume that B'A maps Z¢ into
Zd Let I/VZ = span{g Lk € Z%} and suppose the system {gm L, im,n € 745 =

., L}is orthogonal Let Q’ denote the orthogonal projection onto the space VVZ
We have

Q;f = E <fvg§',k>g;‘,k7
kezd
for every f € L?>(R?). Then:

(Fdp) = [ F@emmeemiar g - ajyag

Z 2mBk €75 (f A]) 5
lezd

= Z Jer By (D gi( + Bl — Aj)de.
lezd

Notice that:

Z/ F(€ + B')eX™BREgi(e + Bl — Aj) (dg /

lezad

F(©)gi (€ — Aj)|de

< ([1rora) ([ 15— aprag) " = 17lle < o

Thus, we can use Beppo-Levi’s theorem, to obtain:

Gg = [ | (X fer B+ 51— aj)) mveag

leza

But these are evidently the Fourier coefficients of the )y periodic function
S iega f(E+ B'l)gi (€ + B'l — Aj), so we can write:

Zf€+Bl (f—i—B/l—AJ —bz fgjk o—2miBk-€

ZEZd keZd

Multiplying both sides of this equation by L(;\’(ﬁ — Aj), we obtain the following result:
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Lemma 2.2

Let BtA : 74 — 7. For the orthogonal projection operator Q} we have

S fE+ Bhgi(e+ BlL— Aj)gi(€ — Aj)

leza

=03 (f g 09O = Qif(E)  ae £ERY

kezd

Having proved this result, we are ready to consider the completeness of Gabor
systems when A~! = B!. (In particular this means that ab = 1.)

Theorem 2.3

Let A= Bt™' = B Suppose that g' € L>(R%), i = 1,..., L are such that the
following equations hold:

> lgie - BRE=blg'l}  ae ¢eRLi=1,...,L,
kezd

3 G+ Bl Aj)giE+ B =0 ae. £€RY,
lezd

forevery j #£0,i=1,...,L, and

> gie+B1-Aj)ghE+ BN =0 ac E€RY,
lezd

for every j and i # k. Then the system {g}nn cm,n €Z4i=1,..., L} is complete
in L?(R%).
Proof. It is enough to show that

L

L - . A
S @O = (DIg1B)f©)  ae ger?,

=1 jezd i=1
and
L - L
1 7 _ 712 R
dim (375 @], = (X Ng'8) 171
i=1|j|<M i=1

for f € L?(R?). But by Propositions 1.3 and 1.4, it suffices to prove the above
equalities for f in some dense subset of L?(R?). Therefore, we consider only these
functions f, such that supp(f) is compact.
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Remark. To clarify the meaning of the series in the first of the equations, we point
out that the convergence is to be taken as the convergence of the symmetric partial
sums that are explicitly considered in the second equation. This applies repeatedly
below.

By Theorem 2.1, we already know that system {g}nn cmneZli=1,... L}
is orthogonal; hence, Lemma 2.2 applies to the projections Q;, and we can write:

ZZQZ bZZ(Zf£+Bz (€ + BL— Aj)gi(e - Aj))

i=1 jezd i=1 jezd ezl
L
:%Z (()19(6 AP+ fe+ Blgi(e + Bl ~ Aj)gi(f—Aj))
i=1 jezd l¢0
L
=3 S F@lge - ADP + ZZZf5+Bl
i=1 jezd i=1 jezd 1#£0

x g€+ B'l— Aj)gi (€ — Aj)

L
-3/ 22195 Aj)P? %;; ¢+ B

i=1 jez4d

x > gi(e+ Bl — Aj)gi(€ — Aj)

jezd
L

> llg'll3-
=1

Here we have used our assumptions on the functions ¢* and the fact that A = B’.
The change in the order of summation is valid since f has compact support, which
implies that the sum over [ # 0 is finite.

