Collectanea Mathematica (el ectronic version): http://www.mat.ub.es/CM

Collect. Math. 47, 2 (1996), 187-206
(c) 1996 Universitat de Barcelona

Representation of functions by logarithmic potential and reducibility
of analytic functions of several variables *

A. B. SEKERIN
Russian Financial Institute, Communisticheskaya 67, 450000, Ufa, Russia

Received September 15, 1995

ABSTRACT
The necessary and sufficient condition that a given plurisubharmonic or a sub-
harmonic function admits the representation by the logarithmic potential (up
to pluriharmonic or a harmonic term) is obtained in terms of the Radon trans-
form. This representation is applied to the problem of representation of analytic
functions by products of primary factors.

It is well known that an interest in subharmonic and plurisubharmonic functions
is mostly due to the relation of these classes to analytic functions. In the case of
one complex variable the Riesz integral representation of subharmonic functions [7,
Chapter III] is of particular importance because of its kernel In |z — w|. This rep-
resentation itself testifies to a certain relation between subharmonic and analytic
functions since it means that any subharmonic function is an integral with respect
to the parameter o defining the family of the form In|f,|, where f, is analytic.
In several variables that relation disappears and therefore the search for an ana-
logue of such a representation is of great importance. In this connection the author
[16-19] considered the problem of representation of subharmonic and plurisubhar-
monic functions in domains of the space C", n > 2, by the logarithmic potential

1) / In [t — {2, w)| dp(t, w),
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188 SEKERIN

where p(t, w) is a positive measure defined on the set of hyperplanes.

It should be noted that some properties of the potential (1) were investigated
earlier in [3, 4, 13]. In particular, the properties of the potential (1) related to the
notion of capacity were studied. Also the properties of this potential were used to
study defects of meromorphic mappings and to obtain the average growth estimates
for hyperplane sections of analytic sets. The author has discovered that the problem
of representation of plurisubharmonic functions by the potential (1) is closely related
to the properties of the classic complex Radon transform (concerning the complex
Radon transform we refer to [5]). The necessary and sufficient condition that a
given plurisubharmonic or a subharmonic function admits the representation by the
potential (1) (up to pluriharmonic or a harmonic term) was obtained in terms of the
Radon transform. It was shown that a sufficiently smooth and strictly plurisubhar-
monic function is representable as the potential (1) in some neighborhood of each
point. Also it was ascertained that any real-valued function satisfying certain con-
ditions of smoothness may be represented as a difference of potentials (1). However
it is known that an arbitrary plurisubharmonic function is not representable as the
potential (1) in the whole domain of its definition. In this paper we investigate the
problem of representation of functions by the potential

2) / In | Pa dpu(cr),

where, for every «, P, is a holomorphic polynomial of degree < m, where m is a fixed
integer and p is a positive measure. In terms of the generalized Radon transform
we give the necessary and sufficient condition that a given plurisubharmonic or a
subharmonic function admits the representation by the potential (2) (Theorems 1
and 2). Also we apply this representation to the reducibility problem for analytic
functions (Theorem 3 and its corollaries). We show that a holomorphic function L(z)
is a product (up to factors without zeros) of holomorphic polynomials of degrees < m
if and only if the function In |L(2)| is representable as the potential (2). In contrast
with the case of an arbitrary plurisubharmonic function, Corollary 2 of Theorem
3 shows that the local representation of the logarithm of the modulus of an entire
function by the potential (2) is equivalent to the global representation. These results
justify the Radon transform as a proper tool to investigate the reducibility problem
for holomorphic functions.

It is worth mentioning that under certain conditions imposed on an entire func-
tion [2, 14] its zero-set is the union of the complex hyperplanes {z : (a,2) = ¢},
where a € R™, ¢, € C.
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Now we introduce most of the notation which will be used. We also give some
definitions.

For z,w € CP, we write (z,w) = ) zjw;. We put B(z, R) = {w € CP| |z —w| <
R} for 2 € CP and R > 0, S?~! = {2z € CP| |z| = 1}. Throughout this paper we
assume that € is a domain in C". If ; is a bounded domain whose closure is a
compact subset of Q, we write Q7 CC Q. We denote by D(£2) the space of smooth
C-valued functions with compact support in Q. For ¢ € D(C"), we write Ay for
the Laplacian. The symbol dwa,,(2) is used to denote the volume form on C™:

dwon(2) = (%) (dz1 AdZ) A ... A (dzn A dZn).

For a holomorphic function F(z), Z(F') denotes the zero-set of F. The term “mea-
sure” will refer to positive Radon measures.

