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ABSTRACT

PN. Dowling and C.J. Lennard proved that if a Banach space contains an asymp-
totically isometric copy of lq, then it fails the fixed point property. In this
paper, necessary and sufficient conditions for a Banach space to contain an
asymptotically isometric copy of lp(l < p < 0) or ¢y are given by the dual
action. In particular, it is shown that a Banach space contains an asymptotically
isometric copy of [y if its dual space contains an isometric copy of [, and if
a Banach space contains an asymptotically isometric copy of cgp, then its dual
space contains an asymptotically isometric copy of 7.

§1. Preliminaries

A Banach space X is said to have an asymptotically isometric copy of I; [2], if for
every sequence (€,) (0 < €, < 1) decreasing to 0, there exists a norm-one sequence
(z5,) in X such that

Z(l —€n)|an| <

n

, (o) € 1. (1)

E QnTnp
n

P.N. Dowling and C.J. Lennard [2] have shown that if a Banach space contains an
asymptotically isometric copy of [1, then it fails to have the fixed point property,
i.e., there exists a nonexpansive self-mapping on a bounded closed convex subset of
X which has no fixed point.

* The work of this author was supported in part by The National Science Foundation of China.
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A natural question is that: what does the dual space X™* behave if a Banach
space X contains an asymptotically isometric copy of [1?7 The following theorem
answers this question.

Theorem 1

A Banach space X contains an asymptotically isometric copy of 1 if and only
if for any sequence 6,, | 0 (0 < 6,, < 1), there exists a subspace X in X such that
X contains a norm-one sequence (x},) satisfying

<1. (2)

> (1= b))z

X5

Proof. Necessity. Let 6, | 0 (0 < 6, < 1). By assumption, there exists a sequence
(z5,) in S(X), the unit sphere of X, such that

Z(l —bp)|an| <

n

) (an) € ll . (3)

E AnTp
n

Let Xy = span{z,}. For each fixed m € N = {1,2,...} and for any («,) € l; with
Ay, = _17 by (3)7

- E QnTn

n#m

Iy

i W] > 1 =6,

Since for any x € Xy, x has the form x = ) «a,x,, the above inequality in fact
implies that dist(x,,, span{zy}nzm) > 1 — b, for all m € N. Whence by Hahn-
Banach Theorem, for each m € N, there exists x, € S(X{) such that

<xp, Ty >>1—0bpand <z, 2, >=0, (n#m).

Therefore, for any x = )" a,z, € Xo, by (3),

<Z:I: (1—bm m,Zanxn> Z:t (1= bn)an, < x), Ty >
<Z (1 =ép)|an| < Zanxn

= [l
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This implies that

<1.

> (1= b

Sufficiency. For any €, | 0 (0 < €, < 1), let 0 < &, < 1 satisfy 1 — ¢, =
2(1 —6,)% =1, (6 = 1 — /1 —¢€,,/2). By assumption, X has a subspace X,
such that S(X;) contains a sequence (z},) satisfying (2). For every m € N, pick
T € S(Xo) such that <z}, x,, >>1— 6,,. We shall show that (x,,) satisfies (1).

For each fixed n € N, let 0,,, =sign < z,,z, > (m € N). By (2),

Z(l—ém” <.’B:n,$n > ‘ = Z O'm(l_(sm) <x:naxn >

m#n m#n

- < i om(1 — (Sm)xfn,mn> —on(l=6,) <), xy >

m=1

<zl = (1=60)* =1 (1= 6n)°.

