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ABSTRACT

We introduce the convolution of functions in the vector valued spaces H* (LP)
and H'(L7) by means of Young’s Theorem, and we use this to show that Bloch
functions taking values in certain space of operators define bilinear bounded
maps in the product of those spaces for 1 < p,q < 2. As a corollary, we get a
Marcinkiewicz-Zygmund type result.

Preliminaries

In all what follows, we shall write L? (p > 1) for the space LP(o), where o is the
normalized Lebesgue measure in the torus T = {w € C; |w| = 1}. As usual, the
norm of a function in LP (or LP(X) in the vector valued case) will be expressed ||f|,

(or [[f]p.x)-

Given a Banach complex space X, the Hardy space H'(X), whose elements
are functions on T with values in X, is the closure of the set of all analytic X-
valued polynomials, denoted by P(X), in the Lebesgue-Bochner space L'(X), and
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364 ARREGUI AND BLASCO

coincides with the set of functions in L'(X) whose negative Fourier coefficients
vanish. Observe that a function f in H!(X) can be regarded as an analytic function
in D if we define f(z) = [ f(e")P(z,e ")do(e"), where P is the Poisson kernel

2
P(z,w) = &:le‘g and its derivative f’ is another analytic function on D, but not

necessarily defined on T. For any 0 < 7 < 1 we get another function f, € H'(X),
given by f.(e") = f(re') and following the usual notation we write My x (f,r) for
|| fr|l1,x. This norm grows with r, and the limit as » — 1 is precisely || ||z (x)-
This is just the same as in the scalar case, but the reader should be aware that there
are many “scalar theorems” that depend strongly on the geometry of the Banach
space in order to keep or not true in the vector valued case. We refer the reader
to [3, 7] for details on vector valued Hardy spaces in this setting.

One of the most important results in the theory of Hardy spaces which is not
always true in the vector valued case is that the dual space of H! is BMOA. For a
complex Banach space X, BMOA(X) is the space of all functions f € H'(X) such
that

1l = suw o [ 1) = frlldn(e™) < .

where the supremum is taken over all intervals I C T, || stands for the normalized
Lebesgue measure of I and f; = ﬁ [; f(e™)do(e™).
Note that ||f||«,x is a seminorm, and if we define the norm by

11l Broacs) = H / £(e)dor ()| 4+ 111]].x

then BMOA(X) is a Banach space.
For any Banach space X one has that BMOA(X™) is continuously included in
(Hl(X))*, in the following sense: if f € BMOA(X*) and g € P(X), then

/ (F(e), g(e™)) dor(e)
T

< |[fllBroax=llgll,x-

In the case that X has the UMD property (which was introduced in terms
of vector valued martingales, and is equivalent to the boundedness of the Hilbert
transform on LP(X) for any 1 < p < o0), then the pairing given by (f, g) as the
integral above gives the duality

(H'(X))" = BMOA(X™).

It is well known that LP is a UMD space only for 1 < p < oc.
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(The reader is referred to [3, 6] for information on the duality problem in the
vector valued setting).

Next we recall Kahane inequalities, which in their trigonometric version (see
[14]) state that, for any 0 < p < co and any finite family (x,) in X, we have

/ 3 el ( /] Zxkezz t zt>> v

k=0
Here, and in the sequel, A ~ B stands for C1A < B < (C3A for absolute
constants Cy and Cy. In this case the constants only depend on p (and not on
X). If we substitute xj by scalars aj we get the so called Khintchine inequalities
because, by Plancherel, we have that

n 9 1/2 n 1/2
</ ‘Zakezﬁkt‘ da(eit)> — <Z|ak|2> )
T k=0 k=0

In the same way (though not so classical), it holds that

n
Qk
Zazke Z$k2
T k=0

k=0
A simple proof of this can be seen in [4].

BMOA(X)

An analytic function on D with values in X, say f(z) =Y .- z,2", is called a
Bloch function if

p (1= [zD[If'(2)]] < o0

|z]<1
The set B(X) of Bloch functions taking values in X, denoted by B when X = C, is a
Banach space if we endow it with the norm max{|[f(0)|], || f||sx)}, where || - [|5(x)

stands for the supremum above (which is a seminorm).
Let us mention that for the Bloch norm we have that

00
E Tp2?
n=1

This follows from the scalar case (see [1, 2]) using the easy fact that

~ sup [|z,]| .
ne

B(X)

fllx) = S =" f|s-

1E3

As usual, the constant C' in the proofs may vary from line to line.
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The result

Recalling Young’s Theorem, which says that the convolution f % g of two functions
f € LPand g € L9, when % + % > 1, makes sense and verifies || f * g||, < || f]|p]|gllq

if % = % + % — 1, we can give the following definition.

