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ABSTRACT

It is known that each bounded operator from [? — [" is compact. The purpose
of this paper is to present a very simple proof of this useful fact.

1. Introduction

Using construction of normalized block basis it can be proved that each bounded
operator from [P into [", 1 < r < p < o0) is compact (see [1], Proposition 2.e.3,
p. 76). This result can also be obtained using theory of norm ideals (see [2], 5.1.2).

The aim of this note is to present very elementary proof of this important and
useful fact.

2. The main result

By IP we denote the sequence [P-space equipped with the standard norm. Let 1 <
r < p < oo. By K(IP,1") we denote the set of all compact operators from [P into [”
equipped with the operator norm. And by F(I?,I") we denote the set of all finite
rank operators from [P into I". Clearly Z(17,i7)" | = K@%, ). And K(I7,I") forms
a closed subspace of the space of all bounded operators L(IP,[").

L This paper was written while the author was a research fellow of the Alexander von Humboldt-
Stiftung at Mathematisches Institut der Eberhard Karls-Universitit in Tiibingen.
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Remark. Let E be a normed space. Let 0 # x € E and let £ € E* be such that
€]l = 1 and &(x) = ||x||. Then [ly + Ax|| > L|y]|| for all y € F with &(y) = 0.

Indeed, [ly+Ax|| = [lyll— [Allx].. Additionalty |X][x]] = |¢(y+Ax)]| < lly+Ax]
Thus [ly + Ax|| > max{ Al [ liyl| = Mllx]}} = L[yl

For a normed spaces EF , F' we denote be y ® £ the one dimensional operator
defined by y ® {(x) = yé(x),x € E, ye F, £ € E*.

By P, : [P — [P we denote a projection defined by

1 if i<n
Poe; = { sn
"0 if i>m
By @, : I” — I” we denote the analogous projection for I".

Theorem

If 1 <r <p< oo then L(I?,I") = K(IP,I").

Proof. Suppose that there exists non compact T' € L(IP,1"). Without loss of gener-
ality we can assume that ||T|| = 1. Put

1
a=cd(T,F(",1") = inf{|F = T|| : F € F(",1")}.

Clearly a > 0 (since F(IP,1") C K(I,1") C K(IP, lT)H.”). Consider a function f(t) =

(14tP)"/P —a"t". Choose to > 0 such that f(tg) < 1 (for instance to = a"/P~"). Let
e > 0 be such that (1 —&)" +a"t} > (1 +t5)"/?.

Now choose x € I? and n,m € N such that ||x|]| =1, (I—PFP,)x =0, ||Q,Tx| >
1—¢, [[(I = Qm)Tx|| < aty. We find n € (I")* such that n(Q,,Tx) = ||@»Tx| and
Inll = 1. Put
(L = Po)*T"Q7.n

g: * % ()% )
(I = Po)*T*Qrml

(we admit 2 = 0).
Note that if {(z) = 0 and P,z = 0 then 1(Q,,Tz) = 0 and

QT (x + 2)|| > In(QmT(x +2))| = |QnTx| > 1 —¢. (1)

We fix w € [P such that |w| = &(w) =1 (if £ = 0 we put w = 0). Obviously
P,w = 0.
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Put R=(I—-Qn)(T —Tw®§)(I — P,). We have

Rz
6a < ||R|| :sup{% Dz #O,Pnz:O}
=su {W z#0,P,z=0,§(z) =0, isascalar},
and by the remark,
R A
6a§25up{W: z#0,P,z=0,§z) =0, isascalar}
I—-Q.,)T
= 2sup WI z;éO,PnZ:O,f(Z):O}.

zZ

Hence / T
sup{w : z2#0,P,z=0{(z) = 0} > 3a.
]
Now choose u € [P such that ||u|| = typ, P,u=0, {(u) =0 and
|(I — Qm)Tu| > 2aty.
Note that
(I = Qu)T(x+u)|| = (I = Qu)Tul| = |(I = Qum)Tx|| > ato. (2)

We have
IT(x+ )y < [lx+ull, = (1+5)"77. (3)

And
IT(x+ )|y = 1@nT (x+ )|y + (I — Qn)T(x+ )y

And by (1) and (2) we get
>(1—e) +a’th > (1+5)/P.

This contradicts to (3), and the proof is complete. [
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