Collectanea Mathematica (el ectronic version): http://www.mat.ub.es/CM

Collect. Math. 48, 4-6 (1997), 543-561
(c) 1997 Universitat de Barcelona

Smoothness in Musielak-Orlicz spaces equipped with the Orlicz norm

HENRYK HUDZIK*
Faculty of Mathematics and Computer Science, Adam Mickiewicz University, Poznan, Poland
ZENON ZBASZYNIAK

Institute of Mathematics, Poznan University of Technology, Poznan, Poland

ABSTRACT
A formula for the distance of an arbitrary element x in Musielak-Orlicz space
L?® from the subspace E® of order continuous elements is given for both (the
Luxemburg and the Orlicz) norms. A formula for the norm in the dual space
of L? is given for any of these two norms. Criteria for smooth points and
smoothness in L® and E® equipped with the Orlicz norm are presented.

0. Introduction

Throughout this paper N denotes the set of natural numbers, R and R, denote
the sets of reals and nonnegative reals, respectively. The triple (7', 3, 1) stands for a
positive, nonatomic, o-finite and complete measure space. By L? = L°(u) we denote
the space of all (equivalence classes of) Y-measurable real functions = defined on 7.
A mapping ® : T' xR — R, is said to be a Musielak-Orlicz function if it satisfies the
Caratheodory conditions, i.e. for any u € R, the function ®(-,u) is X-measurable
and there is a set Ty € X with p(7p) = 0 such that for any ¢ € 7'\ Tj the function
®(t,-) is an Orlicz function i.e. it is even, convex, vanishing at zero and satisfying
O(t,u) — 400 as u — +00. We assume in the whole paper (if it will be not excluded
explicitly) that ® satisfies the following condition

(001) (®(t,u)/u) — +oo as u— +oo for p-ae teT.
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The complementary function of ® in the sense of Young is defined by

®*(t,u) =sup {|ulv — ®(t,v)} (VteT, ueR).
v>0

It is easy to see that ®* is also a Musielak-Orlicz function.
Given a Musielak-Orlicz function ® we define on L° the functional Iy by

I<1>(1:):/T‘1>(t,1:(t)) dpu.

It is obvious that this functional is nonnegative, even and convex as well as that
I3(0) = 0 and if x € LY and Is(Ax) = 0 for all A > 0, then x = 0. So, I3 is a convex
modular (see [18]).

Every Musielak-Orlicz function ® generates the Musielak-Orlicz space L® de-
fined as the set of these x € L? that Is(Az) < +oo for some A > 0 depending on .
We can define in L® the following three norms (see [4], [16], [17] and [20]):

|z)l¢ =inf {A>0:Ig(z/A) <1} (the Luxemburg norm),
|2]|% = sup {‘/ z(t)y(t) du‘ o (y) < 1} (the Orlicz norm),
T

1
A_ el :
lzle = ]}:I>1f£) A (1 + I@(kx)) (the Amemiya norm).

It is known that [|z]|e < ||z]|% < 2||z|le for any x € L? (see [18]). It can also be
proved in an analogous way as for Orlicz spaces in [4], [16] and [20] that ||z|% = ||=||4
for any x € L® (see [8]).

We denote by &’ (t,u) and ®’, (t,u) the left and the right derivatives of ®(t,-)
at any fixed point v € R, respectively. We define 0®(t,u) = [®’_(t,u), P’  (t,u)] for
any t € T'and u € R. It is easy to see that for p-a.e. t € T and any u € R, 0®(t,u) =
{veR:uw = ®(t,u) + P*(t,v)}. We say for a given ¢t € T that ®(¢,-) is smooth at
u e Rif & (t,u) =P (t,u).

We can show in the same way as for Orlicz spaces in [4] and [20] that if we
define for x € L? the following two constants:

x) =inf {k > 0: Ig- (D' ok|z|) > 1},
+

=k*
K = k*(z) = sup {k > 0: Ip« (D, o k|z|) <1},

then [|z]|§ = £ (1 + Ip(ka)) for any k € [k*, k**].
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We define a closed subspace E® of L® by
E® ={zeL’:Is(A\x) < +oo forany A>0}.

It is easy to see that E® is the subspace of order continuous elements in L%, i.e.
x € L? belongs to E? if and only if for any sequence (x,,) in L° such that |z, | < ||
for all n € N and |x,,| — 0 p-a.e. in T there holds ||z,|/¢ — 0. For the definition
of order continuous elements in Banach lattices see [1] and [15]. Since @ is finitely
valued, we have E® # {0}.

