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ABSTRACT
It is proved that a Musielak-Orlicz space Lg of real valued functions which is
isometric to a Hilbert space coincides with L, up to a weight, that is & (u,t)=
c(t)u?. Moreover it is shown that any surjective isometry between Ly and L,
is a weighted composition operator and a criterion for Le to be isometric to L
is presented.

Isometries in complex function spaces have been studied successfully for fairly long
time (see review article by Fleming and Jamison [3]). The real case appeared more
difficult and since the well known characterization of isometries in L, spaces by S.
Banach in 1932 and some partial results in other spaces, only very recently such
isometries in rearrangement invariant real function spaces have been characterized
by Kalton and Randrianantoanina in [7]. Isometries between r.i. real spaces and
L, have been also studied in [2]. Here we study surjective linear isometries in the
class of Musielak-Orlicz spaces of real-valued functions. We show that any Musielak-
Orlicz space Lg isometric to a Hilbert space must coincide with Ly “up to a weight”,
namely there exists a positive measurable function c(t), such that ®(u,t) = c(t) u®.
We also present a criterion for Lg to be isometric to L., and moreover we show that
any such isometry has disjoint support property and in consequence is a weighted
composition operator.

In the sequel let (€2, 3, 1) be a o-finite, complete and nonatomic measure space.
Symbols R, R;, N and Z stand, as usual, for reals, nonnegative reals, natural
numbers and for integers respectively. The space of all (equivalence classes of) X-
measurable real functions defined on 2 is denoted by L°. L is a lattice with the
pointwise order, that is f < g whenever f(t) < g(t), a.e. As usual Ly and L, stand
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for Lebesgue spaces of 2-integrable functions and for p-essentially bounded functions
on €, respectively. A Banach function space E over the measure space (€2, 3, u) is
a Banach lattice, which as a vector lattice is an ideal of vector lattice L% ([9]).

If U : F — F is a linear isometry between Banach function spaces E and F,
then we say that U has disjoint support property if for any f,g with fg =0 a.e. it
holds Uf-Ug = 0 a.e. A linear operator U : E — F is called a weighted composition
operator if Uf(t) = w(t)for(t) a.e. forall f € E, where w : 2 — R is ¥-measurable
and 7 : ¥ — ¥ is a set automorphism ([3]). If a weighted composition operator is a
surjective isometry, then 7 is a regular set isomorphism defined modulo null sets on
¥ ([4, 5, 6]). Observe that any surjective linear isometry between Banach function
spaces with disjoint support property, is a weighted composition operator. Indeed,
there exists a partition {2} of  such that xq, € E ( Cor. 2, p. 95 in [9]). Then
setting w(t) = U(xe,)(t) for ¢t € supp U(xe,) and 7(A4) = U, supp (xane,) we
easily show that U is a weighted composition operator (compare e.g. [6]).

Let ®(u,t) : Ry x Q — [0,+00] be a Young function with parameter i.e. for
teQ, &(0,t) =0, u+— P(u,t) is a left continuous convex function, and it is not
identically zero or infinity for any ¢ € €). For a Young function ® with parameter we
associate the Musielak-Orlicz space Lg defined as the subset of LY of all functions
f for which

N = [ IO du() < o0
for some A\ > 0. Lg is a Banach space under the Luxemburg norm

[|f|| =inf{e > 0: Is(f/€) < 1}.

Define
a(t) = sup{u > 0: ®(u,t) < co}.

By the assumptions on @, a(t) > 0 a.e. on Q. More information on Musielak-Orlicz
spaces may be found in [12].

Let ¢ : Ry — Ry be convex, ¢(0) =0 and ¢(1) = 1. A number a > 0 is called
multiplier of ¢ if p(au) = ¢(a)p(u) for every u € Ry. Let’s denote by M, the
group of multipliers of . It was proved by Lamperti in [10] that either M, = {1}
or M, = {a* : k € Z} for some a > 0 or M, = R;. In the latter case ¢ is a power
function i.e. p(u) = uP for some 1 < p < oo.

Further we will need the following measure theoretic lemma from [4].

Lemma 1

Let v be a measure on ¥ absolutely continuous with respect to the measure p.
Let 0 < ¢ < v(Q) and f be a measurable real function such that [, f(t)du(t) =0
for any A with v(A) = c¢. Then f =0 a.e. on .
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Theorem 2
If ®(1,t) = 1 and Lg is isometric to a Hilbert space, then ®(u,t) = u?