Xo

Whence, for any («,,) € [y, if we set 0, = sign a,,, then

Zanazn > <Zam1—6 m,Zanmn>

—Z[l— \an]<:vn,xn>+20m1—6)an<xfn,xn>]
m#n
22[( o) lan] = lanl (1= 6| < a2, xn>|]
n m#n

> 30 [0 8l — el (1 - (1 - 802)]

n

= Z(l — €n)|om].

n

Therefore, (1) holds. The proof is completed. [J

Corollary 2

(i) A Banach space X contains no asymptotically isometric copies of ly, if for any
infinite dimensional subspace X, there exists a positive integer n and a positive
constant § such that for any x5, x5, ...,z € S(X(), there existe; = £1,i =1,2,...,n
satisfying

n

E Ql’:

i=1

>1+46.
Xo
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Especially, if for any infinite dimensional subspace Xy, X is uniformly non-square
(i.e., above condition holds for n = 2), then X contains no asymptotically isometric
copies of 1.

(ii) A Banach space contains an asymptotically isometric copy of l1, if its dual space
contains an isometric copy of l.

Proof. We only need to show (i) since (ii) follows directly from the proof of Theo-
rem 1.

Pick natural numbers 1 = k; < ky < k3 < ... such that k; ;1 —k; T oo as j T oo.
Define 6,, = 1/kj41 for k; <m < kj;1,7 =1,2,... . If X contains an asymptotically
isometric copy of /1, then by Theorem 1, for the sequence {é,,}, X has a subspace
Xy such that X contains a norm-one sequence (z,) satisfying (2). For any n € N
and 6 > 0, pick ¢t > 1 such that k;11 — kt > n and that k1 /(kep1 — 1) <146

Observe that ||z £+ y|| < 1 implies

I R CE] S RS
2 2
it follows from (2) that
ki+n ki4+n
1> Y @ =bmap| =|| > 1 —1/k)a},
m=k+1 X m=k;+1 Xz
Therefore, by the choice of t,
kt—l-n
1 k
D) Ha)| Sy = g <146
ehd 1 Xz —1/ktq t+1 —

This proves (i).
Next, we investigate the dual action of asymptotically isometric copy of ¢g. [

DEerINITION 3. We say that a Banach space X contains an asymptotically isometric
copy of ¢y, if for any 6,, | 0 (0 < 6, < 1), X contains a norm-one sequence (x,,) such

that
sup (1 - 6n)|ﬂn‘ S Zﬂnxn

<sup (1+6,)|8nl, (Bn) € co. (4)
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Theorem 4

A Banach space X contains an asymptotically isometric copy of ¢ if and only if
for any €, | 0 (0 < €, < 1), there exists a norm-one shrinking basic sequence (x,,) in
X such that the coefficient functionals {z}} on Xy = span{x,} have the properties
that ||z} || x: <1+ €, and

Z(l —€n)|an| <

n

E anT,
n

, for all Zanx: € X;. (5)
n

Xg

Proof. Sufficiency. For any 6, | 0 (0 < 6, <1),let e, | 0(0<e, <1) satisfy

By assumption, X has a norm-one shrinking basic sequence (z,) such that the
coefficient functionals {z},} on Xo = span{z,} satisfy (5) and [|z}|[x; <1+ €, for
all n € N. We shall prove that (x,,) satisfies (4).

Since (zy,) is shrinking, {z}} is a basis of X§. Whence, for any z* € X, z*
has the form z* = ) ), and (5) indicates that () € l;. Therefore, for any
(Bn) € co, by (5) and the choice of (4,),

<IL‘*, Zﬁnxn> = <Zanl’;, Zﬁnmn> = Zanﬁn
= Y a1 en)an < sup [l Y0~ el

1—e€, 1—e€,
g T,

n

n

< sup (1 +6,)|6x] = sup (1 +6,)[Bnlllz"] x; -

Xg

Since z* € X is arbitrary, this inequality implies ) Bz, € X, and

‘ Z BnTn

Next, we prove the other part of (4). For any m € N, by the choice of (6,,) and
25 llx: <1+ €m,

> Butn

< sup (1 + 5n)|/3n|

*

(Surn, Y = ks Pl 4 g8,

> —
- |z || x lzillxe — 14+ em —
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Since m € N is arbitrary, this implies

‘ > Bun

Necessity. For any €, | 0 (0 <€, < 1), let 6, | 0(0 < 6, <1) satisfy

> sup (1 — 6,)|6n] -

(1—e)(1+68,) <1< (1+en)(1—6n).

