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ABSTRACT

The grand P space L) (©) (1<p<-+oc) introduced by Iwaniec-Sbordone is
defined as the Banach Function Space of the measurable functions f on @ such
that

] 1/(p—e)
= su £—— Pt dg < 4o00.
11, p< - / 71 )

We introduce the small L” , space denoted by )/(Q) and we prove that the
associate space of £ (@) is Lp)/(Q). It turns out that Lp)/(Q) is a Banach
Function Space whose norm satisfy the Fatou property, and that it is the dual
of the dlosure of £°°() in P (). Moreover, we give a characterization of
P () asdual space, and we provethat for any 1<p<-+oo the spaces £ () and
P () are not reflexive.

* This work has been partially performed as a part of a National Research Project supported by
M.U.RST
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132 FI1ORENZA
1. Introduction

Let € RY (N > 1) be a set of Lebesgue measure | € |< +oc and let 1 < p < +00.
The grand L” space, that will be denoted by L” ) (Q), introduced by Iwaniec-Sbordone
in [8] is defined as the space of the measurable functions f on  such that

0<e<p—

1 1/(p—e)
= — P q .
171, = sw (s‘ a1/ 171 ) <400
Q

Grand L” spaces have been considered in various fields: in the theory of Partial
Differential Equations (see e.g. [9], [10], [13], [14]), in the study of maximal operators
and, more generally, quasilinear operators, and in interpolation theory (see e.g. [4],
[2]). In particular, in the theory of Partial Differential Equations, it turns out that
they are the right spaces in which some nonlinear equations have to be considered
(see [7], [5]). Also, they have been studied in their own, various properties have been
developed e.g. in [6], [3].

The aim of this paper is to find an explicit expression of the “best” functional
N, usually called the associate norm of || - Hp), such that the following Holder

inequality holds
Fr9dz <111 N )
Q

1
where the symbol ][ stands for — / . Namely, the problem we solve is to find an

9]

Q
expression of the associate norm free from the definition of the norm in grand L”

spaces. It turns out that the solution of this problem gives also a characterization
of the dual of the closure of L™ (Q) in Lp)(Q).

Many concepts from the theory of Banach Function Spaces are used: we refer
to the books by Zaanen ([15]) and Bennett-Sharpley ([1]) for the main results of this
theory.

After introducing in Section 2 the auxiliary Banach space L (€2), in Section 3
we study the small L space denoted by L” ) (©2) and we prove that the associate
space of L” )(Q) is LV (©). In particular, the following Hélder inequality holds

][fgda: <7l lgl,,  vrer”@.ge " (@),
Q
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Finally, the fundamental function of the grand Lebesgue Space is estimated, and,
as a consequence, the spaces L” )(Q) and LV (Q) are characterized as dual spaces.

Moreover, we show that L” )(Q) and L” )/(Q) are not reflexive.

In order to have a simpler notation, unless differently specified, all the spaces
considered in the sequel have to be intended as spaces of functions on 2, therefore
for instance we will write L*) instead of L” )(Q), L™ instead of L™ (), etc.

2. The space L'

Let @ € RN (N > 1), | Q |< 400, and let M|, be the set of all measurable functions,

whose values lie in [—o00, +00], finite a.e. in 2. Also, let ./\/(:)r be the class of functions
in M, whose values lie in [0, +o0].
Let us begin by proving the following

Lemma 2.1

If f,g € M; and g < f = > 72, fx with fy > 0 Vk € N then the functions
defined in ) by

k—1
h = | fr — — fi,0 Vk e N
k [k max(g ;y )]X{Zf_lij}
are such that

(2.1) 0< h < fk Vk e N

and

(2.2) 9= (fr = ).

k=1

Proof. For a.e. x € § such that g(z) = f(z) we have hx(x) = 0 Vk € N and
therefore (2.1) and (2.2) are obvious.
For a.e. x € Q such that g(z) < f(x) let
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If k < k we have Z?Zl [i(z) < g(x) and therefore hy(z) = 0 from which (2.1)
follows.

If k = k we have Z;:ll fi(z) < g(z) and Z?Zl fi(z) > g(x), therefore

k-1
ho(z) = fr(z) — (9(1’) - Z fi (fc)>

satisfies (2.1).
If k > k then hi(z) = fi(z) and therefore (2.1) is immediate.
Inequalities (2.1) are proved for any k € N.

