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Abstract

P.N. Dowling and C.J. Lennard proved that if a Banach space contains an asymp-
totically isometric copy of l1, then it fails the fixed point property. In this
paper, necessary and sufficient conditions for a Banach space to contain an
asymptotically isometric copy of lp(1 ≤ p < ∞) or c0 are given by the dual
action. In particular, it is shown that a Banach space contains an asymptotically
isometric copy of l1 if its dual space contains an isometric copy of l∞, and if
a Banach space contains an asymptotically isometric copy of c0, then its dual
space contains an asymptotically isometric copy of l1.

§1. Preliminaries

A Banach space X is said to have an asymptotically isometric copy of l1 [2], if for
every sequence (εn) (0 < εn < 1) decreasing to 0, there exists a norm-one sequence
(xn) in X such that

∑
n

(1 − εn)|αn| ≤
∥∥∥∥∥

∑
n

αnxn

∥∥∥∥∥ , (αn) ∈ l1. (1)

P.N. Dowling and C.J. Lennard [2] have shown that if a Banach space contains an
asymptotically isometric copy of l1, then it fails to have the fixed point property,
i.e., there exists a nonexpansive self-mapping on a bounded closed convex subset of
X which has no fixed point.
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A natural question is that: what does the dual space X∗ behave if a Banach
space X contains an asymptotically isometric copy of l1? The following theorem
answers this question.

Theorem 1

A Banach space X contains an asymptotically isometric copy of l1 if and only

if for any sequence δn ↓ 0 (0 < δn ≤ 1), there exists a subspace X0 in X such that

X∗
0 contains a norm-one sequence (x∗

m) satisfying

∥∥∥∥∥
∑
m

±(1 − δm)x∗
m

∥∥∥∥∥
X∗

0

≤ 1 . (2)

Proof. Necessity. Let δn ↓ 0 (0 < δn ≤ 1). By assumption, there exists a sequence
(xn) in S(X), the unit sphere of X, such that

∑
n

(1 − δn)|αn| ≤
∥∥∥∥∥

∑
n

αnxn

∥∥∥∥∥ , (αn) ∈ l1 . (3)

Let X0 = span {xn}. For each fixed m ∈ N = {1, 2, ...} and for any (αn) ∈ l1 with
αm = −1, by (3),

∥∥∥∥∥xm −
∑
n �=m

αnxn

∥∥∥∥∥ =

∥∥∥∥∥
∞∑

n=1

αnxn

∥∥∥∥∥ ≥
∞∑

n=1

(1 − δn)|αn| ≥ 1 − δm .

Since for any x ∈ X0, x has the form x =
∑

n αnxn, the above inequality in fact
implies that dist(xm, span {xn}n �=m) ≥ 1 − δm for all m ∈ N. Whence by Hahn-
Banach Theorem, for each m ∈ N, there exists x∗

m ∈ S(X∗
0 ) such that

< x∗
m, xm > ≥ 1 − δm and < x∗

m, xn >= 0, (n = m) .

Therefore, for any x =
∑

n αnxn ∈ X0, by (3),

〈 ∑
m

±(1 − δm)x∗
m,

∑
n

αnxn

〉
=

∑
n

±(1 − δn)αn < x∗
n, xn >

≤
∑
n

(1 − δn)|αn| ≤
∥∥∥∥∥

∑
n

αnxn

∥∥∥∥∥ = ‖x‖ .
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This implies that ∥∥∥∥∥
∑
m

±(1 − δm)x∗
m

∥∥∥∥∥
X∗

0

≤ 1 .

Sufficiency. For any εn ↓ 0 (0 < εn < 1), let 0 < δm < 1 satisfy 1 − εm =
2(1 − δm)2 − 1, (δm = 1 −

√
1 − εm/2). By assumption, X has a subspace X0

such that S(X∗
0 ) contains a sequence (x∗

m) satisfying (2). For every m ∈ N, pick
xm ∈ S(X0) such that < x∗

m, xm >> 1 − δm. We shall show that (xn) satisfies (1).
For each fixed n ∈ N, let σm = sign < x∗

m, xn > (m ∈ N). By (2),∑
m�=n

(1 − δm)
∣∣ < x∗

m, xn >
∣∣ =

∑
m�=n

σm(1 − δm) < x∗
m, xn >

=
〈 ∞∑

m=1

σm(1 − δm)x∗
m, xn

〉
− σn(1 − δn) < x∗

n, xn >

≤ ‖xn‖ − (1 − δn)2 = 1 − (1 − δn)2 .

