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ABSTRACT

We obtain some new sharp sufficient conditions for the oscillation of al solu-
tions of the first order neutral differential equation with positive and negative
coefficients of the form

d
7 (z(t) — R(t)x(t — 7)) + P)x(t — 7) — Q(t)x(t — ) =0
where P,Q, R € C([ty,0),RT),r € (0,00) and 7,6 € R™. In par-
ticular, the conditions are necessary and sufficient when the coefficients are
constants. Ascorollaries, many known results are extended and improved in the
literature.
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1. Introduction

Consider the first order neutral delay differential equations with positive and nega-
tive coefficients of the form

%(m(t) — R()z(t—71)) + P(t)z(t —7) — Q()x(t — ) =0 (1)
where
PQ,Re C([to,oo),R+),r € (0,00) and 7,6 € RT, (2)
7> 6P(t)=Pl) —Q(t—7+6) >0 and not identically zero. (3)
When Q(t) = 0, Eq.(1) reduces to
%(m(t) ~ R(t)a(t - 1)) + P(t)a(t — 1) = 0. (@)

Let Ty = max{r,7,6}. By a solution of Eq.(1) we mean a function z € C([to —
Ty, ), R), for some t; > tg such that z(t) — R(t)x(t—r) is continuously differentiable
on [t1,00) and such that Eq.(1) is satisfied for ¢ > ¢;.

As is customary, a solution of Eq.(1) is said to oscillate if it has arbitrarily large
zeros. Otherwise the solution is called nonoscillatory.

The purpose of this paper is to obtain several new sharp sufficient conditions for
the oscillation of all solutions of Eq.(1). This is done by using the lemmas obtained
in [13, 15, 16]. In particular, these conditions are necessary and sufficient when the
coefficients are constants.

2. Main results

In this section, we give some new sharp sufficient conditions for the oscillation of all
solutions of Eq.(1). Before stating our main results we need the following lemmas.

Lemma 1 [15, 16]
Assume that (2) and (3) hold and that

R(t) + /ti +6Q(s)d3 <1, t>t >t (5)

Let x(t) be an eventually positive solution of Eq.(1), and set

y(t) = 2(t) = Rt)z(t —7) - /t_ _5 Q(s)x(s — 6)ds. (6)

Then
y'(t) <0 and y(t) > 0. (7)
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Lemma 2 [6]

Assume that § > 0, R € C([tg, ), RT), A € C([to — 6,00), RT), and that
t
A(t) > R(t) exp ( A(s)ds), t> to.
t—6
Then condition .
lim inf/ R(s)ds >0
t—6

t—o0

implies that
t

liminf/ A(s)ds < 0.
t—5

t—o0

Theorem 1

Assume that (2), (3) and (5) hold and that
0 t

hm inf P(s)ds > 0. (8)

t—
o0 t—T

(ii) There exists a positive continuous function H(t) such that
t
litm inf H(s)ds > 0. 9)
—o0 t—T1

(iii) either

el T o ([ )

t

+ 5D P exp ()\ . H(s)ds) (10)

p b Q(s—T1)H(s —96) !
+% /t—7+6 ( P(s)ilg) o ()\ /5—5 H(u)du) ds} b
for P(t)>0,t>T

. 1 ' 5
)\>IOI,1thT {H— exp )\/ H(s)P(s)ds)

or

+H(t_;)$(t_7)exp / H(s)P(s )ds) (11)
taip [ 0wt pen o[ mormgu) >

for P(t) >0,t>1T.

Then every solution of Eq.(1) is oscillatory.
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Proof. Without loss of generality, assume that Eq.(1) has an eventually positive
solution z(t). Let y(t) be defined by (6). Then by Lemma 1 we have

y'(t) = —Pt)x(t—)
=—P(t) {y(t —7T)+ Rt —T)z(t—T7—71)+ /t_ B Q(s—T7)x(s — T —d)ds

— P(y(t— 1) + 7}%(;5(; ij)(t) Yt —r)

+ P(t) /t—7—+6 géii:gy’(s — 6)ds. (12)

Assuming condition (10) holds, set

+ P /i Q(Z—_T;/\(s 8V H(s — 6) exp (/t_ Au) H(u)du) ds. (13)