DEFINITION 1. Let 1 < p,q,7 < oo such that 1 = —|— = — 1. Then, for any
f € LY(LP) and any g € L'(L?) we define their convolution f * g as the L"-valued
function given by

« o) = DY « ale™Vdo ().
£ g(e) /Tf( ) * g(e)do(e)

To justify our definition simply mention that the function f(e?(®=%) x g(e) is
easily seen to be measurable in T x T, and using Fubini and Young theorems we get
that the integral [1.[|f(e'®=%) x g(e)|| do(e™) is finite for almost every e € T.
Then f * g is a measurable function.

Remark 1. Tt is easy to see that if f(et) = 32N @nei and g(ef) = SN nei™
then

frgle Z«pn*%

Now we can state the following result whose elementary proof is left to the
reader.

Proposition 1
Given f € L'(LP) and g € L'(L?), the convolution fx*g is in L'(L") and verifies

L * gl @y < fllpr@mllglle -
Moreover, if f € H'(LP) and g € H'(L?) then f*g € H'(L").

Our next result is the key point for the main theorem, this is the extension of a
classical result of Hardy and Littlewood (see [11, 9]) to the LP-valued case for certain
values of p. We refer the reader to [4, 5] for a proof of a more general statement,
and further information about the Banach spaces for which the same result holds.
For instance, it is shown there that the result doesn’t extend to the rest of values
of p.

Theorem 1 (See [5], Lemma 1.1)

Let 1 < p < 2. There is an absolute constant C' > 0 such that
1/2

1
( / <1—s>Min<f',s>ds) < Ollflhs,

for any f € H'(LP).
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Proof. By a theorem of Rosenthal ([15]) we know that L? is isometrically contained
in L' for 1 < p < 2. Therefore we only have to prove the result for p = 1.

Let f be an analytic polynomial with values in L', say f(z) = 27]:7:0 On2"
Given e € T we shall write f; for the scalar polynomial with coefficients (¢, (e®));
note that then we have (f;)’ = (f')¢+, and we shall write simply f/. We have

/ (L= M2 (', s)ds = / 1) (/ |f'<sei9>|rlda<ew>)2 s
:/01(1_3) <//|ft’(sew)]da(e”)da(ew)>2ds
/ (1—3s) <//|ft se')|do (e )do (e ”)) ds
=(/ (= 99als) [ [ 15i0se ot do(e)as)

(where g is a certain norm one function in L2((1 — s)ds))

— </1r (/01(1 - S)Ml(ft/aS)g(s)ds)do-(eit))

2

< - (i eds) Caseny)
(L] )

and using the scalar inequality (see [11]) for each t we get

/01(1 — )M, (f',s)ds < C (/ Hft\|1da(eit)>2
C( /‘ft #)|do(e”)do (e ”))2
C( /|f #|do(e™)do (e z9)>2 Ol

We shall prove now our main result:

2

2

Theorem 2

Let X be a complex Banach space, let 1 < p,q < 2 and take 1 < r < oo such
that % = % + % — 1. Then there exists an absolute constant C such that

| > 1) = )| < CllAllm e llgllin o lIAls -
n>1

for any f € P(LP), g € P(L?) and h(z) = 3,0 Tnz" € B(L(L", X)), where
L(L", X) stands for the space of bounded operators from L" into X.
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A~

Proof. Let ¢, = f(n) € LP and ¢, = §(n) € L? for each n. Check that

! n—1 _ 2/3
/0 (1 -8 ds = nn+1)(n+2)°

SO we can write

1
Z T (on * ) = ; /0 (1—s%)2 Z ns" 1T, ((n 4 1) s™ * (n 4 2)1,s™)ds .

n>1 n>1

Let u(z) = zf(z) and v(z) = zg(z). Using that if S,, € L(L", X) and ¢,, € L" then