Whence, for any (αn) ∈ l1, if we set σm = signαm, then∥∥∥∥∥
∑
n

αnxn

∥∥∥∥∥ ≥
〈 ∑

m

σm(1 − δm)x∗
m,

∑
n

αnxn

〉

=
∑
n

[
(1 − δn)|αn| < x∗

n, xn > +
∑
m�=n

σm(1 − δm)αn < x∗
m, xn >

]

≥
∑
n

[
(1 − δn)2|αn| − |αn|

∑
m�=n

(1 − δm)| < x∗
m, xn > |

]

≥
∑
n

[
(1 − δn)2|αn| − |αn|

(
1 − (1 − δn)2

)]

=
∑
n

(1 − εn)|αn| .

Therefore, (1) holds. The proof is completed. �

Corollary 2

(i) A Banach space X contains no asymptotically isometric copies of l1, if for any

infinite dimensional subspace X0, there exists a positive integer n and a positive

constant δ such that for any x∗
1, x

∗
2, ..., x

∗
n ∈ S(X∗

0 ), there exist εi = ±1, i = 1, 2, ..., n
satisfying ∥∥∥∥∥

n∑
i=1

εix
∗
i

∥∥∥∥∥
X∗

0

≥ 1 + δ .
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Especially, if for any infinite dimensional subspace X0, X
∗
0 is uniformly non-square

(i.e., above condition holds for n = 2), then X contains no asymptotically isometric

copies of l1.

(ii) A Banach space contains an asymptotically isometric copy of l1, if its dual space

contains an isometric copy of l∞.

Proof. We only need to show (i) since (ii) follows directly from the proof of Theo-
rem 1.

Pick natural numbers 1 = k1 < k2 < k3 < ... such that kj+1 − kj ↑ ∞ as j ↑ ∞.
Define δm = 1/kj+1 for kj ≤ m < kj+1, j = 1, 2, ... . If X contains an asymptotically
isometric copy of l1, then by Theorem 1, for the sequence {δm}, X has a subspace
X0 such that X∗

0 contains a norm-one sequence (x∗
m) satisfying (2). For any n ∈ N

and δ > 0, pick t ≥ 1 such that kt+1 − kt ≥ n and that kt+1/(kt+1 − 1) < 1 + δ.
Observe that ‖x± y‖ ≤ 1 implies

‖x‖ =

∥∥∥∥∥ (x + y) + (x− y)
2

∥∥∥∥∥ ≤ ‖x + y‖ + ‖x− y‖
2

≤ 1 ,

it follows from (2) that

1 ≥
∥∥∥∥∥

kt+n∑
m=kt+1

± (1 − δm)x∗
m

∥∥∥∥∥
X∗

0

=

∥∥∥∥∥
kt+n∑

m=kt+1

± (1 − 1/kt+1)x∗
m

∥∥∥∥∥
X∗

0

.

Therefore, by the choice of t,
∥∥∥∥∥

kt+n∑
m=kt+1

±x∗
m

∥∥∥∥∥
X∗

0

≤ 1
1 − 1/kt+1

=
kt+1

kt+1 − 1
< 1 + δ .

This proves (i).
Next, we investigate the dual action of asymptotically isometric copy of c0. �

Definition 3. We say that a Banach space X contains an asymptotically isometric
copy of c0, if for any δn ↓ 0 (0 < δn ≤ 1), X contains a norm-one sequence (xn) such
that

sup
n

(1 − δn)|βn| ≤
∥∥∥∥∥

∑
n

βnxn

∥∥∥∥∥ ≤ sup
n

(1 + δn)|βn|, (βn) ∈ c0. (4)
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Theorem 4

A Banach space X contains an asymptotically isometric copy of c0 if and only if

for any εn ↓ 0 (0 < εn < 1), there exists a norm-one shrinking basic sequence (xn) in

X such that the coefficient functionals {x∗
n} on X0 = span{xn} have the properties

that ‖x∗
n‖X∗

0
≤ 1 + εn and

∑
n

(1 − εn)|αn| ≤
∥∥∥∥∥

∑
n

αnx
∗
n

∥∥∥∥∥
X∗

0

, for all
∑
n

αnx
∗
n ∈ X∗

0 . (5)

Proof. Sufficiency. For any δn ↓ 0 (0 < δn ≤ 1), let εn ↓ 0 (0 < εn < 1) satisfy

(1 − δn)(1 + εn) ≤ 1 ≤ (1 + δn)(1 − εn).