If ¢ € D(C™), the standard complex Radon transform of ¢ (denoted by ¢) is
defined by

where (s,£) € C x (C™\ 0), and d\(z) is the area element on the hyperplane {z :
(2,§) = s}

Throughout this paper we fix positive integers m and n > 2. Let P,,, denote the
vector space of all polynomials in the complex variables z1, ..., z, of degrees < m.
The dimension of P, will be denoted by N +1. We fix a basis {1, P1(2),..., Pn(z)}
of P,,, where the polynomials Pj(z) are homogeneous and Pj(z) = z; for 1 <
j < n. P(z) denotes the vector-valued function (P;i(z),..., Px(2)). Let X denote
the topological product [0,00) x S?V~1. For an open set Y C X, we denote by
C.(Y') the space of continuous C-valued functions with compact support in Y. For
a set A C C", we denote by A the set of all (t,w) € X such that the polynomial
t — (P(z),w) has zeros in A. If A C B, then obviously A C B.

Lemma 1

Let G C C™ be an open set and let K C C" be compact. Then the set G is
open and K is a compact subset of X.

Proof. Fix (to,wo) € G. By definition ¢y = (P(z0), wo) for some zy € G. Suppose,
seeking a contradiction, that (£, wp) is not contained in the interior of G. Then there
exists a sequence {tg,wy}32, C X such that (tg,wy) — (to,wo) and (t,wy) ¢ G.
For some & € S?"~! the function q(\) = to — (P(20 + A),wo) of the variable
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A € C is not identically zero. Since ¢(0) = 0, it follows from the Hurwitz theorem
that, for k& > k(e), the functions gx(\) = tx — (P(z0 + Ao),w,) have zeros in
{A € C: |\ < e}. Consequently, the functions ¢t — (P(z),wy) have zeros in G for
k > ko, which contradicts the conditions (tx,wy) ¢ G.

Let K C C™ be compact. It is easy to see that K C [0, R] x S2N=1 for some
R > 0. Thus, to complete the proof of Lemma 1, it remains to show that K is
closed. Suppose {ty, wi}2; C K and (tg, wg) — (to,wp). By definition of K, we
have t; = (P(zk),wy) for some z, € K. We may suppose that z; — zp € K. Then
to = (P(z), wo) and (to,wo) € K by definition of K. Lemma 1 is proved. [J

DEFINITION 1. A subharmonic function u(z) on Q@ C C™ will be called an m-
logarithmic potential with a harmonic addition (m — log + h-potential) if there
exists a measure g > 0 on €2 such that for every Q; CC Q we have

3) u(z) = [nle— (P(2),w)] dutt.w) + H(S,2)

o
where H (2, z) is harmonic on ;. The measure p will be called the m — log + h-
measure of u. Let u(z) be a plurisubharmonic function on . We say that u(z) is
an m-logarithmic potential (m — log-potential) and that measure y is the m — log-

measure of u if for every €; CC 2 the representation (3) holds, where the function
H (€, z) is pluriharmonic on ;.

Lemma 2

For all (s,w) € C x §?"~1 ¢ € D(C") the following equalities hold:

(@ [ 1nls = Gl G2 don(2) = (/200w
CTL
(5) [ 1nls =z wlBp(e) deanz) = ()05, )
(C‘n.

where ¢(s,w) is the (complex) Radon transform of .
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Proof. Tt is evident that (5) follows from (4). To prove (4), we denote by I the
integral on the left-hand side of (4). The change of variables gives

I = /ln s — Altbij (N, w)dwa (N),
C
where 1;;(\,w) is the Radon transform of v;;(z) = 8%¢(z)/02,0%;. We have [5,
Chapter II]

, 925 (),
For every ¢ () € D(C) we have [7, Chapter II]]
(7) / In|s — A ‘9;;/’;2) dws () = (7/2)0(s).

C

Since, for every w € S?"71 @(s,w) belongs to D(C), the assertion being proved
follows from (6) and (7). The lemma is proved. O

It should be noted that the Poincare-Lelong formula [6] contains (5) as a special
case.

Equality (5) can be used as a definition of the Radon transform. In a natural
way this leads to the following.

DEFINITION 2. Let ¢(z) € D(C™). In the notation introduced above, the m-Radon
transform of ¢ (denoted by ¢) is defined by

o(t,w) = % /ln]t —(P(2), w)|Ap(2) dwa,(2), (t,w) € [0,00) x SN,
(C’n

Let ¢(t,w) be the m-Radon transform of ¢ € D(C"™). Suppose (wi,...,wy,)
€ 8?1 For w = (wy,...,wn,0,...,0) € S?~1 we have by Lemma 2 that
o(t,w) = ¢(t,wr,...,wy,), where ¢ is the standard Radon transform of ¢. In par-
ticular, the 1-Radon transform coincides with the restriction of the standard Radon
transform of o to Rx S?"~1. Therefore, if ¢(¢,w) = 0, then ¢(¢,w) = 0 on Rx §?~1,
so ¢(z) =0 in view of well-known properties of the Radon transform.