On the other hand equality (2.2) holds because for a.e. z € Q such that g(z) <
f(x) we have

]2

(fr(@) = hr(x)) = > (fulx) = hx(x))

k=1 k<k
+ folm) = he(a) + > (filx) — hi())
k>k
= Z fr(z) + fr(z) ( S(x) —g(x) + Z fk($)>
k<7c\ k<7<:\
+ Z (fr(x) = fa(z)) = g(z). O
k>k

For each g € ./\/l;r let us pose
= _ ’
Hg” ;= inf Z inf 671/(1778) (][ ’ i ’(pfa)’ dx) 1/((p—2)")
(p =" g |tz 0<e<r1 ]
where 1 < p < 400, p' =p/(p—1) and g € M, VkeN.

Corollary 2.2
For each g € /\/lg we have

_ . > . —1/(p—¢) (p—e)’ 1/((p—¢)")
Hg”(p’ g:i%of o { Z 0<§2£—1 c (][ Ik d:v) ‘

k= k=1
9 =0 ! Q
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Proof. For any sequence (gx) in M, put

oo 1/((p—¢)")
23)  S() =Y inf s*““@<f|gm@*)¢ﬁ .
Q

0<e<p—1
k=1

We have to show that for any g € /\/l;r and for any decomposition g = >~ gk
with gr € M, there exists a decomposition g = > peq vk with v € M; Vk e N

such that S((gx)) = S((7k)).
Let us apply Lemma 2.1 replacing fi, by gf = max{gx,0} Vk €N, and let us
set v = g —hy Vk € N. Since | g +g; |=| gi +(—g;) | where g, = min {gy, 0},

we have
S((gr) = S((g +91)) =S((gd + (—9)))
>S((g7)) = S((gF —hw)) = S((w))

from which the assertion of Corollary 2.2 follows. [J

Theorem 2.3
The space defined by

( ’
2 = {geny: gl <+cf
is a Banach Function Space.

Proof. Most of the properties of || | - | H( needed to show that L” is a Banach
p

Function Space are trivial or easy to prove. Here we show only that the following
properties hold for all f, g, g (n € N), in M:)r:

@) [So®] <2l
p P
(i) 19 < f ae.inQ then gl , < IfI] -

Proof of (i). Let us assume that the functions g,gn) € ./\/léF are such that
ZHg“"H <400 VnéeEN,
n=1 ('

otherwise the assertion is trivial. Let € > 0 and let g,(gn) € M;r (the existence follows

from Corollary 2.2) be such that

ng ::zz:gg” Vn/EIN
k=1
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and

1/((p—2)') _
(n)(p—)' g < [lg™ £
(9 ") 33) g H(p, + o

0<e<p—1
k=1

SO

We have

Sl -S| -
n=1
(p

n=1k=1 o ||nak=1
p p
00 1/((p—¢)")
< ; ~1/(p—e) (n)y(p—e)’
SIS (o)) de
TLJC: Q

o lNe) 1/((;0—5)/)
— —1/(p—¢) (n)\(p—2)’
315, g f g ae)
= Q
<> ]
('

+ ¢ Ve >0.

Proof of (ii). For any decomposition f = > p—, fr with fx € ./\/lg_ Vk € N let (hy)

in /\/lg Vk € N be given by Lemma 2.1, such that g = >, (fx — hx). By using
Corollary 2.2 we have

HfH inf  S((fx)) > _nf  S((fr —hx)) > _nf  S((gr) = lgll
Zk 1Tk F=2 tmr I¥ 92 sp=1 9k (p
fr.=>0 fr >0 g >0

and the proof of (ii) is now complete. [J
After Theorem 2.3 L is a Banach space under the norm

i ) 1/((p—¢)")
E —1/(p—¢) (p—e)
Hg”(p/ lgl= ilf { 0<é1:2£ 18 (é[ ‘ 9k ‘ dm) }

where g € M, Vk € N. We remark that in the right hand side it is possible to
replace | g | simply by g, in fact we have

Proposition 2.4
For any g € L(p,
00 Y,
HgH = inf Z inf 871/(1)7&) (][ ’gk ’(pfa)/ dx) 1/((p—e)")
(p gzzz; o | i 0<e<p—1 J
where g, € M, Vk €N.
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Proof. Let | g |= >_;=, hx be any decomposition of | g | in /\/13—. We have g(z) =
sgn(g(x)) | g(z) | a.e. in Q (where sgn = Xjo, 1-o0[ = X]—oc,0) and therefore

g(z) = sgn(g(z)) Z hi(z) = ngn(g(x))hk(x) a.e. in Q

from which
inf  S((gr) < S ((sgn(g)h)) =S ((hx))