By assumption, X has a norm-one shrinking basic sequence (xn) such that the
coefficient functionals {x∗

n} on X0 = span{xn} satisfy (5) and ‖x∗
n‖X∗

0
≤ 1 + εn for

all n ∈ N. We shall prove that (xn) satisfies (4).
Since (xn) is shrinking, {x∗

n} is a basis of X∗
0 . Whence, for any x∗ ∈ X∗

0 , x∗

has the form x∗ =
∑

n αnx
∗
n, and (5) indicates that (αn) ∈ l1. Therefore, for any

(βn) ∈ c0, by (5) and the choice of (δn),

〈
x∗,

∑
n

βnxn

〉
=

〈 ∑
n

αnx
∗
n,

∑
n

βnxn

〉
=

∑
n

αnβn

=
∑
n

1
1 − εn

βn(1 − εn)αn ≤ sup
n

1
1 − εn

|βn|
∑
n

(1 − εn)|αn|

≤ sup
n

(1 + δn)|βn|
∥∥∥∥∥

∑
n

αnx
∗
n

∥∥∥∥∥
X∗

0

= sup
n

(1 + δn)|βn|‖x∗‖X∗
0
.

Since x∗ ∈ X∗
0 is arbitrary, this inequality implies

∑
n βnxn ∈ X0 and

∥∥∥∥∥
∑
n

βnxn

∥∥∥∥∥ ≤ sup
n

(1 + δn)|βn|.

Next, we prove the other part of (4). For any m ∈ N, by the choice of (δm) and
‖x∗

m‖X∗
0
≤ 1 + εm,

∥∥∥∥∥
∑
n

βnxn

∥∥∥∥∥ ≥
∣∣∣∣∣
〈
Σnβnxn,

x∗
m

‖x∗
m‖X∗

0

〉∣∣∣∣∣ =
|βm|

‖x∗
m‖X∗

0

≥ |βm|
1 + εm

≥ (1 − δm)|βm| .
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Since m ∈ N is arbitrary, this implies∥∥∥∥∥
∑
n

βnxn

∥∥∥∥∥ ≥ sup
n

(1 − δn)|βn| .

Necessity. For any εn ↓ 0 (0 < εn < 1), let δn ↓ 0 (0 < δn ≤ 1) satisfy

(1 − εn)(1 + δn) ≤ 1 ≤ (1 + εn)(1 − δn) .

By Definition 3, X contains a norm-one sequence (xn) satisfying (4). Let {en} be the
natural basis of c0. Then by (4), the mapping: en �−→ xn induces an isomorphism
from c0 to X0 = span {xn}. Therefore,

∑
n βnxn ∈ X0 if and only if (βn) ∈ c0.

Moreover, since {en} is shrinking, so is {xn}.
Let {x∗

m} be the coefficient functionals on X0. Then for any m ∈ N and any∑
n βnxn ∈ X0, by the choice of (δn) and (4),∣∣∣∣∣

〈
x∗
m,

∑
n

βnxn

〉∣∣∣∣∣ = |βm| =
1

1 − δm
(1 − δm)|βm|

≤ (1 + εm) sup
n

(1 − δn)|βn| ≤ (1 + εm)

∥∥∥∥∥
∑
n

βnxn

∥∥∥∥∥ .

This implies ‖x∗
m‖X∗

0
≤ 1 + εm. To prove (5), for any

∑
n αnx

∗
n ∈ X∗

0 , we set
βn = (1 + δn)−1signαn (n ∈ N). For any m ∈ N, by (4),∥∥∥∥∥

m∑
n=1

βnxn

∥∥∥∥∥ ≤ sup
n

(1 + δn)|βn| = 1 .

Whence, by the choice of (βn) and (δn),∥∥∥∥∥
∑
n

αnx
∗
n

∥∥∥∥∥
X∗

0

≥
〈 ∑

n

αnx
∗
n,

m∑
n=1

βnxn

〉
=

m∑
n=1

αnβn

=
m∑

n=1

1
1 + δn

|αn| ≥
m∑

n=1

(1 − εn)|αn|

which implies (5) since m ∈ N is arbitrary. �

Theorem 5

If a Banach space X contains an asymptotically isometric copy of c0, then X∗

contains an asymptotically isometric copy of l1.
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Proof. For any εn ↓ 0 (0 < εn < 1), let (δn) satisfy 1−δn
1+δn