Lemma 3
For alli,j € {1,...,n} and ¢ € D(R) the function

(8) @ZJU(t,’w) = /ln|t_ <P(Z),w>|6 SO(Z)

8Zi82j
Cn

dway (z)

~ ~

belongs to C.(2). For every function ¢ € C.(S2) there exists a nonnegative function
¢ € D(Q) such that |[Y(t,w)| < @(t,w), where ¢(t,w) is the m-Radon transform
of .
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Proof. Let ¢ € D(£2). Let €3 CC €2 be a bounded domain that contains the support
of ¢. For every (t w) ¢ € the function In |t — (P(z),w)| is pluriharmonic on €,
by definition of ;. Then for (t,w) ¢ () the integral on the right-hand side of (8)

equals zero. Therefore the support of v;; is contained in Ql Suppose (tg, wg) € X
and (tx,wr) — (to,wo) € X as k — oo. Then it is easily seen that

klin;o/|ln\tk — (P(z),wi)| — In|tog — (P(z), wo)|| dwan(z) =0

for every K CcC C". From this it follows that t;; is continuous on X = [0, 00) X
S2N -1

Suppose now that 1 € C,(Q). Let {21521 be a sequence of bounded domains
such that Q, C Q11 and UQ, = Q. Then by Lemma 1, the sets Qp are open and

{Qp}gil is a covering of ). The support of ¥ is a compact subset of €, so there

exists a number ¢ such that suppy C Q,. Let ¢ € D(Q) be a nonnegative function
such that ¢(2) =1 on Qg41. Let $(t,w) be the m-Radon transform of ¢. Since the
function In |t — (P(z),w)| is plurisubharmonic, we have ¢(t,w) > 0. We will show,

by the method of contradiction, that ¢(¢,w) > 0 on ,. Suppose @(tg, wp) = 0 for
some (tg,wp) € . By the choice of the function ¢ we have

@(t07w0) > Cn/-’L(to,TUg)(Qq-‘rl)?

where ¢, > 0 and fi(4,,u,) is the Riesz measure of the function In [ty — (P(z),wo)|.
Since G(to,wo) = 0, we have (s wo)(Qg41) = 0. This means that the function

In|ty — (P(z),wo)| is harmonic on Qg41. On the other hand, since (¢p,wo) € flq,
we have In |ty — <P(z0) wp)| = —oc for some zy € ‘This contradiction shows that

o(t,w) > 0 on Q Since ¢(t,w) is continuous and since Qq is a compact set, there

exists ¢g > 0 such that @(t,w) > ¢y on Qq. Then, since suppy C Qq, we have
| (t, w)| < Ap(t, w) for some A > 0. Lemma 3 is proved. O

Theorem 1

Let u(z) # —oo be a subharmonic function on 2 C C". In order that u(z) be
an m — log + h-potential on (2, it is necessary and sufficient that

9) /u(z)Agp(z) dwan (z) >0, for each ¢ € D(QQ) such that ¢ >0,

where ¢ denotes the m-Radon transform of ¢.
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Proof. Necessity. Let u(z) be an m — log + h-potential on €. Denote by u the
m — log + h-measure of u. Suppose that the m-Radon transform of ¢ € D(Q) is
nonnegative. Since ¢ € D(2) for some ; CC €, it follows from Definition 1 and
Fubini’s theorem that

/u(z)A@(z) dwoy (z)

Q1
/(W Ap(z)In|t — (P(2),w)| dwan(2) | du(t,w)
o

:27r/g5(t,w) du(t,w) > 0.
o}
The last equality follows from the definition of the m-Radon transform.

Sufficiency Let u(z) # —oo be a subharmonic function on €2 such that (9)

holds. Denote by ReC.(£2) the vector space of all real-valued functions ¢ € C.(Q2).
Let M be the subspace of ReC.() formed by the m-Radon transforms ¢ of functions
@ € D(2). Since every function ¢ € D(Q) is uniquely determined by its m-Radon
transform, it follows from Definition 2 that ¢ belongs to M if and only if it is the
m-Radon transform of a real-valued function ¢ € D(Q2). We define a functional F

on M by

(P.3) = 5 [ 1(2)A0() donn(),

where the function ¢ € D(2) is chosen in such a way that its m-Radon transform
equals (. Since @ is uniquely determined by ¢, the functional F' is well defined. By
our assumption the functional F is positive on M, i.e., (F,@) > 0 for ¢ > 0. By
Lemma 3 for every function ¢ (t, w) € C.({) there exists a function ¢ € M such that
(¢, w)| < @(t, w). Then [12, Chapter XI] F' can be extended to a positive functional

Fy on ReC.(2). By the Riesz theorem on positive functionals [7, Chapter III] there
exists a positive Radon measure on {2 such that

(F1 ) = / (t,w) dpt, w)
Q

for every 1 (t,w) € ReC,(Q). Let Q; cC Q. We set

(10) H(Q,2) =u(z) — /ln |t — (P(z),w)| du(t,w).