I=L =1 9k

ngMO

where S ((gx)) is given by (2.3). Therefore

it S(g) < aof S = dnf S((w).
9= 1;.0:1 Ik ‘Q‘ZZ:; he ‘Q‘ZZZ; Pk
IkEMp npemb hEEMg

On the other hand, let g = >~;~, gx be any decomposition of g in M, and let

oo
Vg =D gk |-
k=1

We have | g |< 7(g,) and therefore

inf  S((h)) < inf S ((h)) < S ((gx))

=N ="
“”*Zk:l 'k ’Y(gk)izkzl 'k
hi €M hi €M

from which
inf  S((h) < _nf  S((gx)) -

lal=) o, =>
I=2 =1 I=2 =1 Ik
hi €M) gLEM)

Proposition 2.4 is therefore proved. [

We remark that the following inclusions are easy to prove

p'+e

P veso.

In particular, we have that L™ C A
Next theorem is the main result of this section.
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Theorem 2.5
The following Hélder-type inequality holds

) (»’
][fgdrvSHfH ol . vfer” gerL".
p) (p
Q

Proof. Let | g |= Y p—, gr be any decomposition with g5 > 0 Vk € N and let
fELp). For each k£ € N and for each 0 < e < p —1 we have

1/(p—¢)
Frnso= ([ 1-8)"(f i)
Q Q Q
1/(p—e)
= (EJ[ | f|Pe da;) e~/ (p—e) <][ | gi |P= dm)
Q Q

1/((p—¢)")
< e~/ (p—e) <][ | gk |(p,€)' dx) IFdl :
p
Q

and therefore

1/((p—2)")
f foude < int_ em/0- ( oo dx) 11
p p)
Q Q

from which
deZ][ | f ] grdx

g]ffgdwﬁg[\f\ 2]

oo 1/((p—e)")
< i —1/(p—¢) (p—e)’ )
DI P 171,
= Q

1/((p—2)")

1/((p—¢)")

oo
ng:
k=1

Hence
7[ fgdx < HgH( AL
P P)
Q

Theorem 2.5 is therefore proved. [



Duality and reflexivity in grand Lebesgue spaces 139

We will need in the following some other properties of the space L% Let us
begin with the following

Lemma 2.6

Let F, C Q, n €N, be such that X, 1 0 a.e. in  and let g be any function

in L(p,. Then

lox,, Il —0-

Proof. Without loss of generality we can assume that g is nonnegative. Let g =
21?;1 gr. be a decomposition with g > 0 VEk € N such that

oo 1/((p—e)")
Z inf e V@) g(pfa)/dzn < 4o00.
0<e<p—1 k

Setting
1/((p—¢)")
ag,n, = inf g1/ (p=e) <][ g,ip_s) X, dm) Vk e NVn € N

o O0<e<p—1
Q

we have

oo
< .
HQXFnH(p, < kzlak,n < 400 Vn €N

Since 220:1 ar < +oo and ai, | 0 Vk €N, the lemma is proved. [

Corollary 2.7
Let E, C 2, n €N, be such that X, T X,, a6 in ) and let g be any function

in L(p,. Then )
9x, —9 in L(p.

Proof. 1t suffices to apply Lemma 2.6 with F;, = Q — E,,. [

Corollary 2.8

Let ¢ > 0 be any function in L% and Iet (gn) be an increasing sequence of
nonnegative functions converging to g a.e. in Q. Then Hgn||( 1 ||g||( -
P P
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Proof. Because of the order-preserving property of || - || , it is clear that || gnH( )
P

/

is an increasing sequence and lim, ., ||gn| , < HgH( ,. On the other hand, by
P

Corollary 2.7, for any € > 0 there exists M such that
gl , —e < |[min{M,g}| , <lgl ,.
(p (p (p

Obviously 0 < min{M,g,} T min{M,g} ae. in Q and, since min{M, g} €
L™, we have also min {M,g,} — min{M, g} in L” 1 therefore min {M,g,} —
min {M, g} in L'”". This means that there exists v € N such that

[min{M,g}| ,—e<[min{M,g,}| , <[ min{M,g}| .
(p (p (p
Therefore for any € > 0 we found v € N such that

lgll , —2e <|lmin{M, g, }| , <lg.ll , <9l ,.O
(p (p (p

I,

Lemma 2.9
Let f be any function in L™ . Then there exists g € L™ such that

%fgdl‘zllfll lall ., -
p) p)
Q

Proof. If f € L™ then

1/(p—¢)
lin% (5][ \f|p_5dx> =0
O

therefore

1/(p—¢) 1/(p—0o)
sup <e][ Iflp‘sdx) = <o][ Ifl”“’dfﬁ> = || £l
0<e<p—1 J p)

where o = o(f) €]0,p — 1[.
Let g € L™ be such that

1/(p—o)
ffgdw = ( ][ \f!p‘”dx) ( Jf 9/~ dx)

1/((p—2)’)
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we have

1/((p—2)")
< < ; —1/(p—¢) ][ (p—e)’
f radz <1171 sl <51, inf = 910 do
Q Q
1/((p-0)")
£l o=/ ( frate dx)
)
Q
1/(p—0) 1/((p=0)")
_ gl/r—o) <][ | F e dw) 51/ (=0) <][ g | dx)
Q

Q

—g]l[fgdx.