00 N N
/ (Z Snemt> (Z ¢neint> da(eit) _ Z Sn(¢n)
T n=0 n=0 n=0
and Remark 1 one can obtain that the sum in the above integral is the same as
/ h/(sew) [(u’s * (vl + gs))(e_i'g)}ewdo'(ew) =: A(s).
T
By Proposition 1 and the definition of || - ||z we have

[1AGs)]| x SA!\h’(seie)\!H(u;*(véJrgs))(eie)!\rda(ew)

1 ! 7 7 / 7 7 7
2 Ihlls / 4 (5¢) |dor () / (I (56 1, + llg(s)|g)dor ()

1
= 1_ S‘HhHBMl,LP(U/a s) (M1,Lq (UI, s)+ M pa (g,5))

1
< 7 IPllsMy o (', ) (Mi e (v, 8) + Mgl o))
and using now that 1 — s3 < 3(1 — s) along with Cauchy-Schwarz inequality and
Theorem 1, we get

| 3 Tutu # i)

n>1

< §/0 (1 — 5%)°||A(s)|| xds

X~ 2

IN

27 !
Sl [ (U= 5010 8) (100, 9) + g 1) s
0

27 1 ) )
< < inlls / (1= M2 1, (o 5)ds

! 2 / 1/2
([ a=9nzu e sas) ™ gl

1/2

(VAN

27
5 12l Cliall ooy (Cllvll oy + N9l o)

27
- CC+ DIl lla @rllgllm @ - B



On the Bloch space and convolution of functions in the LP-valued case 369

Remark 2. The theorem shows that any function h € B(L(L", X)) defines a bilinear
map in P(LP) x P(L?) which extends by density to a bounded bilinear map

Up: HY(LP) x HY(L9) — X |

taking the value —fo (1 — s3)2A(s)ds, with A(s) as in the proof for every pair
of functions f and g. When f or g is a polynomial, it equals the finite sum
Y on>1 T,.(f(n) % §(n)), but the convergence of the series in X is no granted in the
general case, due to the fact that Zﬁf:o f (n)e™ does not need to converge in norm
to f € H.

Nevertheless, the series above is always summable in the sense of Abel: for
every 0 < s < 1 the series ) -, s"T,(f(n) % g(n)) is convergent, and its sum z(s)
converges in norm to U (f,g) as s — 1.

To see this, note that z(s) = Upn(fs,g) with fs(e' 9) = f(se'?), because f; is the
limit of the functions ¢ — Zn 0 fs(n)ein® ZN s"f(n)e? and recall that f,
converges to f in H'(LP).

Remark 3. The Theorem 2 for the case X = C gives that if f € H!(LP) and
g € HY(L?) then the convolution f * g belongs to the predual of B(L") whenever
1<pg<2and L+4+241=2

Let e, denote the function in T given by e,(w) = w". Note then that, for
p€LP e Lland L= % + % — 1, we have (e,, p *1¢) = ¢(n)p(n).

Corollary 1
LetlSp,qSZsuchthat%—l—%Z%and]et%:%+%—1.
If (o) Is a sequence of scalars such that Zgil n"|a,|” = O(NT), then there

exists a constant C that verifies

Y lan@u(n)ida(m)| < Cllflla o llgllm way

n>1
for any pair of polynomials f(z) =) p2" € P(LP) and f(z) = Y n2" € P(L9).

Proof. The result will follow directly from Theorem 2 as soon as we show that the
function »_, o, anenz™ is in B(L""). We have to see that

C(1—|z)7 if |z| <1.

E nop2"en,
n

L
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Note that the assumption gives that 1 < r < 2 and then Hausdorff-Young’s
theorem implies that

E nop2"e,

n>1

1/r
<C ( > nr\ansz") .
L,,J

n>1

Observe that on one hand

N
1 _1|Z’T ZTLT‘aan‘T" _ Z <ZHT|an‘T> |Z|TN <C Z Nr’Z"rN'
n>1

N>1 \n>1 N>1

On the other hand, from Stirling’s formula one easily gets the following estimate

S so(p)"

n>1

forany 0 < s <1 and a > —1.
Combining both estimates we have then

1 T
> wlanl o™ < C(5=)
-4

n>1

resulting the required inequality. [J

Corollary 2

Letlﬁpl,pg§2&nd1§p3§oosuchthatp%+p%+]%3ZQand]et

%:1%1—&—]_%2—&—]%3—2. Let fr € LP1, g, € LP2 and hy, € LP® for 1 < k < n. Then
there exists a constant C' that verifies

> hik fi o g

k=1

< Cllfllar@en)llgllar o2y ||l B(Lrs)

where f(z) =Y p_, [x2", 9(2) =Y 1_, gxz" and h(z) = >_}_ hi2".