It is obvious that A(¢)H(t) > 0 for t > ty. From (13) we have

t

AOH(L) > P(1) exp( / )\(S)H(s)ds).

t—1

In view of (8) and Lemma 2, we get

t
lim inf/ A(s)H(s)ds < oo,
t—T

t—o0
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which implies, by using (9), that lim;_ . inf A(¢) < co. Now we show that

liminf A(t) > 0.

t—o00

In fact, if liminf; .o A(t) = 0, then there exists a sequence {t,} such that ¢, > ti,
n) <

tn, — 00 as n — 00, and A( A(t) for t € [t1,t,]. From (13) we have

At H (t,) > P(t, eXp / H(s ds

A H (1, ) (;:]; gt”) esxp (A(t) / " H(s)ds)

+ P(t,) /tniﬂ_& %)\(tn)f[(s - exp / H(u du

Hence

1 tn

mﬁ(tn) exp <)\(tn) H(s)ds)
H(t, —r)

H(t, )15(( Tgf(t”) P (Mtn) / H(s)ds)

Bt [ Qs-mHG-8) (.
Tt /tn_ms P(s — 6)

which contradicts (10) and therefore

tp—T

exp ()\(tn) /: H(u)du) ds <1,

0< litminf)\(t) =h < oo. (14)
JFrom (10) there exists an a € (0, 1) such that

, R(t —T)P#t)H(t —
« >\>10I,1tsz { P(t T)H(t exp / Hs ds

+ exp )\ H

H(t)\

On the other hand, in view of the definition of liminf, .., A(t) = h, there exists a
to > t1 such that

At) > ah, t>ty. (16)
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Substituting (16) into (13), we obtain

t

ANOH() > P(t)exp (ha 3 H(s)ds)

- P G TP)(};(j ;)T)P(t) exp (hoz /tt ) H(S)d5>

P(t)ah /tt i Qs ;3(72{[5:) —9) exp <ha /:_6 H(u)du) ds

for t > t9 +T,. Hence

h > litrg(i;lf { ]]3(55)) exp (ah t H(s)ds)

+ ah

H(t—r)R(t—r)P(t) !
HOP{E—1) exp (ah - H(s)ds)

B | o )

which implies that there exists a sequence {t,} such that t,, > max{T, ts + T},
t, — 0o as n — oo, and

nll_)rgo {Z((Zn)) exp (ah ttT H(s)ds)

H(t, —r)R(t, — 7)P(t,) n
+ ah HE P, —7) exp (ah /tn TH(s)ds)

P(ty) (" Qs —7)H(s ~6) " _7
+H(fn)ah s Bls—0) exp (ah /3—5 H(u)du)ds} =h < h.

Set A = ha, then

%1520{ e (3 [ i)
oy @ 2>( : [ Hlsds)

n P(tn) /ttn Qs —7)H(s —9) exp (A /:né H(U)du) ds} =L

tn

exp ()\

H(tn) Jiyrys  Pls—0)

which contradicts (15) and completes the proof of this theorem under condition (10).
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For the condition (11), let

MO H(E)P(t) = _yy’((f)) .
Then (12) becomes
A H(L) = exp ( /t ; )\(S)H(S)P(s)ds)
(=) H( )R~ ) exp /t i M) H(3)P(s)ds) (17)

. /tt Q(s —T)\(s —8)H (s — §) exp (/:_6 )\(u)H(u)P(u)du) ds.

—7+6

As before, by Lemma 2 we can prove that

litrgioglf/ti A\(8)H (s)P(s)ds < oo. (18)

(From (8), (9) and (18), we may conclude that lim; . inf A(£) < oco. In view of
(17), A(t) > 1, and so
0< litminf)\(t) =h < 0.

JFrom (11), there exists a € (0, 1) such that

“ ,\>ior,1tsz { )\Hl'(t) P /t_ H(s)p<3>d8>

L HG@ —;)(l;(t - ) exp ()\ ttrH(S)P(S)dS>
e ;M Qs =t —sew (A [ HEP@a)is| > 1

By using a similar method as in the first part of the proof, we can derive a contra-
diction. The proof is complete.

Remark 1. Conditions (10) and (11) are equivalent when P(¢) > 0 for t > T. In
fact, if P(t) > 0 for t > T, set K(t) = H(t)P(t), then condition (11) becomes (10).
Conversely, if we let K(t) = H(t)/P(t), then (10) reduces to (11).

