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ABSTRACT
First we show that for every 1 < p < oo the space H? (T, L'(\)/H™) cannot
be naturally identified with HP (T, L*()\))/HP(T, H'). Next we show that
if Y is a closed locally complemented subspace of a complex Banach space X
and 0 < p < 00, then the space HP (T, X/Y") is isomorphic to the quotient
space HP(T, X)/HP(T,Y). This allows us to show that all odd duals of the
James Tree space JT5 have the analytic Radon-Nikodym property.

As usual, D and T will stand for the open unit disk and the unit circle in the complex
plain C. The normalized Lebesgue measure on T will be denoted by A. Throughout,
X will be a complex Banach space and Y its closed subspace. If Z is a Banach
space, then || - ||z denotes its norm, By its closed unit ball and Z* its topological
dual. For 0 < p < oo, we denote by hP(ID, X) the space of all harmonic functions
F :D — X such that

1/p
|| = < sup /||F(rt)||pd)\(t)> coo  if D<p<oo
T

o<r<1
HFH:sup{||F(z)||:z€D}<oo if p=o0,

equipped with the norm (when 1 < p < o0) or quasi-norm (when 0 < p < 1) || - ||
defined above. The subspace of h?(D, X) consisting of all holomorphic functions is
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denoted H? (DD, X). The spaces h?(D, C) and H?(D, C) are denoted briefly by h? and
HP. The spaces h?(D, X) and HP(D, X) are Banach for 1 < p < oo, and p-Banach
for 0 < p < 1. For 0 < p < oo, we denote by hP(T, X) the closure of the set of
all harmonic polynomials in h?(D, X), and by HP(T,X) the closure of the set of
all polynomials in H?(D, X). Every function in hP(T, X) as well as in H"(T, X)
for 1 < p < oo and 0 < r < oo has radial limits A-a.e. on T. Furthermore, for
1 < p < oo every function in hP(T, X) is representable as the Poisson integral of its
boundary function (defined by radial limits) that belongs to LP(A, X). Boundary
functions of members of HP(T, X) for 1 < p < oo belong to the set {f € LP(\, X) :
f(n) =0 for n € Z_}, where Z_ denotes the set of all negative integers.

In order to answer the question for which Banach spaces X the class HP (D, X)
coincides with HP(T, X), Buchvalov and Danilevi¢ introduced the notion of the
analytic Radon-Nikodym property. Recall that a complex Banach space X has the
analytic Radon-Nikodym property (aRNP) if every bounded holomorphic function
F : D — X has radial limits M-a.e. on T. By [5, Prop. 2] a complex Banach space
X has the aRNP if and only if HP(T, X) = HP(D, X) for all 0 < p < oco.

For 0 < p < oo and a given complex Banach space Z, with every bounded linear
operator S : X — Z we associate the operator

S, : h*(D, X) — h*(D, Z),

where gp(F ) = SoF. In this paper we are going to examine properties of the
operator @),, associated with the quotient map @ : X — X/Y. Applying the
representation of any function in AP(T, X) with the aid of the Poisson integral of

some function from LP(\, X)) we easily see that

Bur(r.x/v) C 2Qp(Bur(z.x));

hence Q,(h?(T, X)) = h?(T,X/Y) for 1 < p < oc. The following example shows

that the equality @Q,(H?(T, X)) = HP(T, X/Y) does not always hold.

EXAMPLE 1: Let Q : L'*(\) — L'(\)/H! be the quotient map (here we identify H*
with the subspace of L'()) consisting of functions f such that f(n) =0 forn € Z_).
We are going to show that for any 1 < p < oo neither

Qp(HP(D, L'(N)) # HP (D, L'(\)/H")

nor

Qp(HP(T,L*(\))) # HP(T,L*(\)/H").