Proof. Let’s first observe that ® must assume only finite values, since otherwise Lg
contains an isomorphic copy of l»,. Moreover, there exists a disjoint sequence {£2;},
a partition of ), such that

(1) sup ®(u,t) < oo
teQ;

for every w > 0 and all i € N (see (0.1) in [8]). Then without loss of generality we
suppose, that [, ®(u,t) du(t) < oo for every u > 0. This, among others, implies that
for any function f with norm 1, I (f) = 1. Let XA > 0 be such that [, ®(X,t) du(t) >

2. For any two disjoint sets A and B with |[Axal|| = [|[AxB|| = 1, applying the
parallelogram law we get that |[Axa + Axz||? = 2. Hence

A A 1
1:H—XA H:/ @—,td,ut:—/ O\, 1) du(t).
Nl AUB(\/§>()2AUB()(>
Thus \ .
Sl —,t] — =P\, t)| du(t) =
/AUB[ (F5:1) - 520] duit) =
for any disjoint sets A and B such that fA DN t)du(t) = [5P(N\t)du(t) = 1.
Applying now Lemma 1 for any C' with v(C) = [, ®(\,t)du(t) = 2 < v(Q), we

obtain that @(%,t) = 3O(\t) for aa. t € Q The same equation holds for any
number bigger than A. Thus there exists a nonnegative 3 such that for every A > 3

(I)(%,t) - %@()\,t)

a.e. on €. Now let A < 8. Choose any 0 < ¢ < min{1, 1 [, ®(X,¢)du(t)}. For any
two disjoint sets A and B with Is(Axa) = Io(Axp) = ¢ we choose v > 3 and two
other sets A; and Bj such that all sets A, B, Ay, By are disjoint and Ig(yxa,) =
Is(yxB,) = 1 — c. Setting

f = AXA + TX A, and g= )‘XB + YXBi >

l|fIl = 1lg|| = 1. Therefore, by the parallelogram law applied to f and g we obtain

[ o Gp)or [, oG o=
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By the choice of v and the sets A; and By, and by the equality @(% t) = 28(v,t),

/AIUB1 @(%,t) du(t) =1-—c.

Then [, 3l (% t) — 3®(\t)]du(t) = 0 for any disjoint sets A, B with
Jo @\ t)du(t) = [5®(\t)du(t) = c. Applying Lemma 1 again we get that
(I)(T )—1<I>()\ t) a.e. on .

The above two steps show that % is a multiplier of the function u +— ®(u,t)

a.e. on ) that is @(%,t) = @(%,t) - ®(u,t) for every u > 0.

Now, let’s sketch only the proof that this function has another multiplier,
e.g. % Consider three disjoint sets A, B and C such that [, ®(\,t)du(t) =
Jp @\ t)du(t) = [z ®(A,t)du(t) = 1. Then by the parallelogram law applied to

the functions Axa, Axs and Axc, we get that [|[Axausuc|| = V3, whence

/AUBUC [(I)(%’t) B %q)()"t)] du(t) = 0.

Further we apply Lemma 1 and proceed analogously as before.

We showed that u — ®(u,t) has two different multipliers and so by the Lam-
perti’s result ([11]), ®(u,t) must be a power function. Finally, since Lg is isometric
to a Hilbert space, ®(u,t) = u?. O

Corollary 3

If a Musielak-Orlicz space Lg is isometric to a Hilbert space, then there exists
a measurable positive function c(t) such that ®(u,t) = c(t) u®.

Proof. Setting ®(u,t) = ®(b(t)u,t) with ®(b(t),t) = 1, Le and Lz are isometric.
Applying now the previous theorem to Lz, we get that ®(u,t) = u?. Hence ®(u,t) =
c(t)u?, with c(t) = ®(1,t). O

Before we present our last result, let us recall the well known fact, due to
Abramovich and Wojtaszczyk, that a Banach lattice F is isomorphic to an M-space
if and only if there exists ¢ > 0 such that ||z1 +... 4+ z,|| < c max{||z1]],...,]||zn|l}
for all disjoint elements z1,...,x, in E (cf. [1], p. 324).