1951
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We will show that the function H (€, 2) is harmonic on ;. Fix some real-valued
function ¢ € D(£21) and denote by ¢(t, w) the m-Radon transform of ¢. It follows
from Fubini’s theorem and Definition 2 that

/ H(Q1,2)Ap(2) dwap(2)
951

(11) —/u(z)Ago(z) dwa,(2) —27r/g2>(t,w) du(t,w).

Q1 5221

By Lemma 3 we have suppy C (1. Then by the construction of the measure u, the
difference on the right-hand side of (11) equals zero. Then [9, Chapter XI] there
exists a harmonic function H(2;,z) on €, such that H(Qy,z) = H(Qy,z) almost
everywhere on €. Therefore, in view of (10), H(Q4,z) — H(Qy, 2) is a difference
of two subharmonic functions and equals zero almost everywhere on ;. Then [15,
Chapter 1] H(Q,2) — H(Q1, 2) = 0 everywhere on €. Theorem 1 is proved. I

Theorem 1 is an analogue of the Riesz theorem on the integral representation
of subharmonic functions of one complex variable. We can state the Riesz theorem
as follows:

Let u be a distribution on a domain 2 C C. In order that u be a logarithmic
potential, it is necessary and sufficient that

(12) (Au, ) >0 for each ¢ € D(Q) such that ¢ >0,

i.e., every subharmonic function of one complex variable is a logarithmic potential.

If u(z) # —oo is a subharmonic function on a domain Q C C",;n > 2, then (12) is
not equivalent to (9), because there is a class K of functions ¢ € D(2) such that the
m-Radon transform of every ¢ € K is nonnegative, but nonetheless the inequality
@ > 0 is not true. We shall see that, for every m, there exists a plurisubharmonic
function that is not an m — log + h-potential. (See Theorem 3.)

Remark 1. Let u(z) be an m — log + h-potential on 2 C C™ and let p be a positive
measure on ). It is easy to see that u is the m — log + h-measure of u if and only
if, for every ¢ € D(), the following equality holds:

/u(z)Ago(z)dwgn(z) = 27T/gb(t,w)du(t7w),

Q Q
where ¢(t,w) is the m-Radon transform of ¢. This measure is not unique, even in
the case m = 1.

Lemma 4

Let 2 be a domain in C™ and let ;1 > 0 be a positive measure on Q). Then there
exists an m—log+h-potential u(z) on € such that p is one of the m—log-+h-measures
of u.
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Proof. We define a functional v on D(Q2) by

(v, ) = 2 / B (¢, w)dp(t, w),
Q

where ¢(t,w) is the m-Radon transform of ¢. The functional v is well defined
because by Lemma 3 ¢ belongs to CC(Q) for every function ¢ € D(2). We have
(v,) > 0 for ¢ > 0. By the Riesz theorem on positive functionals there exists a
positive measure v on €2 such that

(v, 0) = / () (2)

Q

for every ¢ € D(£2). Then [8, Chapter IV] there exists a subharmonic function u(z)
on  such that Au = v. By Theorem 1 u(z) is an m — log + h-potential on © and
w is the m — log + h-measure of u. The lemma is proved. [J

For a domain Q C C" let D"~ 1"~1(Q) denote the space of smooth and com-
pactly supported differential forms on D(Q2) of bidegree (n — 1,n — 1). Every form
€ D" 1"=1(Q) may be written in unique way as

(13) Z Prm (2) A Wi,

k,m=1

where ¢, € D(2), and the forms wy,, are defined by the equalities
%dzk ANdZy N\ Wi = (%) (dzy NdzZy) Ao A (dzp N dZy).

Let us agree to call the functions ¢, on the right-hand side of (13) the coeffi-
cients of ¢. As usual we denote by dd® the operator 2i90.

DEFINITION 3. Let ¢ € D*~1"~1(C"). The m-Radon transform of ¢ is defined by
- 1 c
cp(t,w) = %(m |t - <P(Z),’U)>|,dd QO>

1 0%pij (2
(14) — 5 [l = (Pa)w) Z 1500 ) dnn(2),
Cn

where, for i, j = 1,...,n, the functions ¢;;(2) are the coefficients of .
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By Lemma 3 the m-Radon transform of every ¢ € D" 1"~1(Q) belongs to
C.(Q). Tt follows from the Poincare-Lelong formula that, for every (¢, w) € [0, 00) X
52N=1 the m-Radon transform @(¢,w) of ¢ € D"~ 1"~1(C") equals [D,)](¢),
where [D(y,,,)] is the current of integration over the set D,y = {z: t = (P(2),w)}.