Kaminska [14] has constructed for any Musielak-Orlicz function ® an ascending
sequence (7},)5 ; of measurable sets with 0 < u(7},) < +oo for any n € N such that
sup,er, P(t,A) < +oo for every A > 0 and n € N and |, ; T, = T. This yields
that xr, (the characteristic function of T;,) belongs to E® for any n € N.

In the whole paper T,, denotes a set of this sequence of sets.

The spaces L? and E® equipped with everyone of these three norms are Banach
spaces (see [18]). The spaces L® and E?® coincide if and only if ® satisfies the so-
called As-condition. Recall that ® satisfies the As-condition (® € Ay for short), if
there are a set Tj) of measure zero, a constant K > 0 and a Y-measurable nonnegative
function A defined on T' such that [, h(t) du < +oo and

O(t, 2u) < KO(t,u) + h(t)

for every t € T'\ Ty and u € R. For the consequences of ® € Ay or & ¢ Ay we refer
o [8], [11] and [14].
The dual space of L® is represented in the following way (see [18] and for Banach
function lattices also [15]):
(L*)*=L% @ S,

i.e. every z* € (L®)* is uniquely represented in the form z* = &, + ¢, where ¢ is
a singular functional, i.e. ¢(x) = 0 for any € E® and &, is the regular functional
defined by a function v € L®" by the formula

£u(2) = (z,0) = / oty du (7 € L?).

T

For any z* € (L®)* we define

|z*|| = sup {:U*(ac) cxe L® and ||z||% < 1},
l2*]|° = sup {x*(x) cxe L? and ||ze < 1}_

Let us define for any = € L®:
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d(z) = inf {|lz — ylle : y € B},
do(z) = inf {z — yl¢ : y € E®},
O(z) =inf {A > 0: Ip(x/N) < +o0},
z(t) if |z(t)| <nand t €T,
xn =
{ 0 otherwise,
for any n € N. It is obvious that |z, | ./ |z] and 0 /" |x — x,| < |z| p-a.e. in T, and
z, € E® for any n € N.

For any Banach space X denote by B(X) and S(X) its unit ball and unit sphere
and by B(X*) and S(X*) the unit ball and the unit sphere of the dual space X*
of X, respectively. By L? and L® we denote the Orlicz space L? equipped with
the Luxemburg and the Orlicz norm, respectively. Their unit spheres we denote by
S(L?) and S(LE), respectively.

A functional z* € X* is said to be a support functional at = € X \ {0} if
|lz*]| = 1 and z*(z) = ||z||. The set of all support functionals at z is denoted by
Grad (z) and R Grad (z) denotes the set of all regular functionals from Grad (z).
We say that x € X \ {0} is a smooth point if Grad (x) contains exactly one element.
We say a Banach space X is smooth if any z € S(X) (equivalently any x € X \ {0})
is a smooth point (see [7] and [19]).

Criteria for smoothness of Orlicz function spaces equipped with the Orlicz norm
were given in [3]. Smooth points in these spaces were characterized in [5]. Criteria
for smooth points and smoothness of Orlicz function (and sequence) spaces endowed
with the Luxemburg norm were presented in [9]. Smooth points and smoothness
in Orlicz sequence spaces equipped with the Orlicz norm were characterized in [6].
Smoothness of Musielak-Orlicz spaces equipped with the Luxemburg norm was char-
acterized under some restrictions in [21] and the problem was solved completely
n [12]. Criteria for smooth points in Musielak-Orlicz sequence and function spaces
endowed with the Luxemburg norm were given respectively in [13] and [22]. In this
paper we describe smooth points and smoothness in Musielak-Orlicz spaces L® and
their subspaces E® equipped with the Orlicz norm.

1. Introductory results
We start with the following lemma.

Lemma 1.1

If ® is a Musielak-Orlicz function such that ®(t,-) vanishes only at zero for
p-a.e. t € T, then ||z||¢ < ||z||% for any x € L* \ {0}.
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Proof. We may assume without loss of generality that ||z|le = 1. We need to show
that ||z||3 > 1. It is obvious that Is(z) < 1. Let us consider two cases.