On the relationships between H? (T, X/Y') and H?(T, X)/HP(T,Y) 703
The space L'(\) as a Banach lattice without isomorphic copies of ¢y has the aRNP
(see [5, Th. 1]), but the space L'(\)/H! does not have the aRNP. Hence for every
0 < p < oo the space HP(D, L*())) is separable in contrast to HP(D, L*(\)/H?)
(see [13, Cor. 5.9]). Hence
Qp (H?(D, L' (V) # H?(D, L' (\)/H") .
Consider now the second inequality. For n € Z let ¢, : T — C be given by

Son(t) =t".

For every n € N let w,, : D — L'(\) be the polynomial of the form

wn(2) :2(1— nil) A

Since w,, is continuous on D,

1Qp(wn) | 1 (22 () 11y = /T 1@ (wn) ()| L1 3y AA(E)
- || —k
<1 Cn4 1) Pt
//|K (st=1)] dA(s) dA(t) =
14

where K,, = ZZ:_TL( — —) K is the n-th Fejer kernel. On the other hand for
every polynomial u in H'(D, H') of the form

l
z) = E ay - 2",
k=0

where ay, for k=0, ...,1 are scalar polynomials from H®,

<

Y0
L1(N)

Jan =l = [ Tan(®) = u@lry dNO = [ [ ool dre) ax),

where for every s € T the polynomial v, is given by

) = 0,6 = o) = Y (1= ) il - L),

k=0 n+l k=0
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By the Hardy inequality (see [7, p. 48]) we have

/Ius )| dA(t) ZV’ Zle'( n+1>.sk—ak(s).

Moreover, for every k € N we have

/T (1—ni1> cs7F —ag(s)| dA(s) > ((1_ni1> '(P—k_ak>A(—kj) _ 1_n—lf-1'

Applying the Fubini theorem we get
1 &1 k 1 (&
> = 1— > = - —1).
ool 25 (1 ) > (5 )
Since polynomials form a dense subset of H!, for every polynomial h in H*(D, H')
n+1
= ] =+ (Z— -1)

Since the space H' possesses the aRNP, polynomials are dense in H'(D, H!) =
HY(T, H'). Hence

>1|~

li7£n [[wn + H(T, Hl)HHl(T,Ll()\))/Hl('JT,Hl) =00
As easily seen ker Q; = H'(T, H'). If Q,(H"(T,L'()\))) were a closed subspace of
HY(T,L'(\)/H")), then sequences (||Q1(wy)|) and (||w, + HY(T, H')||) would be
simultaneously bounded or unbounded. Therefore Q(H' (T, L()))) is not a closed
subspace of H(T,L'(\)/H?').

If s 4+771 =1, f € H* and G € H"(D,X), then F = f -G belongs to
HY(D, X) and QP(F) = f-QoG. Hence, applying the factorization theorem (see [14,
Prop. 1.2] or [13, Th. 2.10]) we easily obtain

HY(T,L'(\)/H"Y ={f-G: fe H*,Ge H"(T,L'(\)/H")}
=H* H"(T,L'(\)/H").

It follows that for every 1 < p < oo

Qp(HP(T,L*(\))) # HP(T,L*(\)/H").
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Since Q,(HP(T,L*(\))) contains all polynomials in HP(T,L'(\)/H"), it is not
closed.

Remark. Similar considerations allow us to show that Q,(HP?(T,ca(T))) is not a
closed subspace of HP(T, ca(T)/H?') for every 1 < p < oo, where ca(T) is the space
of all complex Borel measures on T.

Next remark was communicated to the author by 0. Blasco.
Remark. An alternative proof of the inequality
Q1 (H'(T,L'(N))) # H' (T, L'(\)/H")
follows from the Hardy property of the space L!()\) which does not work for the

space L1(\)/H?' (see [2]). Recall, that a complex Banach space X has the Hardy
property if

| E

E | (n)||<oo for every F € HY(T,X).
n

n=1

In the remaining part of the paper we are going to give some positive results.
For any F': D — X and 0 < r < 1, the function W,.(F) : D — X is defined by

Wi (F)(z) = F(rz).
Clearly, for any F in hP(DD, X) the function W, (F) belongs to hP(T,X) and
IW,.(E)|| < ||F||. If F belongs to HP(D, X), then of course W,.(F') is in HP(T, X).

