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ABSTRACT

It isproved that for any pe(1,00) the Cesaro sequence space ces, is(kNUC) for
any natural number & and it has the uniform Opial property. Moreover, weakly
convergent sequence coefficient of those spaces is aso calculated. It is also
proved that for 1<p<oco the spaces ces, have property () and weak uniform
normal structure. The packing rate of those spacesis also calculated.

1. Introduction

Our main aim is to calculate the weakly convergent sequence coefficient for Cesaro
sequence space ces, and to prove that for any p € (1,00), ces, is (kNUC) for
any integer £ > 2 and has the uniform Opial property and property (L). The
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weakly convergent sequence coefficient which is connected with normal structure is
an important geometric constant. It was introduced by Bynum (see [4]).

In the following, X denotes a Banach space and S(X) denotes the unit sphere
of X.

For a sequence {z,} C X, we consider

A{a}) = T {sup{lla — o)) 4,5 > .1 # 7))
Ax({wa}) = T {inf{|la: — ] 4,5 > n,i # }).

and

The weakly convergent sequence coefficient of X, denoted by WC'S(X), is de-
fined as follows:

WCS(X) = sup{k > 0: for each weakly convergent sequence {z,}, there is
y €conv ({x,}) such that k - hmsupHxn -y < A({zn})}, where conv ({z,})

denotes the convex hull of the elements of {z,} (see [4]).

The number M(X) = 1/WCS(X) for a reflexive Banach space is called the
Maluta coefficient and it is known that M (X) = 1 for every non-reflexive Banach
space X (see [16]). It is also well known that a Banach space X with WCS(X) > 1
has weak normal structure (see [4]).

A sequence {x,} is said to be an asymptotic equidistant sequence if A({z,}) =

Ay ({a}) (see [20]).

The formula WCS(X) = inf{A({z,}): {z,} € S(X) and z, — 0} =
inf{A({z,}): {x,} an asymptotic equidistant sequence in S(X) and z,, — 0} was
obtained in [20].

A Banach space X is said to have weak uniform normal structure if
WCS(X)>1

Recall that for a number £ > 0 a sequence {x,} is said to be an e-separated
sequence if

sep({zn}): = inf{||z, — xpm||: n #m} > e.

A Banach space X is said to have the uniform Kadec-Klee property (UKK)
for short) if for every ¢ > 0 there exists 6 > 0 such that if  is the weak limit of a
normalized e-separated sequence, then ||z]| <1 —§ (see [10]).

The notion of nearly uniform convexity for Banach spaces was introduced in [10].
It is an infinite dimensional counterpart of the classical uniform convexity.

A Banach space X is said to be the nearly uniformly convex ((INUC') for short)
if for every € > 0 there exists § > 0 such that for every sequence {z,} C B(X) :=
{z € X: ||z|| <1} with sep({z,,}) > €, we have

conv ({z,}) N (1 —8)B(X) # 0.
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It is easy to see that every (NUC) space has the (UK K) property. Huff (see [10])
proved that X is (NUC) if and only if X is reflexive and X has the (U K K) property.

Let £ > 2 be an integer. A Banach space X is said to be (kNUC) if for any £ > 0
there exists 6 > 0 such that for every sequence {z,} C B(X) with sep(z,,) > € there
are ni,na,...,n; € N for which ‘ x"1+$"2k+m+$"’“ ‘ < 1—26 (see [13]). Of course a
Banach space X is (NUC) whenever it is (kNUC) for some integer k > 2.

A Banach space X is said to have the Opial property if every sequence {z,}
weakly convergent to xg satisfies

liminf ||z,, — zo|| < liminf ||z, — z|
n—oo n—oo

for every x € X (see [17]).

Opial proved in [17] that I, (1 < p < oo) satisfies this property but the spaces
L,[0,27] (p # 2, 1 < p < c0) do not. Franchetti has shown in [8] that any infinite
dimensional Banach space has an equivalent norm satisfying the Opial property.

A Banach space X is said to have the uniform Opial property if for every € > 0
there exists 7 > 0 such that for each weakly null sequence {z,} C S(X) and x € X
with ||z|| > €, we have

1+ 7 <liminf ||z, + ||
n—oo

(see [18]).
For a bounded subset A C X, the set-measure of noncompactness was defined
in [12] by
a(A) =inf{e > 0: A can be covered by finitely

many sets of diameter < e}.

The ball-measure of noncompactness is defined by (see [9] and [11])

B(A) =inf{e > 0: A can be covered by finitely

many balls of diameter < e}.

The functions « and § are called the Kuratowski measure of noncompactness
and the Hausdorff measure of noncompactness in X, respectively. We can asso-
ciate these functions with the notions of the set-contraction and the ball-contraction
(see [6]). These notions are very useful tools to study nonlinear operator problems
(see [6] and [18]).