19, Ip(x) = 1. Then using the Amemiya formula for ||z||} (see [8]), we have
1
k

(1+ Iop(ka)) = égfl %(1 + Ip(kz)) = k_lo(l + Ip (ko))

0 .
lzllg = inf
for some ko > 1. The last equality follows by the assumption that (®(¢,u)/u)
— 400 as u — +oo for p-a.e. t € T in an analogous way as for Orlicz spaces
(see [9]). This yields ||=]|$ > 1.

20, Is(x) < 1. Then it must be Iy(kx) = +oo for any k > 1. Assume
for the contrary that Is(kox) = +oo for some ky > 1 and define the function
f(k) = Is(kzx) for k > 0. Clearly, f is convex, f(1) < 1 and f is finite (so also
continuous) on the interval [0, kg]. Thus, there is k1 > 1 such that Is(k1z) < 1,
whence ||z|ls < 1/k1 < 1, a contradiction which proves that Is(kz) = 400 for
any k > 1. So, ||z]|% = %(1 + Is(koz)) for some 0 < ko < 1. This yields again
Jallg > 1. 0

Lemma 1.2

For any x € L® there holds the equalities

lil}_l ||z — :EnH% = ligrl |z — zplle = 0(x) = do(x) = d(x).

Proof. If x € E®, then all the values are equal to 0, so the equalities hold true.
Assume now that x € L® \ E® ie. 6(z) > 0. Since the sequences (||x — z,/%)
and (||x — x,||¢) are nonincreasing, so the limits from the equalities exist. For any

e € (0,0(x)), we have I(x/(0(x)—¢)) = 400, so also Is((z—x,)/(0(x) —¢)) = +o0,
whence ||z — 2, |l > 0(z) — € for any n € N. Consequently,

lim ||z —2,]|% > lim |z — 2,/ > 0(z).
n—-+oo n—-+oo

Now, we will show the inequality lim,, ;o ||z —2,]|% < (). Let € > 0 be arbitrary
and denote for short 8(x) = 6. Then Is(x/(6+¢)) < 400, whence lim,, 4o Io((z—
z,)/(0 +¢€)) = 0. By the Amemiya formula for the Orlicz norm, we get

o = znlle < (0 +e)[1+ La((z —2,)/(0 +2))] — O +¢
as n — 400, whence the desired inequality follows. So,

O(x) = lim ||z —z,|$ > do(z) > d(z).

n——+oo

To finish the proof we need only to show that d(z) > 6(z).
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Let € € (0,0) be arbitrary. Take any function w € E® and define the sequence
of measurable sets:
F,={teT:|w(t)] <n}NG,,

where
Gn=Gy(z)={teT,: |z(t) <n}.

The sequence (F},) is increasing and p(T \ U, ; Fn) = 0. By Is(w/(¢/2)) < +o0
and the Lebesgue dominated convergence theorem, we get for w,, = wxr,,

o (w = wa)/(£/2)) = Lo (wxr s, /(£/2)) = 0
as n — +o00. Thus, there is ng € N such that
(1) Ip ((w — wn)/(5/2)) <1, ie. |Jw—w,| <e/2

for any n > ng. From the definition of 6(z), we have I (z/(0 —e/2)) = +o00. Since
F,, C Gy,, we have

I¢)($Xpno/(0 - 5/2)) < L}(mxgno/(ﬁ - (6/2)) < 40,

whence
I (zx1\F,, /(0 — €/2)) = 400

By supp wy, = Fj,, we get

Iy ((x—wn,)/(0 — £/2)) = I ((z — wny)XF,, /(0 — £/2))
+ Iy (QTXT\F,LO/(H — 5/2)) > Iy (CUXT\FnO/(Q — (5/2)) = +o00,

whence ||z — wy,||le > 0 —¢/2. Combining this with (1), we get
[ —wlle > [l = wn,lle = [wn, —wlle >0 —e/2—¢/2=0—¢.