In the sequel we will need the following analogue of a result of Drewnowski (see [6,
Prop. 3]).

Proposition 2

Let Y be a closed subspace of X and let 0 < p < co. Then the map
J:F+ HP(T,Y) — F+ HP(T, X)

is an isomorphic embedding of the quotient space HP(D,Y")/HP(T,Y’) into the quo-
tient space HP(D, X)/HP(T, X).
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Proof. Let s = min{l,p} and (r,) be an increasing sequence of positive numbers
converging to 1. Let us take any F' in HP(D,Y) and G in HP(T, X). For every
n € N the function W, (G) belongs to HP(T, X). Furthermore, by [14, Prop. 2.1],
lim, W, (G) = G in HP(D, X). Hence

IF =Gl = lim [[F7 = W, (G)].
For every n we have

[E =W, (G)° 2 |F = W (B)[I° — [W:,, (G = F)I?
> |F =W (B)]° =G = F*.

Therefore
2-||F = G|° > limsup | F — W, (F)°.
n

For every n the function W, (F') belongs to HP(T,Y), so
2'/%||F + HP(T, X)|| = ||F + H(T,Y)|| = |[F + H"(T, X),
which completes the proof. [

For every t € T, the t-translate of a function F : D — X is the function
F; : D — X given by the formula

Fi(z) = F(zt™1).

If 0 < p < oo and F belongs to HP(D, X)), then also F; belongs to HP(D, X) and
|E¢|| = ||F'||. With every F'in H?(D, X) we associate a function Tr : T — HP(D, X)
defined by

Tr(t) = F;.

The following proposition taken from [13, Th. 5.4] exhibits the relationships between
properties of functions F' and Tp.

Proposition 3

Let 0 < p < oo. Then for every F € HP(ID, X) the following assertions are
equivalent:
(a) F € HP(T, X),
(b) F has radial limits A-a.e. on T,
(c) Tp : T — HP(D, X) is continuous,
(d) Tr(T) is a separable subset of H? (D, X),
(e) there exists a A\-measurable subset A of T such that A\(A) > 0 and Tr(A) is a
separable subset of HP (D, X).
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For a given Banach space Z denote by gz the quotient mapping of H?(D, Z)
onto H?(D, Z)/HP(T, Z). The following corollary is a local version of the main result
in [6] for Hardy classes of holomorphic functions.

Corollary 4

Let 0 < p<oo. If F e HP(D, X) \ HP(T, X), then qxoTr(A) is a nonsepara-
ble subset of HP(D, X)/HP(T, X) for every A-measurable subset A of T such that
A(A4) > 0.

Proof. Let A be a A-measurable subset of T such that A(A) > 0. The closed linear
hull Y of F(D) is separable and F' belongs to HP(D,Y). Since F' does not belong
to HP(T,Y), in view of Proposition 3 T»(A) is a nonseparable subset of H?(D,Y').
Since the space HP(T,Y) is separable, the set gy (T7(A)) is also nonseparable. For
every t € T,

J(qy (Tr(t))) = J(F, + HP(T,Y)) = qx (Tr(t)),

hence gxolr = Joqyolr, where J is the the mapping defined in Proposition 2.
Since J is an isomorphic embedding, the set ¢x(1#(A)) is nonseparable. [J

Theorem 5

Let 0 < p < 00. Let Y be a closed subspace of a complex Banach space X
and @) the quotient map of X onto X/Y. IfY has the aRNP and Q,(H?(D, X))
contains HP(T, X/Y), then Q,(HP?(T, X)) = HP(T, X/Y).

Proof. Let W = Q;l(Hp(T,X/Y)). Consider the kernel of the mapping Q,.
If G belongs to keer, then Q(G(z)) = 0 for every z € D. Hence G be-
longs to HP(D,Y) = HP(T,Y) by the analytic Radon-Nikodym property of Y.
Clearly, Qp generates an isomorphism I between H? (T, X/Y') and the quotient space
W/HP(T,Y). Let L : H?(D, X)/H?(T,Y) — HP(D, X)/H?(T, X) be given by

L(F+ H"(T,Y)) = F + H?(T, X).