Lemma 5

Let ¢ € D"~ 1"=1(C™). Then the m-Radon transform ¢(t,w) of ¢ is identically
zero if and only if dd“p = 0, i.e., the coefficients ;; of ¢ satisfy the equality

3 el
2 821823 o

Moreover, the function ¢(t,w) is real-valued if and only if

%;
(15) Im Z afej)z 0.
10%j

Proof. Obviously it is enough to prove the second statement of the lemma. Let
@(t,w) be the m-Radon transform of ¢ € D"~ 17~1(C"). If the coefficients
of ¢ satisfy (15), then, in view of (14), Im(g(t,w)) = 0. Suppose now that
Im(p(t,w)) = 0. Denote by ¢;; the standard Radon transform of ¢;;. Setting

w = (w1,...,Wn,0,...,0) for (wi,...,w,) € S?"1 we obtain from (4) that
(16) Im Z W Wi (t,wi, ..., wy) | =0
i,j=1

for every ¢t > 0. For all ¥ € D(C") and a € C\ 0 we have

P(as, af) = o] 2(s,8),  (5,6) €Cx (C™\0).

Then we obtain from (16) that

Im | > &&0i(s,) | =0, (s,6) €Cx (C*\0).

4,j=1

From this it follows that

32 n ~ a Z
(7)ot | D &€ii(s,€) | =1Tm Z €é, sg;as_ 9\ _,.
i,5=1

i,7=1
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— 824 2,
Since fifj%a(g’g) is the standard Radon transform of 88%5;), it follows

from (17) that (15) is valid. The lemma is proved. OJ

Theorem 2

Let u(z) # —oo be a plurisubharmonic function on a domain Q@ C C". Then
u(z) is an m — log-potential on ) if and only if

(18) (u,ddp) >0 for each ¢ € D"~ " ~1(Q) such that ¢ > 0,
where ¢ denotes the m-Radon transform of ¢.

Proof. The proof of Theorem 2 is similar to that of Theorem 1. The “only if” part
is an immediate consequence of Fubini’s theorem and Definition 3. Let us prove
the “if” part. Let u(z) # —oo be a plurisubharmonic function on €2 such that (18)

holds. As in the proof of Theorem 1, ReC.(€2) denotes the space of real-valued
functions 1) € Co(Q). Let L be the subspace of ReC,(2) formed by the m-Radon
transforms of forms ¢ € D"~17=1(Q). By Lemma 5 the m-Radon transform of
¢ € D"~ =1(Q) belongs to L if and only if the coefficients of ¢ satisfy (15). If

Y € D(Q) is real-valued, then the m-Radon transform of the form
= h(z) Awj
j=1

equals the m-Radon transform of the function . Therefore L contains the space
M formed by the m-Radon transforms of real-valued functions in D(£2). Then by

Lemma 3, for every ¢ € C.(§2), there exists a function ¢ € L such that || < $. We
define a functional F' on L by

(F.g) = 5w dd°g),
where the m-Radon transform of ¢ € D"~ 1"=1(Q) equals ¢. If ¢ = 0, then by
Lemma 5 we have dd°¢p = 0. Therefore the functional F' is well defined. By our
assumption F is positive on L. There exists a positive functional F} on ReC’C(Q)
that is an extension of F'. This functional F} is the m-log-measure of u. The proof

is complete. [

It is evident that there is a class of m-log+h-potentials which are not pluri-
subharmonic. However, we have the following fact:
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Lemma 6

Let u(z) be an m-log+h-potential on a domain @ C C" and let u be the m-
log+h measure of u. Suppose that u(z) is harmonic on some neighborhood of z, € ).
Then there exists r > 0 such that p(K(zo,r)) = 0, where

K(zo,7) = {(t,w) € [0,00) x SNt — (P(z),w)| < r}.

If u(z) is pluriharmonic on some open subset of 2, then u(z) is an m-log-
potential on ) and p is the m-log-measure of u.

Proof. Suppose that u(z) is harmonic on B(zp,¢), where B(zp,¢) C Q. We claim
that K (z0,7) C B(z,¢) for some r > 0. Indeed, in the contrary case, there exists
a sequence of positive numbers r,, r, — 0, such that (¢,,w,) ¢ B(zo,a) for some
(tp,wp) € K(20,7p). We may assume that (t,,w,) — (to,wo) € [0,00) x SZN—1,
Then to — (P(z0),wo) = 0, so we have (to,wp) € B(zo,z-:). By Lemma 1 B(zo,s) is
open, which contradicts that (t,,w,) ¢ B(z,e). Thus we have K(z9,7) C B(z0,¢)
for some r > 0. Since K(zg,r) is compact, there exists a nonnegative function
Yo(t,w) € Co(B(z0,¢)) that equals 1 on K (2, r). By Lemma 3 there is a nonnegative
function ¢o(z) € D(B(20,¢)) such that 1o (t,w) < @o(t, w), where @o(t, w) is the m-
Radon transform of ¢y. Then, in view of Remark 1, we have

0= /u(z)Ag@o(z)dwgn(z) = ZW/géo(t, w)du(t, w)
> 277/@[}0(25, w)dp(t, w) > 2w (K (z0,71)).