Since e® > ex, e > 1 for x > 0, (10) and (11) lead to the following corollary.
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Corollary 1
Assume taht (2), (3), (5), (8) and (9) hold. Further assume that either

hmﬂﬁ{R@tTﬂ?wH@—r)+eP%x/ H(s)ds

t—oo

PW) [ QLs—mH(—8) . i
+ m/tTJré 7 5 ds} >1, for P(t)>0,t>T (19)

or

litrgiorgf {m /t_T H(s)P(s)ds + 0

1 ¢
+ 0] /t_T+6 Q(s—T1)H(s — 6)ds} > 1. (20)

Then every solution of (1) is oscillatory.

Remark 2. Corollary 1 implies the main result of Yu [15] if we select H(t) = 1.
JFrom Corollary 1 we can obtain different sufficient conditions for oscillation

of (1) by different choices of H(t). For instance, if we choose H(t) = P(t) > 0 for
t > T or H(t) =1, then (19) becomes

lim inf {R(t —-7)+ e/t; P(s)ds + /tt Qs — T)ds} > 1 (21)

t—o0 —746

or

lim inf {M +eP(t)T

t—o0 P(t—r)
+P@L?M%%E%}>L for P(t)>0,t>T. (22)

If we select H(t) = P(t) > 0 for t > T, then (20) becomes

L e t 9 Pt —7r)R(t—7)
it {555 [ (PP S5
1 t _ _
+ 5 /HMQ(S ) P(s — 6)ds} S 1, for P(t)>0t>T.  (23)

Corollary 2
Assume that (2), (3), (5) and (21) hold. Then every solution of (1) is oscillatory.
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Corollary 3
Assume that (2), (3), (5) and (22) hold. Then every solution of (1) is oscillatory.

Corollary 4
Assume that (2), (3), (5) and (23) hold. Then every solution of (1) is oscillatory.

Remark 3. Corollaries 2 and 3 extend and improve the main results of [4, 5, 9, 11,
14, 17] when Q(t) = 0.

Remark 4. Condition (21) is that of Theorem 1 obtained by different technique, by
Yu [15]. But we should point out that the proof of Theorem 1 of Yu [15] is wrong
(see, Zhang [18]). On the other hand, if P(t) > 0 is nonincreasing (nondecreasing),
then it is easy to see that

—— 2 < (Z)R(t-T1), PH)T< (2)/t P(s)ds,

Po) [ As=7) () P(t)/t Qs-nas<) [ Qls—as

—7+6 t—7+6

Therefore, our result is new.

ExAMPLE 1: Consider the neutral differential equations

% (x(t) _ %x(t - 1)> + (é - %) st —2) — t_%w(t 1) =0, t>4. (24)

Let R(t) = 5, P(t) = & — 4, Q(t) = 75, 7 =2, 0 = 1, then P(t) = & It
is easy to verify that the assumption of Corollary 3 are satisfied. Therefore, every
solution of (24) is oscillatory. But the related results of [9, 14] can not applicable to

equation (24).
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Corollary 5 [15]

Assume that R(t) =r9 >0, P(t) =p>0,Q(t) =¢>0,p>q, 7> 6 and
ro + q(7 — 6) < 1. Then every solution of Eq.(1) oscillates if and only if

F1(A) = =Ap —q) + ¢ + Xp — @Q)roeP~DT — AP0 5 0 A > 0.

Corollary 6

Assume that the assumptions of Corollary 3 hold. Then every solution of Eq.(1)
oscillates if and only if

fo(A) = =X+ Argr™ +pe*™ —qe® >0, A > 0. (25)

Proof. Sufficiency is obvious. We will prove the necessity. Assume that the condition
(25) is false, then there exists A\g > 0 such that fa(Ag) <0, and f2(0) =p—q > 0.
Thus there exists A\; € (0, Ag] such that fo(A1) = 0. In fact, z(t) = exp(—Ait) is a
nonoscillatory solution of Eq.(1). This is a contradiction and the proof is complete.

Remark 5. Corollaries 5 and 6 imply that the conditions of Theorem 1 are sharp.
Remark 6. Corollary 6 includes the main results of Wang [13].
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