For the second equality, since Qg-’s are mutually orthogonal projections, we

L - L . 1/2 .
J S g2 2
I > @], < (etE) i
=1

i=1|j|<M

have:

for every M > 0. The orthogonality of Q;’s implies that

L — L — 1/2
IS @], = (2 X @)

=1 |j|<M =1 |j|<M
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Lo o2,
is an increasing sequence, bounded by (Zi:l I g%H%) Il fll2. Therefore,

L _— Lo /2
dim 303 Qi < (X g'0) Il
i i=1

i=1|j|<M
The inequality
: - i 1 - a2V 2 g
Jim 5757 @i = (S 08) Il
i=1 |j|<M i=1
follows from Fatou’s lemma. [J
Notice that this proof also yields the following corollary:
Corollary 2.4
Let A= B'"' = B'. Let g' € L*(R%),i = 1,..., L, be such that >~ | ||"2
i

1. Then with the assumptions of Theorem 2.3, the system {g}nm cm,n € 7Y,
1,...,L} is a tight frame with constant 1.

Corollary 2.5
Let A = Bt™' = B'. If the system {giom : myn € Z%i =1,...,L} is an
orthogonal system, then L = 1.

Proof. Notice that each of the systems {gfnn :m,n € Z}, for i = 1,..., L, satisfies
the assumptions of the Theorem 2.3, and thus each of these systems is complete. It
is then impossible for the whole system to orthogonal, if L > 1. (We would like to
mention, that we use in the above the special case of Theorem 2.1, when A = B’.) O

Now, combining Corollary 2.4 with Theorem 1.5, we can obtain the following
result for Gabor systems generated by a single function:

Theorem 2.6

Let A=B' ' = B'. Let g € L?(R%), such that ||g||2 = 1. Then the system
{gmn : m,n € Z% is a tight frame with constant 1 if and only if the following
equations hold:

Y g =BE)P=b ae £€RY

kezd
Y G(€+B1-Ajge+B1) =0 ae R,
leza

for every j # 0.
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As an immediate application of Theorems 2.1 and 2.5, we obtain the following
corollary:

Corollary 2.7

Let A = Bt™' = B'. For any function g € L?(R%), such that ||g||3 = 1, the
system {gm.n : m,n € Z} is a tight frame with constant 1, if and only if it is an
orthogonal system.

ExaMPLE. The above corollary allows us to easily verify whether a given Gabor
system is an orthonormal basis since we only need to check the orthonormality of
that system. For example, one can consider a Gabor system {g,, , : m,n € 74},
with g(z) = xx(x), where K is a measurable subset of R%. It is an orthonormal
basis for L2(R9), if and only if the set K is translation equivalent to [0,1)¢. (For
the definition of the translation equivalence see [11].)

3. Tight frames of Gabor systems

We will now turn to the characterization of tight frames of Gabor systems, following
the methods presented in [9].

Theorem 3.1

The Gabor system: {gi, ,, : m,n € Z% i =1,..., L} is a tight frame for L*(R%),
if and only if it satisfies the two conditions:

L
(3.1) YD g€ -APP=b  ae R

i=1 jezd

L
(3.2) ZZ (€ —Aj)gi(e+DB1—Aj)=0 ae. £€RY
i=1 jezd

for every | # 0.
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Proof. By Proposition 1.4, it is enough to assume that the functions f, represented
by this system, belong to some dense subset of L?(R?). Thus, let D be the set of all
functions in L?(R%), such that their Fourier transforms have compact support and
are bounded. Let f € D. For fixed i € {1,...,L} and j € Z%, define:

F(&) = Fi(€) = f(€ — Af)gi(€).

Then,
g - —2miBk-€ o~ 2miBk-€
F(BE) = [ (e ™ds - Py | d
- /QO e-szk-s( Z F(g+B’m))d§.

mezZd
The interchange of the order of summation and integration is valid, since we have
assumed that function f is compactly supported, and, thus is function F', and,
consequently the sum over m is finite. Therefore, we can write

b > |E(BR)? _HZ (-+ B'm )2

kezd Qo)
_ / (X Fe+Bm) (S Fe+B))dc
0 mezd pezd
/ < Y F(¢+B'm ))F(g)dg.

mezd
Therefore, from the definition of F', we obtained the following equality:

‘ 2
b / F(€+ Aj)gi(€)e2miBRe

kezd

/ FE+ang©)( X Fle+ Bm+j)gie+ B'm))de.

meZa

Our task is to analyze the sum:

L

SN S AP =333 (g )P
=1 jezd

i=1 jezd kezd kezZd
L =~
=32 2| [ f@ge- e ‘QW’B“df‘
=1 jeZ7d keZd
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Using the previous equality, we obtain:

Z Z Z |<fag§’,k>’2

=1 jEZd kezd

—ZZ /f€+AJ (Z §+B’k+Aj)g7‘(§+B'k))d§

= IJeZd czd

L

=S 5 [ Ve AP Pas

=1 jezd

L _—
DD /f£+Ay O X fle+Br+apg(e+BR))ds
i=1 jezd 0#£kezZd

L

=3 %5 [ IFOR € - AnPag

=1 jez74

L
+ZZ§ (£)g'(€ - Aj( " J€+BR)giE+ Bk~ Aj))df.
i=1 jezd 0#kezd

For future reference let us introduce the following notation:

=> > > gl

1=1 je74 keZ?

ZZ /\f €)21g(¢ — Aj)[2de,

i=1 jezd
and

ZZ /f ‘g - A]( Z f(e+B'k)gi(€+ Bk — AJ))dg.

i=1 jezd 0#£keZd

Thus, our decomposition can be written I(f) = Io(f) + I1(f). To perform the next
step, we will need the following result.

Fact 3.2
For ¢ € L?(R%),i=1,...,L, and f € D, we have

S [ 1fe ADIFOI X 1€+ Bh+ Al (s + B ) < e,

JEZ? 0#£kezd
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This is an easy consequence of the inequality:
9°(E)llg° (€ + B'R)| < 1g°(€)> + |9 (& + B'R),

and the fact, that f has compact support and is bounded.

Fact 3.2 allows us to change the orders of integration and summation in
the expression for Zle > jeza 2oreza {f g;k>|2 Thus, using the equations (3.1)
and (3.2), we obtain:

ZL:Z > gl ZZ / €)21gi (€ — Aj)|?de

i=1 jezd kezd =1 jezd

+ZZ /f ie—an( Y fe+BRgE+ Bk - Aj))d

i=1 jezd 0£keZd
/\f \ZZ\gf Aj)[Pdg
1=1 jez4d
/ Z > e+ BR(Y gie - Agie + Bk — Aj))de
=1 0#£keZd jezd

- / FOPRde = 715
Rd

which completes the proof of the fact, that any Gabor system satisfying the two
equations is a tight frame.

Now we will prove the converse implication. Namely, we assume that

SN ST =113,

i=1 jeZd kezd

for all f € L?(R?), and we will derive from this the two equations (3.1) and (3.2).
Clearly, our condition holds, in particular, for all functions f € D. This leads to the
following observation.

Remark. Recalling Fact 3.2, we see that for f € D, I(f) < oo iff Iy(f) < oo. Now
taking f = xc¢, where C' C R? is any compact set, we see that Io(f) < oo, for all
feDiff Zle > jeza 19§ — Aj)|? is locally integrable in R<.
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Thus by our assumption, the function:

L
©=3 3 3 lge- 4

=1 jezd

is locally integrable. Hence, almost every point in R? is a point of differentiability
of the integral of 7. This means, that if & is such a point, then

1
lim ————
§—0+ |Bs(8o)| Jmy(eo)

7(€)d§ = 7(&o)-

Fix 6 > 0, and let fs be a function such that:

A 1
fs(€) = m)ﬁ%(&o)(f)-

Recall the decomposition, we have used in the proof of the first implication:

I(fs) = Io(fs) + L1 (fs)-

Notice that
I(fs) = |l fs]15 = 1.

Thus, using the definition of Iy, we obtain:

1
1 ‘B6(§O)| Bs (£0) (5) §+ 1(f(5)

If we can show that limg_, o+ I1(fs) = 0, then since &; is a point of differentia-
bility of the integral of 7, we have the equality:

L= Jim et [ T B = () + i Dif) = (E)

Let us now look at |I1(fs)|. Arguing as in the proof of Fact 3.2, we see, that
the above is bounded by the two following terms:

L
P2 [ 1RO+ Bl - AP

i=1 jezd 0#£keZd
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and

ZZ ST F(©)I1F5(6 + B'R)1gH (€ + B'k — Aj)Pde.
b

i=1 jezd 'R g2peza

But if 6 is small enough, then:

|fs(E)||f5(& + B'k)| =0,

for every k # 0. Thus I1(fs) = 0, for § << 1. This concludes the proof of the fact
that 7(¢) = 1, a.e. £ € RY. This also shows, that I;(f) = 0, for all f € D, i.e.