Therefore the inequalities are in fact equalities, the first inequality is equality and

IN

the lemma is proved. [

In the following result we will consider the closure of L™ in L” ), denoted by P
in literature (see [6]). In order to use a notation closer to that one of the Banach

Function Space theory, we will denote this space by Li). It is known that LZ) is

)

strictly contained in L”, therefore, the space Li) is not a Banach Function Space.

Corollary 2.10

Let f be any function in Li). Then

} gz

£l = sup &—
Pl
gEL(p/ (p

Proof. The inequality > is true by virtue of the Holder inequality for grand L”
spaces, already proved in Theorem 2.5. On the other hand, previous Lemma 2.9

gives the reversed inequality. [
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3. The associate space of the grand Lebesgue space

For each g € M, let us set

lgll ., = sup [[&f ,.
P) (p

0<y<|g|
per®’

We remark that
lgll ., <llgll ,  VgeM,
P) (p

(/
gl ., =gl , <+oo VgeL”.
P) (p

Let us begin by proving the following

Proposition 3.1
The small L* / space defined by

)/
L” = {g eEM,: Hng), < +oo}
is a Banach Function Space.

Proof. All the properties of ||g|| y which have to be satisfied in order that L” be a
p
Banach space are easy to prove, by using simply Theorem 2.3. It remains to prove

only that the space L” )" satisfies the Fatou property
0<gnlg aeinQ = |gull ,Tlgll -
p) P)

Because of the order-preserving property of || - ||

it is clear that ||g,|| , is an
p p)

)/
increasing sequence and

lim {[gn|  <llgll -
n—00 p) p)

Now let us consider the following two possibilities: g € " ,g ¢ e

First case: g € Lp)l.
Fix e >0, let ¢ € L be such that 0 < ¥ < |g| and

lgll ., —e< Il , <lgl -
p) (p P)
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Obviously 0 < min{v¢,g,} T ¥ ae. in Q and therefore by Corollary 2.8
I min{w,gn}H( o7 Hwﬂ( ,. Let v € N be such that
P p

1ol —e<|min{y, g} , <[¥l ,
(p (p (p
then for any € > 0 we find v € N such that

gl ., —2e <|lmin{y, g} , < llgull ., <llgll -
p) (p ) P)

Second case: g ¢ .

Fix M > 0, let ¢ € L™ be such that 0 < < |g| and HwH(p, > M. Obviously
0 < min{¢,g,} T ¥ ae. in Q and therefore by Corollary 2.8 || min {w,gn}H(p, 7
||¢J||(p,. Let v € N be such that || min {@ZJ,gl,}H(p, > M, then for any ¢ > 0 we find

v € N such that
lgull ., > [[min{s, g, }|| ,>M.O
p) (p

We prove now the Holder inequality for Grand Lebesgue spaces.

Theorem 3.2

Let 1 <p < +oco and Q C RN (N > 1), | Q |< +oo.
The following Hélder inequality holds

7[ fodz < |/l llgl .,  Vfel” gerl”.
p) " p)
Q

Proof. For any f € L*) and for any g € M, we have, by Theorem 2.5,

dr = su dr < su
Sf‘f”g‘ OSwip.LJ][’f’w _Oﬁwﬁpg][’f’wdx
Q

peL™ 2 per®’

< sup |fIl Ml ,=IIfI Mgl -
0<y<|g| P) (p P) P)

wEL(PI

Theorem 3.2 is proved. [

The proof of next result is analogous to that one of Corollary 2.10.
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Corollary 3.3
Let f be any function in Li). Then

171 = sup & = If] -
D= S Tl (")

Proposition 3.4

The spaces L" " and (L” ) ) are rearrangement-invariant spaces and (L” ) ) =

7.