Therefore we have (K (zg,7)) = 0.
Suppose now that u(z) is pluriharmonic on B(zg, ). Let 1 CC Q be a bounded
domain such that B(zg,&) C €. Then the function

H(Qq,2) = /ln |t — (P(z),w)| du(t,w) — u(z)
o

is harmonic on €y and plurisubharmonic on B(zp,¢). Then H (94, z) is plurihar-
2
monic on B(zg,¢). For every 7,5 € {1,...,n} the function %g;;z)
82 H(Q4,2)
Bziafj

is real-analytic

on €y and vanishes on B(zg,¢). Therefore is identically zero. This means
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that H (4, z) is pluriharmonic on ;. Suppose now that €, CC 2 is arbitrary. Let
Qs CC Q be a domain that contains Q; U B(zg, ). We set

H(Qj,z):/ln|t—<P(z),w>|du(t,w)—u(z), =12

Q;

By what has been proved, the function H (s, z) is pluriharmonic on 5. We have

19 H@u) = [ Wl (Pl da(tw) + H(s,2)
2\
Since, for every (t,w) ¢ Q, the function t — (P(2),w) has no zeros in €, the

integral on the right-hand side of (19) is pluriharmonic on €. Therefore H(Q4, z)
is pluriharmonic on 2;. The proof is complete. [

From Lemma 6 and Theorem 1 we obtain

Corollary

Let L(z) # 0 be a holomorphic function on a domain 2 C C™. In order that
In |L(z)| be an m-log-potential on §), it is necessary and sufficient that

/1n|L(z)|Agp(z) dwan(z) >0

for every function ¢ € D(§2) whose m-Radon transform is nonnegative.

Theorem 3

Let L(z) # 0 be a holomorphic function on @ C C™. Then In|L(z)| is an m-log-
potential on Q if and only if there exist sequences of positive integers {ny}3>, and
irreducible polynomials {Py(z)}72, of degrees < m such that, for every Qy CC Q,
the following formula holds:

(20) L(z) =g(Q,2) ] (Bez)™  ze,
kelI(921)

where 1(€2) is a finite set and g(§2, z) is holomorphic and nowhere zero on ;.
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Remark 2. For every irreducible polynomial P(z), Z(P) is an irreducible analytic
subset of C". (For the definition of complex analytic sets and their fundamental
properties we refer to E.M. Chirka [1].) Then, by the uniqueness theorem for irre-
ducible analytic subsets, Z(P) is nowhere dense in the zero-set of every polynomial
Q(z) which is not divisible by P. In particular, for every j, Z(P) is nowhere dense in
Z(0P/0zj). This means that every function L(z) € H(Q) with Z(L)NQ D Z(P)NQ
is divisible by P.

Remark 3. In the case of an arbitrary domain €, the representation (20) and the
equality

(21) 2(L)NQ = fj Z(P)NQ,
k=1

are not equivalent. There exist a domain @ C C" and a function L(z) € H()
satisfying (21) such that, for some ©Q; CC €, the representation (20) also holds
but the function ¢g(€2;, 2) on the right-hand side of (20) has zeros in €2; and is not
divisible by any polynomial P. If L(z) is an entire function, then, for every domain
2 C C", (20) is equivalent to (21) because, by the uniqueness theorem for irreducible
analytic subsets, the relation Z(P) N C Z(L) N Q implies Z(P,) C Z(L). This
means that, if (21) holds, then, for every ©; CC €, the function g(£21, 2) is entire.
Thus if g(£21, z) has zeros in 1, then by (21) it is divisible by P} for some k.

An important tool in the proof of Theorem 3 is the Lelong number [11]. We
recall it here:

Let u(z) be a plurisubharmonic function on some neighborhood V,, of a € C".
We denote by A(a,r,u) the average of u over the sphere of radius r about a. The
Lelong number v, (a) is defined by

. Ma,r,u)
w(a) = lim ———~.
v (CL) rl—r% Inr
If L(z) # 0 is a holomorphic function on V,, then the Lelong number v, (a) of the
function u(z) = In |L(2)| equals the order of the zero of L at the point a (if L(a) # 0,
then v, (a) = 0).

Proof of Theorem 3. The “if” part follows immediately from the definition of m-
log-potentials. We shall prove the “only if ” part. Let L(z) #Z 0 be a holomorphic
function such that In|L(z)| is an m-log-potential on €. Assume, without loss of
generality, that 0 € Q and L(0) # 0.