By Definition 3, X contains a norm-one sequence (z,,) satisfying (4). Let {e,} be the
natural basis of ¢g. Then by (4), the mapping: e, — x,, induces an isomorphism
from ¢y to Xo = span{x,}. Therefore, > Bz, € Xy if and only if (8,) € co.

Moreover, since {e,} is shrinking, so is {z,}.
Let {z},} be the coefficient functionals on Xy. Then for any m € N and any

> n Bnn € Xo, by the choice of (6,,) and (4),
. 1
<“m’ ;ﬂ"“"> 1= 6m

- ’ﬁm’ = (1 - 6m)‘ﬁm|

IN

(1+€m) Sl;p (1=6,)1Bnl < (1 +€m)

Z BrnTn

This implies [|z},|lxz < 1+ €,. To prove (5), for any > a,z; € X, we set
Bn = (1+6,) tsignay, (n € N). For any m € N, by (4),

> Butn

n=1

<sup (14 6,)|6n] =1.

Whence, by the choice of (3,,) and (6,,),

g anxy,

n Xz n n=1 n=1
= Z::l 146 | > ;(1 — €n)|an

which implies (5) since m € N is arbitrary. [J

Theorem 5

If a Banach space X contains an asymptotically isometric copy of ¢y, then X*
contains an asymptotically isometric copy of 1.



Dual action of asymptotically isometric copies of 1,,(1 < p < 00) and ¢ 455

Proof. For any €, | 0 (0 <€, < 1), let (6,) satisfy L‘rg" =1—¢,. Thené, | 0(0<
0n, < 1). By Definition 3, there exists a norm-one sequence (z,) in X satisfying (4).
By (4), >, anz, € Xo = span{z,} if and only if (a,,) € ¢o. For each m € N and

any (a,) € ¢o with a,,, = —1, by (4),

)
Tm — E AnTp g QnIp
n=1

n#m
which implies that dist(x,,, span{zy}ntm) > 1 — 6,,. Whence by Hahn-Banach
Theorem, for each m € N, there exists x}, € S(X*) such that

> (1= bm)|am| =1—0b6m

<z, Tm>>1—06, and <z, ,z,>=0, (n#m).
For any (3,) € Iy, let a,, = (1 +6,,) 'sign B, (n € N). Then for any m € N, by (4),

m
E anajn

n=1

< sup|ap|(1+6,) =1.

Whence,

V

Since m € N is arbitrary, we have

> Bz,

which shows that X* has an asymptotically isometric copy of [y. [J

> By,

m m
= <Zﬁn$:a Zan$n> = Zﬁnan < 33:, Ty >
n n=1 n=1

<nzl'ﬁ”'ﬁ“ — b)) = (1= e)lBal

n=1

Y

> 31— €,)[Ba]
n=1

Finally, we discuss the dual action of asymptotically isometric copy of I, (1 <
p < 00).

DEFINITION 6. We say that a Banach space X contains an asymptotically isometric
copy of [, (1 < p < o0), if for any 6, | 0 (0 < §, < 1), X contains a norm-one
sequence (z,) such that

(Z (1- 6n>p\anrp> v

n

IN
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Theorem 7

A Banach space X contains an asymptotically isometric copy of I, (1 < p < 00)
if and only if for any €, | 0 (0 < ¢, < 1), X contains a subspace Xy such that X;
has a normalized basis {x}} satisfying

1/q 1/q
(Z( —en)? W) < A< (Zmen)qu) . (B Eely (7)
X3

n n

where 1/p+1/q = 1.