%/ I S e+ B — Aj)a (€ + Bk — Ajyde =0,

i=1 jeZd 0£keZ

Moreover, using the polarization identity, we obtain that for any f,h € D:

/f ZZ 3" k(e + B'h)gi(€ — Aj)g (€ + B'k — Aj)dé = 0.

i=1 jcz7d 0#£kcZd

Remark. Using the inequality:
19°(€ — AJ)llg'(€ + B'k — Aj)| < |g*(§ — AJ)* +1g° (€ + B'k — Aj)I%,

we can argue as before, that the function:

Zng Aj)gi(€ + B'k — Aj)

i=1 jez4

is locally integrable, and thus almost every point in R? is a point of differentiability
of its integral.

Fix kg # 0. Let & be a point of differentiability of

ZZ (€ — Aj)gi(€ + B'ko — Aj),

i=1 jez4

such that: & # 0 # & + kg. Let
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and
“ 1

h5(§) = mXBé(ﬁo-i-B’ko) (5)

Then, in particular, we have

FoOhs(€ + Bho) = onmyen ()

Let us now write the equality I; = 0, using the functions fs and hs:

0-5 [ 7© 1YY S el BRI AT+ B A

i=1 jezd O;ékGZ’i

- /f& e+ B S S (e - A€ + B — A7)

=1 jezd

/fa IS S elet BRI — Al €+ B — Ajyde

i=1 jeZe 0,ko#keZ

/ ZZQ§ Aj)gi(€ + B'ko — Aj)dE + Js.
b Bl Jes(c0)

=1 jezd

By examining the term Js we see, as before, that for 6 small enough, it is equal to
0. Therefore, employing the fact that £y was chosen to be a point of differentiability

of 25:1 > ez g?l(f - Aj);"(f + B’ko — Aj), we obtain the second equality:

0= lim — (€0 — Af)gi (o + B'ko — Aj)dé
Bs (o) ;= 1 ]Ezd

=3 3" gieo — Aj)gi(€o + Bko — Aj),

i=1 jezd

for all ko # 0 and a.e. € € R?. This completes the proof of Theorem 3.1. [J

Remark. Notice that our characterization of tight frames of Gabor systems, gives
a different approach to the general result obtained in [14], (Corollary 3.3.6, see
also [2]).

We also would like to alert the reader to the fact that the roles of the matrices
A and B are interchanged in Theorems 2.1 and 3.1. A short reflexion about this
phenomenon is useful for avoiding some confusion about these matters.
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4. Orthogonal bases of Gabor systems

In this section we will use previous results, to give characterizations of orthonormal
bases of Gabor systems of L%(R™). In the first result we will make use of the
equations we employed for the description of tight frames, in Section 3.

Theorem 4.1

The Gabor system: {g.,, : m,n € Z% i =1,...,L} is an orthonormal basis
for L*(RY), if and only if it satisfies equations (3.1) and (3.2), and ||g*|l2 > 1, for
i=1,... L.

Proof. If {gfnyn :m,n € Z% i =1,...,L} is an orthonormal basis, then it clearly
is a tight frame. Then, by Theorem 3.1, equations (3.1) and (3.2) are satisfied.
Orthonormality of the system implies also, that ||g¢||2 > 1, fori =1,..., L.

Conversely, in view of Theorem 3.1, equations (3.1) and (3.2) imply that the
system is a tight frame. Since ||g[l2 = [|g}, ,|l2, We see that by Theorem 1.5, the
whole system is an orthonormal basis. [J

The above result characterizes orthonormal bases using the description of tight
frames. In the next theorem, we would like to consider a different set of conditions,
based on the characterizing equations for orthonormality of a Gabor system.

Theorem 4.2

The Gabor system: {gﬁnn :m,n €Z%i=1,..., LY} is an orthonormal basis for
L?(R%), if and only if it satisfies equations (2.1°), (2.2), (2.3) and (3.1).