Let 11 be the m-log-measure of In |L(z)|. We denote by B the set of all (¢, w) €
such that L(z) vanishes on {z € Q|t = (P(z),w)}. It is easy to see that B is
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(relatively) closed in . We claim that ;(Q\ B) = 0. Indeed, for every (to,wo) €
Q\ B, there exists a point zy € Q such that to = (P(z),wo) and L(z) # 0. Then
In|L(z)| is pluriharmonic on some neighborhood of zy. Then by Lemma 6 there
exists » > 0 such that

A=A{(t.w)| [t = (P(z0),w)| <r} C Q

and p(A) = 0. The set A is open and contains the point (o, wp). Thus, for every
(t,w) € Q\ B, there exists an open set A C Q such that (£,w) € A and p(A) = 0.
Therefore Q \ B can be covered by a countable union of sets Ay with u(Ag) = 0.
Then p(Q\ B) = 0. If B =0, then x(Q) = 0 and In|L(z)| is pluriharmonic on Q,i.e.,
L(z) has no zeros in . Suppose now that B # (). By what has been proved, we
have for every 27 CC 2 that

In |L(z)] = / I [t — (P(2), w)| du(t, w) + H(, 2),
LnB

where H (€, 2) is pluriharmonic on ;.

Without loss of generality we can assume that m > 1. Denote by B,,_; the
set of all (t,w) € B such that In|t — (P(z),w)| is an (m — 1)-log-potential on C™.
Since B is closed in Q, it follows from Theorem 2 that Bm_l is also closed in ). Let
By, = B\ B,,_1. For every (t,w) € B,, the polynomial t — (P(z),w) is irreducible,
for in the contrary case In |t — (P(z),w)| is an (m — 1)-log-potential. Since, for every
(t,w) € B, L(z) vanishes on {z € Q|t = (P(z),w)}, it follows from Remark 2 that
every finite product

[1t = (P(z),w;)) , (tj,w;) € B,

divides L(z). Then, for every Q; CC €, the intersection B, N is a finite set of
points. Therefore the restriction v, of the measure p to By, equals

oo
Vmp = Z ak,mé(tk,wu wk,m)a
k=1

where ag,, > 0 and 6(tgm,wy,m) denotes the Dirac measure at the point

(tk,ma wk,m)-
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By Lemma 4 there exists an m-log+h-potential v(z) on Q (an m-log-potential
with a harmonic addition) such that v, is one of the m-log+h-measures of v(z).
Then, for every 2; CC €2, we have

(22) In|L(2)| —v(z) = / In|t — (P(2),w)| du(t, w) + h(Q4, 2),

ﬁlmém,—l

where h(Qy,z) is harmonic on Q. Since, for every (t,w) € B,,_1, the function
In|t — (P(2),w)| is an (m — 1)-log-potential on C", it follows from Theorem 1 and
the representation (22) that In|L(z)| — v(2) is an (m — 1)-log-+h-potential on €.

In the case of k-log-potentials, 1 < k < m, we can use the same kernel In |t —
(P(z),w)| as well as in the case of m-log-potentials. In other words, we can assume
that, for 1 < k < m, every k-log-potential is an m-log-potential whose m-log-measure
is concentrated on S, where Sj, denotes the set of all (t,w) € [0,00) x S?N~! such
that (P(z),w) is a polynomial of degree < k. Thus, there is a measure jip,_1 on
such that, for every Q; CC Q,

In|L(z)| —v(z) = / In |t — (P(2),w)| dpm—1(t,w) + h(Q4, 2),

ansvn—l

where the function h({21,z) is harmonic on ;. Then by the construction of the
potential v(z) we have

)= [ Wl (P ) dunea(t o)
NSt

(23) + > o I [t — (P(2), Wem)| 4 b1 (Q1, 2),

(tk,m wr,m)E

where hi(€, 2) is also harmonic on €. Then by definition, fi,,—1 + v, is one of
the m-log+h-measures of In|L(z)|. Since In|L(z)| is pluriharmonic on some neigh-
borhood of the origin, it follows from Lemma 6 that p,,—1 + v, is one of the m-
log-measures of In|L(z)|i.e., for every Q3 CC €, the function hi(€Q;,2) on the
right-hand side of (23) is pluriharmonic on ;. By what has been proved, the mea-
sure [y, —1 + Vp, is concentrated on B. Let B,,_1 be the set of all (t,w) € S,,—-1 N B
such that In |t — (P(z),w)]| is not an (m — 2)-log-potential on C". Since, for every
(t,w) € By,—1, the polynomial t — (P(z),w) is irreducible, it follows, exactly as
above, that B,,_1 is a discrete set such that, for every €2y CC {2, the intersection
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B,-1N fll is a finite set. Therefore the restriction v, 1 of the measure p,,_1 to

B,,_1 equals
o

Vm—1 = Zak,mflé(tk,mfla Wk,m—1)-
k=1
Then as above, we see that one of the m-log-measures of In|L(z)| is of the form
Vm +Vm—1+ lbm—2, where the measure i, _o is concentrated on BN.S,, 2. Repeating
the above procedure for m —2,m — 3,...,1, we see that the function In|L(z)| has
the m-log-measure

v= Z apd(tp, wp),
p=1

where a;, > 0, and, for every ; CC €, the intersection {tp,wp};il N 51 is a finite
set. Moreover, for every p € N the polynomial Q,(z) = t, — (P(z), w,) is irreducible,
and (t,,w,) € B. Since L(0) # 0, we have t,, # 0 for every p € N. This means that
for p; # po the function @Qp, (2)/@p, (%) is not constant.