By the arbitrariness of w € E® and ¢ > 0, we get d(z) > 0(x), which finishes the
proof. [J

Lemma 1.3

For any singular functional ¢ there hold the equalities

lell = llell” = sup {¢(2) : Io(z) < +o0} = sup, p(x)/0(x).
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Proof. We have for any z € L® and n € N, p(z) = ¢(z — z,) < |l¢|l |z — =nlla,
whence in virtue of Lemma 1.2, we get ¢(x) < 0(z)||¢||. Moreover, if I (z) < +00,
then I (x—x,) — 0 as n — +oo and so 0(x) = lim, 4 ||z —2,||e < 1. Therefore,

el = sup o(x)/[lz]lg < sup @(z)/|zlle = [l
zeL® zeL®

<sup {p(z) : Ip(x) < +oo} < sup {¢(z)/0(z) : Is(x) < +o0}

< sup ¢(z)/0(z) < ¢,
zeL®

whence it follows that all non-sharp inequalities are equalities in fact, which finishes
the proof. [
Lemma 1.4
For any functional z* = ¢, + ¢ € (L*®)*, we have
21 = [lvllg + el
[z*| = inf {A > 0: Lo« (v/A) + ||| /A < 1}.

Proof. To prove the first formula, it is enough to show that [|z*||° > ||v|
For any £ > 0 we can find 1,72 € S(L?) such that

3+ lloll®.

5 —e<&(x1) and (o] —e < (2).

v

We may assume that z1 € E®. Let (G,,) be the sequence of measurable sets defined
as in the proof of Lemma 1.2, but corresponding to x5 in place of z. By the Lebesgue
dominated convergence theorem, we have

/ [v(t)z1(t)]dp — 0 as n — +oo,

TG,

/ [v(t)za(t)|dp — 0 as n — +oo,
T\Gn

/ O(t,x2(t))dp — 0 as n — +oo.
T\G,

Moreover, z2xg, € E® for any n € N. Take m € N large enough such that
@) [ bnld<e.

T\Gm
Q [ bwaoldu<e.

T\Gm

(4) Ip(zax1\G,,) < E-
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Define

$1(t) ift e Gy,
x(t) = {

2o(t) i teT\ G

In view of (4), we have
Iy(z) < Ip(x1) + lo(vaxmn\G5,,) S 14 €.

Hence Ip(x/(1+¢)) < 1 and consequently ||z|l¢ < 14 . Since ¢ is singular, we
have ¢(z1) = 0 and p(x2) = @(z2X1\@,,). So, by (2) and (3), we get

(1+e)|z*]|° > z*(2x) = 2" (z1xq,,) + 2" (x2x1\C,)
= &(r1xa,,) + So(zaxma,,) + ©(r2)
> &y(z1) — € — e+ p(x2) > vl|$e + [lo]l® — 4e,

which finishes the proof of the first formula.

To prove the second formula we can assume without loss of generality that
lz*|| = 1. Take v > 0 satisfying Ie«(v/y) + ||¢ll/y <1 and x € S(LY). Let k >0
be such that

1
el = - (1+ Ta(ka).
Since Ig(kx) < +o0, applying Lemma 1.3, we get

§x%m»=§a@m>+§whwgz¢w@+1@«vw+n¢vv

< Ip(kx) +1=E|z||} =k,

whence z*(z) < 7. By the arbitrariness of z from S(LT) and v > 0 satisfying
Io-(v/7) + llell /v < 1, we get

(5) Ja* | < inf {A> 0 Loe (u/A) + lpll /A < 1}

If the inequality (5) is sharp, there exists 6 > 0 such that

(6) Ip-(v) + [l@|| > 1+ 6.

In fact, if such a number § > 0 does not exist, then Ig«(v) + ||¢|| < 1, which yields

inf {A > 0: Ip-(v/A) + [l /A <1} <1 = 2",
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so we have then equality in (5). In virtue of (6), there is x; € L*® such that
Ip(z1) <1 and I+ (v) + o(x1) > 1+6.

From the equalities

2" g | = ol e[| = €0l = llvlle- ,

we get ||[v]|lex < ||z*|| = 1, which yields Ig«(v) < 1. Using the left derivative
(®*)_(t,-) of ®*(t,-), we have the following Young equality

I3+ (v) Z/T[(‘P*)’_(t,lv(t)l)\v(t)\ = O(t, (D) (t, [v(t)]))] dp.

Define the sets

F,={teT,: |z:1(t)] <n},
H,={te F,: (®)_(t,|v(t)]) <n}, n=1,2,....

The sequence (H,,) is increasing and in virtue of the assumption (ooq), we have that
®*(t,-) is finitely valued for p-a.e. t € T' and consequently (®*)" (¢, -) is also finitely
valued for p-a.e. ¢ € T. Therefore, (T \ U, ~, Hy) = 0. Moreover,

(@) (t[o(®))xn, € EY and z1xm, € BT,

for each n € N. By the Beppo-Levi theorem we have

(@)t w@D]o®)] = @t (@) (¢, [v(E)])] dp —

(@) (&, w@)]) v(®)] = @(E, (27)" (. [v(£)])] dps,

ﬂ\m

/ |z1(t)v(t)|dp — 0  and / ®(t,x1(t))dp — 0.