Proof. Take 1 < s < oo such that + = p%—kpiz —1 and look at the function h(z) € LP3

as the operator from L® into L" given by the convolution h(z)(¢) = h(z) * ¢ which,
from Young’s inequality, has norm bounded by ||h(2)]|p,. O
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An application

In the case when ¢ > 1 and X = C, the bilinear map considered in Remark 1 can
be regarded as a bounded operator H(LP) — BMOA(L‘I'), with ¢’ the conjugate
exponent of g. By means of the results in the preliminaries, we derive the next
application of Theorem 2:

Theorem 3

There exists an absolute constant C such that, for any 1 < p < 2 and 3522 <
q< 25 we have, if 1 =1 4+ 1 1 that
p T p g

(S )"
n=1

< Csup {llgnllq} '

(Sime)”
n=1

LT Lp

for every two sequences (f,) C LP and (g,) C L1.

Proof. Note that p and ¢ are required so that 2 < r < co. Assume first that r < oo,
which corresponds to ¢ < p/(p — 1). By the monotone convergence theorem, we just
have to show the result for finite sequences (f,)1<n<n, provided that the constant
does not depend on N. Given such a sequence, let G and F' denote the polynomials
which take respectively the values " _y gn2?" € L?and 3, _y fuz? € LP. Recall
then that ||G||g(re) ~ sup,{||gnllq}. On the other hand
1/p
P it
do(e')
p

» 1/p
da(ew)da(e“)>

||F”H1(Lp) n~ HFHHP(Lp) = (/T H zn:fnez?"t
= </T/T ‘ ;fn(ew)eiznt
= </T/T ‘ %:fn(ew)eignt

and using the Khintchine inequality we get

1/p
Fhvian ~ [ (S ar)

n

1/p
P , .
da(e”)da(ew)> ,
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Now let K(z) = Zgil(gn % fn)22", with values in L". The same as with F, we

see that
/2 1/r
||K||Brroary ~ (/T (Z |gn * fn\2> da) )

But, since the conjugate exponent of r verifies 1 < 7/ < 2, we can identify the
space BMOA(L") with the dual space of H*(L"") with the pairing indicated in the
preliminaries; therefore we have

|K||Brroa(ry = sup {\(K, o); @ € P(L), Pl gy < 1}-

When @ has coefficients (g, ), the integral (K, ®) takes the value

Z <gn * fna(p2">,

n<N

and this is the same as

Z <gnafn * @2“)-

n<N

Then since % = % + & — 1 we can apply Theorem 2 for h = G € B(L(LY,C)),

f=FeH (LP) and g=® € H' (L") and we get

1K Brroacry < CIGl sl Flla ey,

which gives the result in this case.
The remaining case r = oo is much easier: Now ¢ is the conjugate exponent of
D, 80 ||gn * fulloo < l|gnllgllfrllp for each n. Then we have

- 1/2
< <Z|9n!|§||fn\|§>

= . - 1/2
< Sgp {Hgan} (Z |an;127>

n=1
(S1mp)”
n=1

where the last inequality indicates the well-known fact that LP is a 2-concave space
(see [12]). O

()

n=1

< sup {llgnllq} ‘
P
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Remark 3. If we set g, = g € LY in the statement of Corollary 1, we get—regarding
L7 as a subspace of L(LP, L"), by convolution—a special case of a classical theorem
of Marcinkiewicz and Zygmund (see [13, 10]), which reads as follows: If T: LP — L"
is a bounded linear operator, where 0 < p,r < oo, then T has an #?>-valued extension,

in the sense that
(S msp)” (S15p)"
n n p

for any sequence of functions f,, € LP, where C' depends only on p and r.
However, the standard proof of this statement, via Kahane inequalities, doesn’t
give a bound for [|(3°,, [T fnl?)*/?||» when T, are uniformly bounded.

<]

T
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