Theorem 4

A Musielak-Orlicz space Lg is isometric to Lo, if and only if Is(a) < 1. More-
over, if U : Lg — Lo is a surjective isometry, then U has disjoint support property
and in consequence U is a weighted composition operator.
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Proof. Let Lg be isometric to L. At first let’s show that a(t) < oo a.e. For a
contrary, without loss of generality, assume that a(t) = oo on the whole set 2 and
that ®(1,¢) = 1. Let {Q;} be a disjoint partition of € satisfying condition (1). There
exist # > 0 and a set A € ¥ such that ||Sxa|| = 1. By the Fatou property of Lg,
[Bxanuy_ el T IBxall = 1. Hence there exists n € N such that |[Bxanur_ o,/ >
1. We have that Io(Axup_ 0,) < oo for every A > 0. Therefore, for every K > 0
there exist M > K and a finite disjoint partition {A;, Ag, ..., A, } of UR_;Q such
that ||[Mxa,|| = 1 for i = 1,2,...,m. Thus for an arbitrary large number K we
construct a finite sequence of disjoint functions f; = Mxa,, with [|f;]| = 1 and
Ifi+ f2+ ...+ fm]| > &. Then in view of [1], Ls cannot be M-space, and so we
obtain a contradiction.

Now let Ig(a) > 1. Then there exist two sets Cq and Co with pu(C1AC2) > 0,
Ip(axc,) = Is(axc,) = 1 and Ip(axc, — axc,) < 5. The functions f = axc, and
g = axc, are extreme points of the unit ball in Lg and ||f — g|| < % Hence U f
and Ug are extreme points of the unit ball in L.,. Therefore |Uf| = |Ug| = 1.
Moreover U f # Ug, since f # g. Thus there is a set C' with positive measure such
that Uf(t) # Ug(t) for all t € C, whence |U f(t) — Ug(t)| = 2 on C. So we obtain a

contradiction, since

3
2= |[Uf = Uglloo = IS — gll < 5.

If Ip(a) <1, then clearly U : f — 5 is an isometry of Lg onto L.

Finally we shall show that every onto isometry U between Lg and L., has
disjoint support property. Since Ig(a) < 1, any function of the form |u(t)|a(?),
where u is an unimodular function, is an extreme point of the unit ball in Le¢. If
f and g have disjoint supports and f + g is an extreme point, then f — g is also
extreme, and so

Uf+Ugl=1=Uf - Ugl

Thus U f and Ug have disjoint supports. This implies that if « is an unimodular
function and A any measurable subset of [0, 1], then there exists F' such that

U (uaxa)l = xr-

Let now A and B be two disjoint sets. Then for any unimodular function w, all
functions U(uaxa), U(uaxp), U(uaxa+uaxp) and U(uaxa —uax p) take as values
either 0 or 1 or —1. Hence U(uax4) and U(uaxp) have disjoint supports.

For f = waxa, with an unimodular function v and pA > 0, and g with |g| < a
and supp g N A = (), we shall show that U f and Ug have disjoint supports. Clearly,
l|lf Fgl| =1 and ||g]| < 1. Hence ||Uf F Ug|| = 1 and ||Ug|| < 1. Moreover, there
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exists F' such that |Uf| = xp. Assuming for some ¢ that Uf(t) = 1 or —1 and
Ug(t) = b where |b| <1, we get |1 Fb| <1, whence b=0. Thus Uf - Ug = 0.

Now let f and g be such that |f| < a, |g| < a, supp f = A, supp ¢ = B and
ANB=0.

Assume first that AU B = (). By the preceding step, U(axa) and U(g) have
disjoint supports as well as U(axp) and U(f). Moreover, supp U(axa) = C and
supp U(axp) = D, where C' and D are disjoint and their union is the whole set 2.
Hence supp Ug C D and supp U f C C.

Now let the set (AU B)¢ have positive measure. Then setting h = ax(aup)e
and applying the above paragraph to f + h and g, we have that U(f + h)-Ug = 0.
Since Ug - Uh =0, we have Uf - Ug = 0.

Observe, that for any 0 # f € Lo, |ﬁ| < a. This completes the proof. [

Let’s mention that for complex Musielak-Orlicz spaces Theorem 4 may be
quickly derived from the results in [6].
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