T\H, T\Hp,

So, we can find n large enough such that the function

o(t) = ()2 (¢, [o(t))xa, ()

satisfies

(7) Io-(v) — 8/6 < /T [22(8)]0(t)] — B(t, 22(t))] dp,
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(8) /T\Hn |z1(t)v(t)|dp < 6/6 and /T\Hn D(t,z1(t))dp < 6/6.

Clearly, x5 € E®. Define

o(t) = {xl(t) sgn(v(t)) ifteT\ H,
xo(t) sgn(v(t)) ifte Hy,.
In virtue of (6), (7) and (8), we get

&o(@) + o(z) — Ip(z)
= &o(vixm\m,) +&o(axm,) +e(@ixma,) — lo(T1Xm\H,) — [o(T2XH,)
> —6/6+ &y(x2) + @(x1) — /6 — Igp(22)
= &o(@2) — Ia(z2) + @(21) — 6/3 > I (v) + p(21) — 6/2
>14+6—-06/2=1+6/2>1,

whence
Ev(x) +p(z) > 14 Is(x).
By this inequality and the inequality ||z]|% < 1+ Is(z), we get

1= lz*| > 2" (2/ll2ll3) = &o(z/ll2]) + (2/llzll3)

= (6, (2) + @)/ 2% > W > 1,

a contradiction, which finishes the proof that the non-sharp inequality in (5) is
equality in fact. So, the theorem is proved. [

Remark 1.5. Note that the first formula from Lemma 1.4 holds also true without
the assumption that the Musielak-Orlicz function ® satisfies condition (co01), which
is not used in the proof.

The second formula from Lemma 1.4 holds also true without condition (coq) if
we assume that the set A = {t € T : a(t) := sup[u > 0: ®(t,u) < +00] < 400} is
measurable and (®*)"_ (¢, a(t)) < +oo for p-a.e. t € A. The proof can be proceeded
without any change because Ig«(v) < 1 implies that ®*(¢,v(t)) < 4+oo for p-a.e.
t € T and so, in virtue of our assumption, we have (®*)"_(¢,v(t)) < +oo for p-a.e.
t € T. Note that condition (co01) is equivalent to the fact that ®*(¢,-) is finitely
valued for p-a.e. t € T.

Lemma 1.6

A functional x* € (L®)* is singular if and only if ||z*||° = ||z*]|.
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Proof. The necessity follows by Lemma 1.3. To prove the sufficiency, assume that
|2*]|° = ||lz*|| for 2* = &, + @, where v € L®", v # 0, and ¢ is a singular functional.
Applying Lemma 1.1, Lemma 1.3 and the first formula from Lemma 1.4, we get

o + o]’

lz*]1° = llz* [l = €0 + Il < lI&oll + el = [lo]
< lvllg- +llell® = =77,

a contradiction, which finishes the proof. [J

Lemma 1.7

There is no nonzero singular functional ¢ € (L®)* attaining its norm on S(L).

Proof. Let ¢ € (L®)* be singular and let ¢ # 0. Assume that there is x € S(Lg)
such that ¢(x) = ||¢|| # 0. In virtue of Lemmas 1.1 and 1.3, we get

lell® = llell = e(@) < llel’lzlle < lellzle = llel®,

a contradiction that proves the lemma. [

Lemma 1.8

Let z* = &, + ¢ be a linear continuous functional over L§ such that |z*|| = 1,
where v € L® and ¢ is a singular functional. Then x* attains its norm at x €
S (L®) (or equivalently =* € Grad(x)) if and only if for some (equivalently for any)
k € [k*, k**] there hold:

19, Ig+ (v) + ol = 1;
2. el = olk);
3. (kx,v) = Ip(kx) + Ip-(v), ie. v(t) € OP(t, kx(t)) for p-ae. t €T.

Proof. It can be proceeded in the same way as for Orlicz spaces in [5]. O
Let us denote suppx = {t € T : x(t) # 0}, for any z € LO.