= 1− εn. Then δn ↓ 0 (0 <
δn ≤ 1). By Definition 3, there exists a norm-one sequence (xn) in X satisfying (4).
By (4),

∑
n αnxn ∈ X0 = span{xn} if and only if (αn) ∈ c0. For each m ∈ N and

any (αn) ∈ c0 with αm = −1, by (4),∥∥∥∥∥xm −
∑
n �=m

αnxn

∥∥∥∥∥ =

∥∥∥∥∥
∞∑

n=1

αnxn

∥∥∥∥∥ ≥ (1 − δm)|αm| = 1 − δm

which implies that dist(xm, span{xn}n �=m) ≥ 1 − δm. Whence by Hahn-Banach
Theorem, for each m ∈ N, there exists x∗

m ∈ S(X∗) such that

< x∗
m, xm > ≥ 1 − δm and < x∗

m, xn >= 0, (n = m) .

For any (βn) ∈ l1, let αn = (1 + δn)−1signβn (n ∈ N). Then for any m ∈ N , by (4),∥∥∥∥∥
m∑

n=1

αnxn

∥∥∥∥∥ ≤ sup
n

|αn|(1 + δn) = 1 .

Whence, ∥∥∥∥∥
∑
n

βnx
∗
n

∥∥∥∥∥ ≥
〈 ∑

n

βnx
∗
n,

m∑
n=1

αnxn

〉
=

m∑
n=1

βnαn < x∗
n, xn >

≥
〈 m∑

n=1

|βn|
1

1 + δn
(1 − δn)

〉
=

m∑
n=1

(1 − εn)|βn| .

Since m ∈ N is arbitrary, we have∥∥∥∥∥
∑
n

βnx
∗
n

∥∥∥∥∥ ≥
∞∑

n=1

(1 − εn)|βn|

which shows that X∗ has an asymptotically isometric copy of l1. �
Finally, we discuss the dual action of asymptotically isometric copy of lp (1 <

p < ∞).

Definition 6. We say that a Banach space X contains an asymptotically isometric
copy of lp (1 < p < ∞), if for any δn ↓ 0 (0 < δn ≤ 1), X contains a norm-one
sequence (xn) such that(∑

n

(
1 − δn

)p|αn|p
)1/p

≤
∥∥∥∥∥

∑
n

αnxn

∥∥∥∥∥
≤

(∑
n

(
1 + δn

)p|αn|p
)1/p

, (αn) ∈ lp . (6)
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Theorem 7
A Banach space X contains an asymptotically isometric copy of lp (1 < p < ∞)

if and only if for any εn ↓ 0 (0 < εn < 1), X contains a subspace X0 such that X∗
0

has a normalized basis {x∗
n} satisfying(∑

n

(1−εn)q|βn|q
)1/q

≤
∥∥∥∥∥

∑
n

βnx
∗
n

∥∥∥∥∥
X∗

0

≤
(∑

n

(1+εn)q|βn|q
)1/q

, (βn) ∈ lq (7)

where 1/p + 1/q = 1.

Proof. Necessity. Let εn ↓ 0 (0 < εn < 1). Set

δn =
(1 − ε1)q−1εn

1 + 2p−1
≤ εn

1 + εn
.

Then δn ↓ 0 (0 < δn ≤ 1). By Definition 6, X contains a norm-one sequence (xn)
satisfying (6). Let X0 = span{xn}. By (6), X0 is isomorphic to lp with the mapping
induced by xn �−→ en (n = 1, 2, ...), where {en} is the natural basis of lp. Therefore,
X0 is reflexive and

∑
n αnxn ∈ X0 if and only if (αn) ∈ lp. For any fixed m ∈ N and

any (αn) ∈ lp with αm = −1, by (6),∥∥∥∥∥xm −
∑
n �=m

αnxn

∥∥∥∥∥ =

∥∥∥∥∥
∞∑

n=1

αnxn

∥∥∥∥∥ ≥
(∑

n

(1 − δn)p|αn|p
)1/p

≥ 1 − δm.

This implies that dist(xm, span{xn}n �=m) ≥ 1 − δm. By Hahn-Banach Theorem,
for each m ∈ N, there exists x∗

m ∈ S(X∗) such that

< x∗
m, xm > ≥ 1 − δm and < x∗

m, xn >= 0, (n = m) .