Proof. An orthonormal basis is both, an orthonormal system (which implies equa-
tions (2.17), (2.2), (2.3)) and a tight frame (which provides us with equation (3.1)).

The proof of the other implication follows closely a method from [3], adapted to
the case of Gabor systems. Namely, notice that the calculations of the dual Gramian
matrix G(¢) associated with the Gabor system {ginn cmyn € Z4i = 1,...,L},
defined by (2.15) in [2], give us that:

L
(G©erery =D Y |gi(e — Aj + B'E),

i=1 jezd

for k € Z% (for more about the Gramian matrices see, for instance, [2] or [14]). Thus,

equation (3.1) implies that (G(£)e,ex) = 1. Since our system is an orthonormal
basis, it follows from Theorem 2.5(i) in [2], that ||G(§)|| < 1. Therefore:

1> (6@l = Y [(G@eren| =14 Y |(G@)ex, e

lezd 1€ 1k

’ 2
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Therefore, (G(€)ex, e;) = 0, for | # k, and G(€) is an identity on 12(Z%) for a.e. €.
Hence, by Theorem 2.5(ii) in [2], our Gabor system is a tight frame. Since it is an
orthonormal system, ||g}, .|| > 1, and Theorem 1.5 implies that we have in fact an
orthonormal basis. [

The next two observations we make, result from the comparison between the
results of Section 2 and Section 3. They reflect the very special, symmetric structure
of Gabor systems.

Theorem 4.3

If L = 1, i.e. there is only one generating function g, the following are equivalent:

The system { gy, n(7) = ™A™ Tgk(x — Bn) : m,n € Z} is a tight frame with
constant 1.

The system {gm n(x) = 2B ™k (z — A'n) : m,n € Z%} is an orthogonal
system and ||g||3 = ab.

Equations (3.1) and (3.2) hold.

Theorem 4.4

IfL =1, and A= B = Bt"", then equations (2.1°), (2.2) and (2.3) are the
same as equations (3.1) and (3.2).

Especially the last theorem may be viewed as another approach to the results
obtained at the end of Section 2 - Theorem 2.6 and Corollary 2.7.

5. Miscellaneous remarks

Now we may try to attempt proving some results about the Gabor systems using
the characterizing equations. In [16], analogous characterizations for wavelets were
used to study the wavelet multipliers. The following result is an immediate corollary
of our characterizations, in case of Gabor multipliers.

Corollary 5.1

Assume that v is a unimodular function on R, such that v(- + 1)/v(:) is a
1-periodic function. Then v is a Gabor multiplier.
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This provides us with an interesting example of a class of Gabor multipliers.
Using a general method of [16], it is easy to show that all Gabor multipliers must
be unimodular functions. Unfortunately to characterize them fully we would need a
version of a multiresolution analysis of Gabor systems. That however, is impossible,
as the following argument shows.

27

g9(- —
k), k € Z}. On the Fourier transform side it means, that for every j, there exists a

Assume that for every j, function ¢g(- — j) is an element of the set {e

1-periodic function m,, such that:
9(&) = 9(& = j)m; ($)-

If we assume that the system {g(- —j),j € Z} is a Riesz basis for the closure of
its span, then (as in [2] or [14]), we see that it satisfies:

0<A<Y [§(E—k) < B <o,
k

for a.e. £ € R. In view of the previous equality, it gives us:
A< Y€~ k= mi©F = (3196 = b)) Im; () < B,
k k

or
A/B < |m;(&)[* < B/A.

But now, if |g| is greater than some constant C' > 0, on a set of positive measure,
it will be greater than the constant AC/B, on all integer translates of this set. This
contradicts the fact that g € L?(R). For a different approach to the problem of
nonexistence of Gabor multiresolution analyses, we refer the reader to [10].

Also, now it may be possible to combine the results of Sections 2 and 3, with
those of [9], [11] and [15], to obtain similar characterizations of wave packets. As
an introduction to this, let us have the following observation, which is a simple
consequence of our results.

Fact 5.2
There are no orthonormal bases of wave packets of the form {g; mn(z) =
e2miAma gk (9ly — At 'n) i m on € 74,1 € 7).

Further study of wave packets, especially of their completeness, will be the subject
of our future work.
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