Lemma 1.9

If + € L* and 0(x) > 0, then there exist hy,hy € L® with u(supph; N
supp hy) = 0, hy + hy = x and two singular functionals ¢ and @9 in S((L*)*) such
that p1(x) = pa(x) = 0(x), |le1ll = llp2ll =1, @1 # ¢2 and p1(h2) = pa(h1) = 0.
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Proof. Let (T},) be the sequence of sets defined in the Introduction. We have
Is(kxT,) < 400 for every k > 0 and n € N. Take a sequence ();)52; of positive
numbers such that \; < Ao < ..., A\; < 0(x) and \; — 0(x) as i — +oo. Since
Ig(x/A1) = 400, we can find ny € N such that for the set

Ay ={teT,, :|zt) <ni}

the inequality Is(zx4, /A1) > 2 is satisfied. We have Ig(zx7\ 4, /A2) = 400 because
Ig(zxa,/N2) < +00. We can find ny € N such that the set

Ay ={t € (T\ A1) NTy, : |z(t)| < n2}

satisfies A1 N Ay = 0 and Ig(wxa,/X2) > 2. Clearly, Is(2x7\(4,04,)/A3) = +00.
Repeating this inductional procedure, we can find a sequence (A4,,)5%; of pairwise
disjoint sets such that

Is(xxa, /) > 2 (n=1,2,...).

Divide any set A,, into two measurable disjoint sets A/, and A" in such a way that

Ia(oxag o) = To(exag M) = 3 Ta(exa, /An) 2 1.
Define -
A= U Al B=T\A, hi =xxa, hs=2zXB-
n=1
Take any A € (0,6(z)). Let m € N be such that A < \,,. Then
Ip(h1/X) = Io(h1/Am) = To(xXxA/Am)

> Iy (:cx /)\m> > Z Ip (xXArn/)\n) = +00.

oo
U 4.
n=m

So, by the arbitrariness of A € (0,0(x)), we have 6(z) = 6(h;). By Lemma 1.2,
we obtain dg(h1) = 6(z). In an analogous way, we get Is(ha/\) = 400 for any
A € (0,0(z)), whence do(ha) = 6(x). Define

E®(h;) = span{h;, E®} (i=1,2).

Every element u € E®(h;) is uniquely represented in the form u = ah; + w, where
a € Randw € E?®. In fact, if we also have u = bh;+2z with b € R and z € E?, then in
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the case when a # b, we get 0 = (a—b)h;+(w—z), whence h; = (z—w)/(a—b) € E?,
a contradiction. So, a = b and consequently w = z. For any v € E®(hy) of the form
u = ahy +wxp, we have |(hgy — u)(t)| > |(he — w)(t)| for u-a.e. t € T', whence

|he — ull = [lhe — wxB|% = do(hs) = ().

So,
do(ho, E®(h1)) = inf {||ho — u||} : u € E®(h1)} > 0(x).

Moreover, by E® C E?®(hy), we have do(he, E®(h1)) < do(hs) = 0(z), whence
do(ha, E®(h1)) = 6(x). In an analogous way we can get

do(h1, E®(hs)) = inf {||h1 —u||} : u € E®(ha2)} = 0(2).

By the Hahn-Banach theorem there exist singular functionals ¢; € (L®)* (i = 1,2)
such that [|¢;|| = 1 and

©1(uz) =0 for any wug € E®(hy),
@o(u) =0 for any wu; € E®(hy),
¢1(h1) = do(h1, E* (hs)) = 0(z),
@2(h2) = do(he, E* (h1)) = 0(z).

Therefore,

p1(x) = @1(h1 + ha) = @1(h1) + p1(h2) = p1(h1) = 0(2),
a(x) = pa(h1 + h2) = pa(h1) + pa(he) = p2(ha) =0

The proof is complete. [

2. Main results
We start with the following result.

Theorem 2.1

If ®(t,) is smooth for py-a.e. t € T, then x € S(LT) is a smooth point if and
only if Grad(z) contains a regular functional.
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Proof. Sufficiency. By the assumption there is vy € S(L*®") such that |z]|% =
v () = [ x(t)vo(t)dp. In virtue of Lemma 1.8, we get Ig«(vo) = 1. We will show
that &,, is the only support functional at x. Assume that a functional 2* = &, + ¢,
where v € L® and ¢ is a singular functional on L®, is a support functional at z.
Then (z* + &,,)/2 is also a support functional at z, i.e. ||(z* + &, )/2|| = 1 and

507+ €,) () = 32 (@) + 56 @) = 2} = 1.