It is easily seen that L is a continuous linear operator.

We show that W coincides with HP(T, X). Let us take any F' in W. Since
Q,(F) belongs to HP(T, X/Y'), by Proposition 3 the function Ty, (r) has separable
range in HP(T, X/Y'). As easily checked

quTF = LOIOTQP(F) .
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Therefore qxoTr(T) is a separable subset of H?(D, X)/HP (T, X). In view of Corol-
lary 4, F belongs to HP(T, X). Since F' was taken arbitrary, W = HP(T, X), which
completes the proof. [

Corollary 6

LetY be a c]ose~d subspace of X and @) the quotient map of X onto X/Y. IfY
has the aRNP and Q,(H?(D, X)) = HP(T, X/Y) for some 0 < p < oo, then X has
the aRNP.

Proof. Let us take any F in HP(DD, X). By Theorem 5 there is F' in HP(T, X)
such that Q,(F) = Q,(F). Therefore F — F belongs to H?(T,Y) = ker Q,. Hence
F belongs to HP(T,X). Since F was taken arbitrary, X possesses the analytic
Radon-Nikodym property. [J

In the sequel we will need the following sequence of operators. For 1 < p < oo
and n € N the operator K,, : h?(D, X) — h?(D, X) is given by

Kn(F)(2) = Y F(k)- (1— %

k=—n

) | z|IFl for z = |z|s € D.

As easily checked the operators K,, have the following properties:

Fact 7. Let 1 <p < oo and n € N.
(1) Ko (h?(D, X))  h¥(T, X),
(2) Kn(H?(D, X)) € HP(T, X),
(3) [Kn(F)|| < || F| for every F in h?(D, X),

(4) lim,, K,,,(F') = F in h?(D, X) for every F in hP(T, X).

A closed subspace Y of a Banach space X is locally complemented if there exists
a constant k such that for every finite dimentional subspace Z in X and for every
e > 0 there is an linear operator T : Z — Y such that | T|| < k and | T (y)—y| < ¢|ly||
for every y € Y N Z (see [10]).

Theorem 8

Let Y be a closed locally complemented subspace of a complex Banach space
X and @ the quotient map of X onto X/Y, and let 0 < p < co. Then

Qp(HP(T, X)) = H? (T, X/Y).

Proof. Consider first the case 1 < p < co. Let us take any F' in HP(T, X/Y). Let
(an) be a sequence of positive numbers such that Y>> a, < oo and oy = [|F|.
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We construct a sequence of polynomials (w,) in HP(T,X/Y) and a sequence of
harmonic polynomials (u,,) in h?(T, X') such that for every n € N we have:

(1) Qp(un) = wn,

(2) lluntrllnr@x) <2+ (K + 2)om,

(3) un(k) =0 for ke Z_,

(4) |IF = > p—o wrllar(,x/v) < on.

By (3), uy, belongs to H?(T, X) for every n. If we put u = Y~ u, then, as
casily seen, Qp(u) = F.

It remains to select sequences (w,) and (u,). Let us put wyg = 0, up = 0.
Suppose that we have been able to construct polynomials wy, and u, forall0 <n < k
with properties (1)—(4). Let Fy, = F — Zn Own Since lim,, K,,,(Fx) = Fj in
H?(D,X/Y), there exists n, € N such that ||[Fy — K, (Fi)llge@,x/v) < 27 o
Since Bpr(t,x/v) C 2 Qp(Bhre(t,x)), there exists vy in hP(T, X) such that Q,(vx) =
Ko, (Fr) and ||k ||pe (v, x) < 2 | Fll e, x/v)- In view of Fact 7 there is mj, € N such
that