The packing rate of a Banach space X is denoted by (X)) and it is defined by
the formula

Y(X) = 6(X)/o(X),
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where §(X) and o(X) are defined as the supremum and the infimum, respectively,
of the set

A

{@: ACX, A is o-minimal, a(A4) > 0}.
a(A)

Recall that A C X is said to be a-minimal if a(B) = a(A) for any infinite subset

B of A. For those definitions and for results concerning the existence of a-minimal

and [-minimal sets we refer to [2, Chapter X].

For each € > 0 define A(e) = inf{1—inf[||z||: z € A]: Ais a closed convex subset
of B(X) with 8(A) > e}. The function A is called the modulus of noncompact
convexity (see [9]).

A Banach space X is said to have property (L) if Elg{l A(g) = 1. It has been

proved in [18] that property (L) is a useful tool in the fixed point theory and that
a Banach space X has property (L) if and only if it is reflexive and has the uniform
Opial property.

For the definition of normal structure and weak uniform normal structure we
refer to [2], [3] and [9].

The Cesaro sequence space was defined by J.S. Shue in 1970. It is useful in
the theory of matrix operators and others. In this paper, we deal with the above
geometric properties of Cesaro sequence spaces.

Let [° be the space of all real sequences. For 1 < p < oo, the Cesdro sequence
space cesy is defined by

n

ces, = {z € I |z = (i [% 3 ]a:(z')|]p>l/p < oo}

i=1

2. Results

Theorem 1

If 1 < p < oo, then the space ces,, is (kNUC') for any integer k > 2.

Proof. Let € > 0 be given. For every sequence {x,} C B(X) with sep({z,}) > ¢,
we put 2 = (0,0,...,0,2,(m),z,(m + 1),...). For each i € N, the sequence
{zn(7)}2, is bounded. Therefore, using the diagonal method one can find a sub-
sequence {x,, } of {,} such that the sequence {z,, (i)} converges for each i € N.
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Therefore, for any m € N there exists k,, such that sep({z} }r>k,,) > . Hence
for each m € N there exists n,, € N such that

e
0) e )= <.

Write I,(x) = El<% z:l |:E(Z)|>p and put 1 = % (%)p. Then there exists
6 > 0 such that ! '

(1) 1Ip(z +y) — Ip(2)| <&
whenever I,,(z) <1 and I,(y) < 6 (see [5 ])

There exists m; € N such that I,(z]") < §. Next, there exists my > my such
that I,(x5"?) < 6. In such a way, there exists mg < m3 < --- < my_1 such that
I,(x m) < ¢ forall j =1,2,...,k — 1. Define my = mp_; + 1. By condition (0),
there exists ny € N such that I p(xn*) > (5)P. Put n; =i for 1 <i <k —1. Then
in virtue of (0), (1) and convexity of the functlon flu) = |u]p we get

)p

+ Tn, +xnk) o ( Z‘xnl +‘rnk( )

g (Tt

k

NS 1 xnl(i)+xnz(z)+"'+xnk1(2)"‘1’%(@)‘ p
+ —
n;ﬂ(n; k )
m1 k n e’} n
SIACHILATH NS IREH R
n=1 j=1 =1 n=mi+1 =1
m11 k 1 n - P mo 1 n n2++ n). »
_ _1EZ<EZ\QZ%(1)]) + Y (EZ‘:E (4) . mk(z)>
n= j=1 =1 n=m1i+1 =1
= 1 n2 + n )++ TL—1(.)+ n() p
+n§;+1(ﬁ;x et o) e
mi 1 k 1 n 1 n ' »
SIS S0) 5 ()
n=1 j=1 i=1 n= m1+1 i=1
N i (%zn: T (1) + Ty (7) —|—--]'€+ Ty, (1) + T, (1) )p+2€1
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< B S (S i)

5 2 (k) 60
SEREE{ (R DI € SEAC )i

vy > € (Z 20 @)+ ( ~ Des
<teova - (T) S (X))
<= ne - (M) Gr =15 (M6

Therefore, ces, is (kNUC) for any integer k > 2. [J

Theorem 2

For any 1 < p < oo, the space ces), has the uniform Opial property.

Proof. For any ¢ > 0 we can find a positive number ¢y € (0, ) such that
Ep
1+? > (1+€0)p.
Let z € X and ||z|| > e. There exists n; € N such that
o0 n
1 ~N\P €0\p
(X lk0N) <
1=n1+1 =1

Hence we have

= € €
‘ 0
H Z z(i)e;|| < 7 <7
1=ni1+1
ith
where e; = (0,..., 1,0,0,...). Furthermore, we have
ni 1 n ' » %) 1 n \p
23 (S =6 + X (- X k)
n=1 i=1 n=ni+1 =1
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1 %
For any weakly null sequence {z,,} C S(X), in virtue of z,,, (i) — 0 for i =1,2,...,

there exists mg € N such that

€o
<_
4

ni
HZ Tm(i)e;
n=1

when m > mg. Therefore,

I+ all = [ Y@l +2@ec+ D2 (@) +2li))es

i=ni+1
ni oo ni
> HZI‘(Z)GZ + Z T (1)es|| — HZ T (7)€,
i=1 i=ni+1 i=1
- . - . €0
> HZx(z)ei Y walie| -3
=1 1=n1+1

when m > mg. Moreover for a := Y |z(i)| there holds
i=1

p

Hix(i)ei + i 2 (i)ei

i=ni1+1

_ g(%iw)eioh > A+ fen@n)’

n=ni+1 i=1

o0

>§<%§$(i)ei‘)p+ Z (%g’wm(l)’)p

n=ni+1

3eP eP eP
> 22 1——) — 14+ > (1+e)P
=7 +( 1 -+ 5 >( +€0)

Therefore, combining this with the previous inequality, we get

|2 + ]| > Hix(i)ei + i em(i)e;

i:n1+l

21+so—%°_1+%°.