2
By Lemma 1.8 and the convexity of ®*, we have
vo + v 1 1 1 1
9 1 — I * - < _I * _I * - — 1
) o (25 + o] < g tow) + 51001+ 3] =1
whence
vot+ov) 1 1
(10) I« < 5 > = 2Iq>* (’UO) + 2]4)*(’[)).

By smoothness of ®(¢,-) for p-a.e. ¢ € T we have strict convexity of ®*(¢,-), for
p-a.e. t € T. Therefore, equality (10) yields vg = v, whence Ig~(v) = 1 and, in
view of (9), it follows that ¢ = 0. So, z* = &,,, which means that x is a smooth
point.

Necessity. Assume that there is no regular support functional at . Then it must
be x ¢ E®, ie. 6(z) > 0. In view of Lemma 1.9 there are two orthogonal elements
hi,he € L® such that hy + ho = = and two different singular functionals ¢; and

such that [l¢1[] = [lal =1, @1(h2) = pa(h1) = 0 and p1(z) = p2(z) = O(z). Let
r* =&, + ¢ € Grad(z), where v € L*" and ¢ is the singular part of #*. Define two
new functionals by

=6+ lellen (=1,2)

Then x} € (L*®)*, 2} # 23 and in view of Lemma 1.8
Io-(v) + [Hlelleill = o= (v) + [lel = 1,
whence ||zf|| =1 for i = 1,2. Moreover, by Lemma 1.3,
pi(x) = @i(hi) = 0(x) = p(x)/llell (i =1,2).
Therefore,
i (1) = &o(@) + llellpi(z) = &u(2) + ¢()

=a*(z) = alls  (i=1,2),
whence by the obvious inequality z}(z) < ||z]|%, we get z}(z) = ||z||} for i = 1,2.
This means that z is not a smooth point and the proof is complete. [

Denote by E§ the space E® equipped with the Orlicz norm.

Theorem 2.2
The space EF is smooth if and only if ®(t,-) is smooth for p-a.e. t € T.
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Proof. Sufficiency. Since (E$)* = L*", for any x € S(EQ), by the Hahn-Banach
theorem, we have R Grad(xz) # (). By Theorem 2.1 and smoothness of ®(t,-) for
p-a.e. t €T, every point x € S(EY) is smooth, i.e. EF is smooth.

Necessity. If ®(t,-) is not smooth for p-a.e. t € T, then the set
H={teT: 9 (t,u) < ' (t,u) for some uecR,},

which is measurable by the measurability of the derivatives ®’ (¢, -) and ®’, (¢, ), has
a positive measure. Define on H the following multifunction

L(t)={ueR;: 9 (t,u) <P (t,u)}.

It follows by the definition of the Musielak-Orlicz function ® (the Carathéodory
conditions!) that ® is 3 x B-measurable, where B is the Y-algebra of Borel sets in
R. This easily yields the ¥ x B-measurability of ' and ®’,. Therefore, ®’ and &/,
are also ¥ x B-measurable, where ¥y = {ANH : A € ¥}, whence

GraphD' = {(t,u) € H x Ry :u e I'(t)}
={(t,u) € Hx Ry : ' (t,u) < P/ (t,u)} € By x B.

By Theorem 2.5 from [10] there is a measurable selector f : H — R, such that
f(t) € T'(t) for p-a.e. t € H. Define

Ui (t) =@ (t, (¢, (1), W_(t) =" (t, @ (t, f(1))),
and g(t) = Uy (t) — ¥_(¢). Let A’ be a measurable subset of H such that
0< /I\Iur(t)dug 1.
There is m € N such that

AlanL

where T}, is a set from the sequence of sets defined in the Introduction but for ®*
in place of ®. Define

A, ={te A'NT,: f(t) <n}.
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The sequence (A,,)5; is ascending and p((A’'NT,)\U,—; 4,) = 0. So, it is possible

n=1
to choose ny € N in such a way that for A := A,,/, we have

0< / W (1) dp < 1,
A
which implies
0< / g(t)dp < 1.
A
Define on ¥ N A a new measure v by

V(E):/Eg(t)d,u (VEexXNnA).

The measure v is nonatomic, so there is B € ¥ N A such that v(B) = v(A\ B), i.e.