Proof. Since the associate space of a rearrangement - invariant space is a rear-

!/

rangement - invariant space, it is sufficient to prove that (L” ) ) is rearrangement -

invariant. ,
Let f € (Lp) ), and let us set f, = min {n, f} € L™,
We have

(3.1) 0<fulf a.e. in

and therefore 0 < (f,)* T f* a.e. in [0, [, where (f,,)* and f* denote the decreasing

rearrangements of f,, and f, respectively. Since the space (Lp ) )’ satisfies the Fatou
property, from (3.1) we get

2 n ey NI
(3 ) ||f H(Lp) ) T ||f”(Lp) )
On the other hand we have also
(33 [EAN TP I

By Corollary 3.3
(3.4) anH(Lp)')/ = fall Ly = 1)

P ojap

JFrom (3.2), (3.3) and (3.4) we obtain || f|| and therefore the

1y =W
assertion is proved. [J
Consequence of Proposition 3.4 and of the classical Lorentz-Luxemburg theorem

(see [1], Theorem 2.7 p. 10) is the following

Theorem 3.5

’
P . . p .
The space L ) is associate to L ) and vice versa.
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Now we deal with the reflexivity problem for L” ) and LP )/. The space L” ) is
not reflexive, as established in the following simple

Proposition 3.6

The space L” ) is not reflexive.

Proof. It suffices to construct a function which has not absolute continuous norm.
Without loss of generality we can consider the space L” ) (0,1).

It is easy to verify that the function f(x) = 2~'/P has not absolute continuous
norm, therefore the assertion follows.

In order to show that the same result is true for the space L’ ) , we need next
result, due to J. Lang and L. Pick ([12]).

Theorem 3.7
Let ¢ be the fundamental function of the grand L space. Then we have

1 —1/p
(3.5) o(t) ~ /P [log (;)]

ast — 0.
Proof. The fundamental function of the grand L” space reads as

(3.6) o(t)= sup (et)t/P=2),
0<e<p—1

Defining F(g) = (et)'/P=9) | we get
F'(e) = (et) /=9 (p — £)~2 (]5_) —1+loge + logt) .
Hence
(3.7) F'(0+4)=40c and F'(p—1)<0
if ¢ is small enough.

The function
G(e) = L +loge + logt
€
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satisfies, for every fixed t, G'(¢) = e 1 (—pe™! +1) < 0 for € < p, hence G is strictly
decreasing for every fixed t. Thus, for every fixed ¢, there exists an unique €; such
that G(e;) = 0, hence F'(e;) = 0. By (3.7), € is a point of maximum of F, the
point where the supremum at (3.6) is attained, that is, F'(e;) = ¢(t).

Now let 3 be a small number and let t = 37! exp(1—pB~1). We have G(8) = 0,
therefore, for such ¢, ¢, = 3 and

(1) = () PB) — exp (_%) '

Hence, asymptotically, we see that if 3 is small and

t_f.ﬁexp<_£).
p B B

then ¢(t) = exp ( - %)
Now we claim that

o(t) ~ t/P [log (%)] o .

Indeed, for 3 small let ¢ be given by t = 3~ !exp(1 — pS~1!). Then

B D o
~exp (- %) = ¢(t)

proving (3.5). O

Theorem 3.7 enables us to estimate the limit of the fundamental functions
v = @(t) of L” and L"". For both fundamental functions we have }in% o(t) =0,

therefore we can state the following

Corollary 3.8
The dual of Li) is isometrically isomorphic to L ) and the dual of Li), is

isometrically isomorphic to L” ),
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Remark 1. Corollary 3.8 shows that the spaces L” ) and L* ) form a complementary
pair. Complementary pairs of Banach spaces were introduced in papers by T.K.
Donaldson, T.K. Donaldson and N.S. Trudinger, J.P. Gossez. For references on the
subject we refer to [11].

Next proposition deals with the problem of the reflexivity of LJZ).

Proposition 3.9

The space Li) is not reflexive.

Proof. We have (Lp),)’ C (Lp)/)*, therefore

(3.8) ) c (L")

If the space Li) were reflexive we would have (LZ)))** = Li). On the other hand, by
Corollary 3.8, (LZ))* = 1" and passing to the duals

(3.9) @y =1V,

Equality (3.9) contradicts (3.8), therefore Li) is not reflexive. [J

After Proposition 3.9 we can conclude that also the dual of Li) is not reflexive,
therefore we have also

Corollary 3.10

The space L7 is not reflexive.

Remark 2. After Theorem 3.5 we know that the associate space of " is P I. We

claim that the space L” ) is not isometrically isomorphic to the dual space of L” ) ,
since L” is not of absolutely continuous norm (because, for instance, the function

f(z) =217 isin " (0,1) and has not absolute continuous norm).
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