The next step is to prove that the coefficients «,, are positive integers. For
Q; CC Q we denote by I(£2;) the set of all p € N such that (t,,w,) € Q. As above,
Qp(z) denotes the polynomial t, — (P(z),wp). Fix py € N. For some ; CC Q
we have (t,,,wp,) € Q. Since I(€;) is a finite set, by Remark 2 there is a point
2o € {z € Y| Qp,(2) = 0} lying outside the union

0
U e Q) =0} U{ze(ll\ %721(2):0}
pE€I(Q1)\{po}
We have
In|L(2)[ = ap, In[tp, — (P(2), wp,)|
(24) + Y, — (P(2),wp)| + Hi(, 2),

p€I(Q1)\{po}

where H;(€4, z) is pluriharmonic on €. Let v,(z) denote the Lelong number of
In|t, — (P(z),wp)| at the point z. By the choice of the point zy we have v,(zp) =0
for p € I(€1) \ {po}, and vp,(20) = 1. Then from (24) we obtain

Qpy = VL(ZO)7
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where v, (2p) is the Lelong number of In|L(z)| at the point zy. Thus, for every
p € N, we have oy, = np, where n, € N. For ; CC {2 we set

L(2)
[I (tp — (P(2),wp))™

(tp,wp)€I(S21)

g(Ql,Z) =

It follows from (24) that In|g(921, z)| is pluriharmonic on ;. Therefore the function
9(€1, 2) is holomorphic and nowhere zero on ;. Theorem 3 is proved. [J

Corollary 1

Let P(z) be a holomorphic polynomial whose degree equals m,m > 1. Then
P(z) is reducible if and only if In|P(z)| is an (m — 1)-log-potential.

In [19] it is shown that every smooth strictly plurisubharmonic function is an
1-log-potential on some neighborhood of every point. On the other hand, it is easy
to find such a function which is not an 1-log-potential on the whole space C™. This
means that the statement of Theorem 2 is not of local nature. However, if we
consider a function of the form u(z) = In|L(z)|, where L(z) is an entire function,
then the situation turns out to be quite different:

Corollary 2

Let Q2 be a domain in C", and let L(z) # 0 be an entire function. Then the
function In |L(z)| is an m-log-potential on Q if and only if it is an m-log-potential
on some neighborhood of every z € ().

It is easy to see that Corollary 2 is a consequence of the following result:

Lemma 7

Let L(z) # 0 be an entire function. Let D1, Dy be domains such that D; N Dy #
(). Suppose that the function In|L(z)| is an m-log-potential both on Dy and on Ds.
Then it is an m-log-potential on D1 U Ds.

Proof of Lemma 7. By Theorem 3 we have

(25) Z(L)nD; = J (Z(P)nDy), =12
kel;
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where I; and I are countable sets and Pj(z) are irreducible polynomials of degrees
< m. As remarked above, the relation Z(P;) N D; C Z(L) N D; implies Z(Py) C
Z(L). Therefore we have

Z(L)> |J 2.

kel Ul

It then follows from (25) that

Z(L)N(D1UDy)= | ) Z(P)n(D1UD,).

ke]lulg

Then by Remark 3, In |L(z)| is an m-log-potential on Dy U Dy. Lemma 7 is proved,
and with it also Corollary 2. [J

Corollary 2 and its proof remain valid if we assume only that the function L(z) is
holomorphic on a domain €2 such that, for every irreducible polynomial P of degree
< m, the intersection 2 N Z(p) is an irreducible analytic subset of Q (instead of
assuming that L(z) is entire). We then have the following result.

Corollary 3

L(z) # 0 be a holomorphic function on a convex domain €2 in C". Then the
function In |L(z)| is an 1-log-potential on 2 if and only if it is an 1-log-potential on
some neighborhood of every z € ().

We now show that Corollary 3 is false if 2 is not convex. Let D; and Dy be
simply connected plane domains such that D; N Dy = 57 U Sy, where S; and Ss
are convex open sets with S; NSy = (. Let [ = {(z1,22) € C?| 21 = 2o} and
D = Dy x Dy C C%. The intersection [ N D is an analytic subset of D consisting
of two irreducible components A; = {(A\,\) € C?| A € S;}, 5 = 1,2. Then [10,
Theorem 6.1.8] there exists a function L(z) € H(D) such that A; = Z(L) N D and
L divides every function g € H(2) which vanishes on A;. Then In|L(z)| is an 1-
log-potential on some neighborhood of every z € D because for every z € A; the
functions L(z)/(z1 — 2z2) and (21 — 22)/L(2) are holomorphic on some neighborhood
of z. Suppose that In|L(z)| is an 1-log potential on D. Then from Theorem 3 it
follows that L(z) vanishes on Ay which contradicts the equality A, = Z(L) N D.
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