Since {x∗
m} is orthogonal to {xn} and the reflexivity of X0 implies that {xn} is a

shrinking basis, {x∗
m} in fact is a basis of X∗

0 . Let (βn) ∈ lq, it remains to show (7).
First, for any (αn) ∈ lp, by (6) and the choice of (δn),〈 ∑

n

βnx
∗
n,

∑
n

αnxn

〉
=

∑
n

αnβn < x∗
n, xn >≤

∑
n

|αnβn|

=
∑
n

(1 − δn)|αn|
1

1 − δn
|βn|

≤
(∑

n

(1 − δn)p|αn|p
)1/p(∑

n

( 1
1 − δn

)q|βn|q
)1/q

≤
∥∥∥∥∥

∑
n

αnxn

∥∥∥∥∥
(∑

n

(1 + εn)q|βn|q
)1/q
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which implies ∥∥∥∥∥
∑
n

βnx
∗
n

∥∥∥∥∥
X∗

0

≤
(∑

n

(1 + εn)q|βn|q
)1/q

.

To prove the other part of (7), we denote αn = |βn|q−1signβn. Then,〈 ∑
n

βnx
∗
n,

∑
n

αnxn

〉
=

∑
n

|βn||βn|q−1 < x∗
n, xn >≥

∑
n

|βn|q(1 − δn) .

We shall show that

∑
n

|βn|q(1 − δn) ≥
(∑

n

(1 + δn)p|αn|p
)1/p(∑

n

(1 − εn)q|βn|q
)1/q

. (8)

Then by (6),

〈 ∑
n

βnx
∗
n,

∑
n

αnxn

〉
≥

∥∥∥∥∥
∑
n

αnxn

∥∥∥∥∥
(∑

n

(1 − εn)q|βn|q
)1/q

which implies ∥∥∥∥∥
∑
n

βnx
∗
n

∥∥∥∥∥
X∗

0

≥
(∑

n

(1 − εn)q|βn|q
)1/q

completing the proof of the necessity.

Since (αn) ∈ lp and (βn) ∈ lq, to show (8), it suffices to show that

k∑
n=1

|βn|q(1 − δn) ≥
(

k∑
n=1

(1 + δn)p|αn|p
)1/p( k∑

n=1

(1 − εn)q|βn|q
)1/q

(9)

holds for each k ∈ N.
Denote dkn = |βn|q/

∑k
m=1 |βm|q, then dkn ≥ 0 and

∑k
n=1 dkn = 1. Notice that

|αn|p = |βn|(q−1)p = |βn|q, divided by
∑k

m=1 |βm|q, (9) becomes

1 −
k∑

n=1

dknδn ≥
(

k∑
n=1

(1 + δn)pdkn

)1/p( k∑
n=1

(1 − εn)qdkn

)1/q

:= Dk. (10)

By mean value theorem,

(1 + δn)p = 1 + ξnδn and (1 − εn)q = 1 − ηnεn



458 Chen and Lin

where

ξn = p(1 + x′)p−1 ≤ p2p−1 and − ηn = −q(1 − x′′)q−1 ≤ −q(1 − ε1)q−1

for some x′ ∈ (0, 1) and x′′ ∈ (0, ε1). Whence,

Dk =

(
k∑

n=1

(1 + ξnδn)dkn

)1/p( k∑
n=1

(1 − ηnεn)dkn

)1/q

=

(
1 +

k∑
n=1

ξndknδn

)1/p(
1 −

k∑
n=1

ηndknεn

)1/q

≤
(

1 +
1
p

k∑
n=1

ξndknδn

) (
1 − 1

q

k∑
n=1

ηndknεn

)

≤ 1 +
1
p

k∑
n=1

ξndknδn − 1
q

k∑
n=1

ηndknεn.

Whence,

Dk −
(

1 −
k∑

n=1

dknδn

)
≤

k∑
n=1

[(
1
p
ξn + 1

)
δn − 1

q
ηnεn

]
dkn

≤
k∑

n=1

[
(2p−1 + 1)δn − (1 − ε1)q−1εn

]
dkn = 0 .

This verifies (10).
Sufficiency. For any δn ↓ 0 (0 < δn ≤ 1), let εn = (1−δ1)

p−1δn
1+2q−1 . Then εn ↓ 0 (0 <

εn < 1). By assumption, X contains a subspace X0 such that X∗
0 has a normalized

basis {x∗
n} satisfying (7). Therefore, X∗

0 is reflexive and hence so is X0. Exactly as
in the proof of the necessary part, we can find a normalized basis {xn} of X∗∗

0 = X0

such that (6) holds for all (αn) ∈ lp. �
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