This means that ces, has the uniform Opial property. [J

> sl

1=N1

By the facts presented in the introduction and the reflexity of ces, for 1 <p <

oo, we get the following
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Corollary 1
For 1 < p < oo the space ces, has property (L) and the fixed point property.

We will now calculate the weakly convergence sequence coefficient of ces,,.

Theorem 3

There holds the equality WCS(ces,) = 2'/P whenever 1 < p < .

Proof. Take any € > 0 and an asymptotic equidistant sequence {z,} C S(X) with
Ty — 0 and put v; = x1. There exists i, € N such that

H i v1(i)e;

Z:’il-"-l

<e.

Since x,, — 0 coordinatewise, there exists ny € N such that

whenever n > ns.
Take vy = xp,. Then there is ¢3 > ¢; such that

Since x5, (i) — 0 coordinatewise, there exists ng € A such that

12
HZ:En(i)ei
i=1

<e

whenever n > ng.
Continuing this process in such a way by induction, we get a subsequence {v,, }

of {x,} such that
H Z vn(i)e;

<e
i=in+1
and
in
HE vnt1(i)e;|| < e
i=1
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Put .
Zp = Z vn (7)€
1=1n_1+1
forn=2,3,... . Then
In—1 %
2) 1> |z = szn = > valiei— Y wali)es
i=1 i=in+1
Z szn Un un( )6'
i=1 i=in

Moreover, for any n,m € N with n # m, we have

3) o = v | = Hiunmez— >l

=1

1=tn—-1 1=l —1+ 1=
00 lm—l oo
— H Z vn(2)e;|| — H Z v (1)e; || — H Z Um (2)e;
i—int+1 i=1 i=im 1

This means that A({xn}) = ({vn}) > A({zn}) —

Put u,, = ” o forn=2,3,.... Then
(4) un, € S(cesp);
(5) A({zn}) > 1 —cA({un}) — 4de.

On the other hand
[on — vl < llzn = 2m | +4e < [Jun — uml| + 4¢
for every m,n € N, m # n. Therefore
(6) A(fun}) = A({zn}) -
By the arbitrariness of ¢ > 0, we have from (4), (5) and (6) that WCS(cesp) =
inf{A({un}): Up = % up(i)e; € S(cesp), 0=1ip <i3 <ig < ... }

1=%n—1+1



286 Cul AND HUDzZIK

Using Lemma 2 in [20], we have W C'S(ces,) = inf{A({un}): Up = Zn: un(i)e; €
1=1np_1+1
S(cesp), 0=1p < i1 <ig < -, Uy 5 0 and {u,} is asymptotic equidistant}.

Take m € N large enough such that

k=ipm—1+1
where b := Zzn |un(i)]. We have for n < m
i=in_1+1
llun — wm |l
Tm—1 k [e%) k
= Y (X)) + Y (G )
k=in_14+1  i=1 k=im—1+1 i=1
> Z (lzkj lu (i)\)p + i (lzk: |u (i)l)p
k=ip_1+1 =1 k=im_1+1 i=1
-y (lilu @) - > (2)"+ 3 (lf]u @)
o k " : k : k "
k=i,_1+1 =1 k=im_1+1 k=im_1+1 =1
>l—e+1=2—¢, ie Ai({w})>(2—-e)/P.
Note that

oo

S Qe o)) [ 5 (e iEmo)]”
L X @ )] <o

k=tm_1+1 k=im_1+1 =1
Therefore

[tn — wml?
tm—1 k oo

= 3 (@) 4 3 (o4 X))
k=in_1+1 =1 k=tm_1+1 i=1

< S GXm0) X (o))
k=ip_1+1 =1 k=tm_1+1 =1

<14 (1+el/ry
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1/
for any n,m € N, m # n. This yields A({u,}) < [1+ (1 + 61/p>p] ! and, by the
arbitrariness of & > 0, we obtain WC'S(ces,) = 21/P.

Corollary 2

For 1 < p < oo, ces, has the weak uniform normal structure and normal
structure.

Corollary 3
For any 1 < p < oo there holds the equality ~(ces,) = 2P~/

Proof. By [1], if X is reflexive Banach space with the uniform Opial property, then
v(X) = ﬁ(x) Since, by Theorem 1, ces, is (NUC') for 1 < p < oo and property
(NUC) implies reflexivity, Theorem 3 yields v(ces,) = 2(°~1P. [
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