[ @ty - vo@)da= [ () - v_@)dn,
B

A\B

which is equivalent to the equality

/B U (H)dp + /A 0= /A et /B v (t)dp.

Denote this common value by k. Clearly, x < 1. The assumption (oo;) implies that
O*(t, ' (t,u)) — +oo0 as u — +oo and ®*(t,-) is finitely valued for p-a.e. t € T.
So, we can find ¢ > 0 such that

/ O*(t, @', (t,c)) dp > 2.
T\A

Next, there is ng € N satisfying

/ O*(t, @, (t,c))dp > 3/2.
(T\A)NTy,,
Define
D, ={te(T\A)NT, :® (t,c)<n}; n=12....

Clearly, D,, C Dy4q for any n € Nand J,—, D, = (T'\ A) N T, up to a set of
measure zero. So, the Lebesgue dominated convergence theorem yields

/ O*(t, ¥, (t,c))dp — O*(t, ¥, (t,c))dp.
D, (T\A)NT»g
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Moreover, the integrals on the left side are finite. Hence, there is k£ € N such that
1< ka O*(t, @’ (t,c))dp < +00. Define on ¥ N Dy, a new measure v; by

yl(E):/E@*(t,<I>’+(t,c))du (VE € N Dy).

Since the measure v is nonatomic and v1(Dy) > 1, there is C' € ¥ N Dy, such that
v1(C) =1 — k. Define

where
c(t) =9 (t,f(t)) for teA,
d(t) = @, (t, f(t)) for te€ A,
e(t) = (t,c) for teC.
We have Ig«(v1) = Ip«(v2) = 1, whence ||&,, || = [[vi]|lex = 1 and ||&, || = ||v2]|ex =
1. Take x € EY defined by
z(t) = f(t)xa(t) + exc(t).
Since v;(t) € 0P(¢t,x(t)) for p-a.e. t€T (i=1,2), we get
215 < To(2) + 1 = To(2) + To~ (v;) = / w(t)vi(t)dp = &, (2)
T
for ¢ = 1,2. On the other hand
Eui(2) < €0l Iz e = llzlla,
$0 &y, (x) = ||z||$ for i = 1,2. Since vy # ve, we have &, # &,,, which means that x

is not a smooth point. Consequently, the space EF is not smooth, which completes
the proof. [J

Theorem 2.3

The space L§ is smooth if and only if ®(t,-) is smooth for u-a.e. t € T and ®
satisfies the Ay-condition.
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Proof. Sufficiency. Since ® € Ay implies that LY = EF, by Theorem 2.2, smooth-
ness of ® yields smoothness of L.

Necessity. Smoothness of L§ implies smoothness of EZ, so by Theorem 2.2 also
smoothness of ®. To finish the proof, we only need to show that smoothness of L
implies that ® € A,. Since the necessity of smoothness of ®(¢,-) for p-a.e. t € T has
been already proved we have to show that if ®(¢,-) is smooth for p-a.e. t € T and
® ¢ Ay, then LY is not smooth. If ® ¢ A, then (L2)* 2 L*". The Bishop-Phelps

theorem says that the closure of the linear span of the set of these z* € (L)* which
attain their norms on S(LY) is equal to the whole (L3)*. Since L*" is a closed
subspace of (L®)* (by identifying functions v € L®" with functionals &,), there is
a functional 2* = &, + ¢ € (L2)*, where v € L® and ¢ is a nonzero singular
functional, such that ||z*|| = 1 and x* attains its norm at some point x € S(LY).
This implies that L is not smooth. In fact, if L is smooth then by Theorem 2.1
there is vg € L®" such that &, € Grad(z). But this means that both z* and &,
belong to Grad(z). Since z* # &,,, * is not a smooth point, whence Lg is not a
smooth space, a contradiction which finishes the proof. [J

Note also that after proving the necessity of smoothness of ®(t,-) for p-a.e.
t € T, the necessity of ® € A, in order that LY be smooth can be proved in a
different way. Namely, ® ¢ A, implies that there is x € S(LY) with 6(x) > 0. Now,
it is enough to apply Theorem 2.1.

Theorem 2.4
Let x € S(LE). Then z is a smooth point if and only if one of the following

conditions is satisfied:
(i) To- (O ok Ja]) = 1,
(ii)) 6(k*z) < 1 and Ip« (D" o k*|z|) = 1.

Proof. This theorem can be proved in the same way as Theorem 2.1 in [5]. O
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