1B — Ko (Koo, (F)) || o vy <

It is clear that Qp(Kyn, (vk)) = K, (K, (Fr)). Let us put wy, = K, (K, (Fi)).
The polynomial wy has property (4). Let Zj be the linear hull of K,,, (v)(T). As
easily seen dim Z, < 2my + 1. Since Y is a locally complemented subspace of X, for
Zy, and g = mlzl there is a linear operator Tj : Z — Y such that ||T}| < k and
1T (y) — yll < erllyll for every y € Zi, NY. Hence TjoK,,, (vr) belongs to hP(T,Y)
and || TyoKon,, (Vi) ne(r,x) < K - |k|lhe(T,x). Define 74 : D — Y by the formula

re(2) = Y (K (0k) = ThoKo, (i) ) (0) - [2|"s™  for 2 = |z|s € D.

nez._

Since Q, (K, (vi)) belongs to H?(D, X/Y), K, (vx)(n) is a member of Y for
every n € Z_. Hence 1 takes its values in Y. For every | € Z, (T)oK,,, (vi)) (1) =
Ty, (K, (vr) (1)) and

1Ko () (D] < (Ko (08) 1o (7,3 < |0kl (7,
L2 |Fellarmx/vy <20 ag-1.

Hence for every n € Z_

| (Ko (0) = (To (Ko (00)) ()| < 2 -t - et
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Since at most my, of the summands of rj do not vanish, |74 |p»(r,x) < 2-ap—1. Let
us put
up = Ko, (v) — ToKo,, (Vi) — 7.

It is clear that the polynomial uy has properties (1) and (3), furthermore
lukllne (r,x) < 1Ky, (Vr) — ThoKomy (Vi) e, x) + 17|l 1e (7, )
< (64 1) - [[Kony, (i) l[ne(r,x) + 2 o1 <2+ (k4 2) - o1,

which completes the proof in the case 1 < p < oo.

Consider now the case 0 < p < 1. Let us take n € N so that 2"p > 1. From the
factorization theorem for Hardy classes of holomorphic functions it follows that for
every 0 < s < o0

H*(T,X) = H* - H*(T, X).

Hence 3 3
Qs(H*(T, X)) = H* - Q25 (H**(T, X)).

Immediately from the above considerations and the first part of the proof it follows
that

Qp(HP(T, X)) = H* - H* - ... Qonp (H*'?(T, X)) = H?(T, X/Y). O

Applying Corollary 6 we get

Corollary 9

_ LetY be a closed locally complemented subspace of X. If Y has the aRNP and
Qp(H?(D, X)) C HP(T,X/Y) for some 0 < p < oo, then X has the aRNP.

By the principle of local reflexivity (see [12]), every Banach space X is locally
complemented in X**. Therefore, as a straightfoward consequence of the above
theorem we get

Corollary 10
For 0 < p < 0o and any complex Banach space X

Qp(HP(T,X*)) = H? (T, X**/X) .
Applying Corollary 6 we get

Corollary 11
If the complex Banach spaces X and X**/X have the aRNP, then so does X **.
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EXAMPLE 12: Let T = J;—,{0,1}*. The James Tree space JT5 consists of all
functions x : T' — C such that

n 2 1/2
el =sun( 3| L att)| ) <o,
=1 tESi
where the supremum is taken over all families (51, ..., S, ) of pairwise disjoint finite

intervals of the tree T. The unit vectors (e;)¢cr form a boundedly complete basis of
JT5. Let B be the closed subspace of JT5 spanned by the biorthogonal functionals
associated with (e;)ier. Then B* is isomorphic to JT5. The space B does not have
the Radon-Nikodym property but, as was shown in [8, Cor. 1.4], it has the analytic
Radon-Nikodym property. Since the space B**/B is isomorphic to l3(R) (see [11]),
applying Corollary 11 we obtain

Corollary 13
The space JT5 has the aRNP.

By [11, Cor. 1], for every n > 1 the space B(™)*

Therefore the last corollary implies immediately.

is isomorphic to B** @ lo(R).

Corollary 14
All odd duals JT2(2n+1)* of the James Tree space J15 have the aRNP.
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