Proof. Necessity. Let €, | 0 (0 <€, <1). Set

(1—€) e, €n

142071 — 1+4e,’
Then 6, | 0 (0 < 6, < 1). By Definition 6, X contains a norm-one sequence (x,)
satisfying (6). Let X = span{z, }. By (6), Xy is isomorphic to [, with the mapping
induced by z,, — e, (n =1,2,...), where {e, } is the natural basis of [,,. Therefore,
X is reflexive and ) oy, € X if and only if (ov,) € 1,. For any fixed m € N and
any (ay,) € I, with oy, = —1, by (6),

)
- E QnTp g QnIp
n=1

n#m
This implies that dist(z,,, span{z, }ntm) > 1 — 6,,. By Hahn-Banach Theorem,
for each m € N, there exists 27, € S(X*) such that

n =

1/p
— > (Zu—én)pyam) >1— 6.

n

<Xy, Ty >>1—6, and <z, z,>=0, (n#m).

Since {x},} is orthogonal to {z,} and the reflexivity of X, implies that {x,} is a
shrinking basis, {z},} in fact is a basis of X{. Let (3,) € l,, it remains to show (7).
First, for any (a,,) € I, by (6) and the choice of (6,,),

<Zﬁna}:, Zan:cn> = Zanﬁn <xy, Ty >< Z | B
= 30— bl

1/p 1 1/q
< <Z(1—5n)p\an1p> (Z(m)q’@z’q)

n n

1/q
(Z(l + Gn)q‘ﬂnq>
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To prove the other part of (7), we denote a,, = |3,|? ‘sign 3,. Then,

(Y Bz Y anwn) = D 1BIBlT" <l > > D7 (801 = 6,).

We shall show that

1/p 1/q
Z’ﬂn|q(1_6n) 2 (Z(1+6n)pan|p> (Z(l _fn)q‘ﬁnq> . (8)

n n

which implies

1/q
5| < (Z(uen)qwnw) .
x*

n

0

Then by (6),

1/q
<;ﬁn:c;;, zn:oenxn> > (;(1—%)‘1\@”‘1>

which implies

completing the proof of the necessity.
Since (a,) € I, and (8,,) € l;, to show (8), it suffices to show that

k /p / & 1/q
Zrﬁn (1= 8) (Z L+ 6,) |anrp> (Z(l—en>q|ﬁn|Q> (9)

holds for each k£ € N.
Denote dg, = |B,|? /Zm 1 1Bm ]9, then djy,, > 0 and Z 1 din, = 1. Notice that
|| = [Bn] @ 1P = |8,]7, divided by 3¢ | |8ml4, (9) becomes

n

1/q
T > (Z(l - en)q!ﬁn|q>
X5

k

k 1/p / 1/q
1-— Z dinbn > (Z(l + 6n)pdkn> (Z(l — en)qdkn) = Dy. (10)

n=1

By mean value theorem,

(1+6,)P =140, and (1 —€,)7=1—1n,¢6,
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where
En=p(L+2 P71 <p2P~! and -, =—q(l —2") < —q(1 —€)!!

for some 2’ € (0, 1) and 2" € (0, €1). Whence,
k 1/p 1/q
n=1
k 1/p k 1/q
= (1 + Z gndkn6n> <1 - Z Undkn€n>
n=1
1< 1
< (1 + - Z gndkn6n> (1 - = Z nndkn6n>
 — q

k
S 1+ 1 Z gndknén - Z nndknen-
Y — q

Whence,

k
1 1
Dy — <1 — E dknén) < E |:<]—?fn + 1> On — gnnﬁn:| Ak
n=1

This verifies (10).

Sufficiency. For any 6,, | 0 (0 <6, < 1), let ¢, = (1_122#. Then ¢, | 0 (0 <
€, < 1). By assumption, X contains a subspace Xy such that X has a normalized
basis {z}} satisfying (7). Therefore, X{ is reflexive and hence so is X. Exactly as
in the proof of the necessary part, we can find a normalized basis {z,,} of X* = Xy

such that (6) holds for all (a,) € [,,. O
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