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ABSTRACT
It is shown that Bessel capacities in reflexive Orlicz spaces are non in-
creasing under orthogonal projection of sets. This is used to get a continuity of
potentials on some subspaces. The obtained results generalize those of Meyers
and Reshetnyak in the case of Lebesgue classes.

Introduction

In [3, 4, 2] we have introduced a theory of capacities in Orlicz spaces and began to
study potentials in these spaces.

In this paper we continue to study some properties of potentials in Orlicz spaces.
Hence we prove in theorem 1 that the capacities in reflexive Orlicz spaces are non
increasing under orthogonal projection of sets. This allows us to describe sets for
which the potentials are continuous. In particular, for Bessel potentials, we have
more information about their differentiability. On the other hand for some special
Lipschitzian maps, T, we show the following;:

malT(X)] < CBJ, 4(X) (for diam X < p).

Hence the null sets (for B}, ,) are conserved by T". We show also, as in the case of
Lebesgue classes the following

B,, A(ParX) < CB,, 4(X)
for X such that diam Pgp X < p.
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Here we define Pgp as the projection of R onto G, parallel to H, when RY is
the affine direct sum of G and H.

All the results obtained generalize those of Meyers in [11] and Reshetnyak [13]
in the case of Lebesgue spaces.

1. Preliminaries

Let a be a function defined in [0, +00[ and satisfying the following:
i) a(0) =0, a(t) > 0if t > 0 and lim; .~ a(t) =+ o0
ii) a is right continuous on [0, + oo

iii) a is increasing in [0, + ool.

For t € R, set:

Then A is called N-function. Define a* in [0, 4 oo[ as
a*(s) = sup{t: a(t) < s}.

a* verifies also i), ii) and iii). One associates to a* the N-function A* defined, for
all t € R, by:

2]
A (1) = /0 o () dz.

A* is called the N-function conjugate to A. Let A be an N-function and 2 an open
set in RV. We note £4() the set of measurable functions f, on €2, such that

/ A(f(z))dx < 0.
Q

This set is called an Orlicz class. We put

p(fA4.0) = / A(f(2))de

Q
and if Q = RY,
p(f,A)= [ A(f(z))dz.

RN
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Let A and A* be two conjugate N-functions and f a measurable function defined
almost everywhere in ). The number ||f|l4,q, or ||f||a if there is no confusion,
defined by

1lla = sup { [ @it g € L4-(@) and g, 4%, 9) < 1}

is called the Orlicz norm of f.

The set L4(£2) of measurable functions f, such that ||f||la < oo is called an
Orlicz space. When 0 = RY | we set L4 in place of L(RY).

The Luxemburg norm ||f||a,q, or ||f|a if there is no confusion, is defined in

La() by:
|||f|||A=mf{s>o:/QA[fqudxgl}.

Let A be an N-function. We say that A verifies the A condition if there exists
a constant C' > 0 such that A(2t) < C A(t) for all ¢ > 0.

Recall that A verifies the Ay condition if and only if £4 = L4. Moreover L4
is reflexive if and only if A and A* satisfy the A condition.

Let k be a positive and measurable function in RY, k is called a kernel. Let A
be an N-function. For X C RY, we define

Cr,a(X) =inf{A(||flla): f€ L} and k* f > 1 on X}

Croa(X) =inf{||flla: feL}and k*f>1on X}

where k * f is the usual convolution. The sign + deals with positive elements in the
considered space. Then C,; 4 s a capacity in the ordinary sense and Cj 4 = AoC), 4
is called A-capacity. 7

If a statement holds except on a set X where Cj 4(X) = 0, then we say that the
statement holds Cj a-quasi everywhere (abbreviated Cj a-q.e or (k, A)-q.e if there
is no confusion).

Let f and the elements of the sequence (f;); be real valued functions which are
finite C a-q.e. We say that (f;); converges C 4 quasi uniformly to f (in abbreviated
fi = f Ck a-q.u) if:

Ve>0,3X:Cka(X)<e and f; — f uniformly on “X.

We call a function f in LY such that k*f > 1 on X, a test function for Cr.a(X).
Moreover, a test function, say f, for C} ,(X) such that C} 4(X) = || f[la is called a
C}. a-capacitary distribution of X and k * f a C},_,-capacitary potential of X.



80 ATSSAOUI

For the properties of C,’€7 4 and Cy,_ 4, see [3], and for the existence and uniqueness
of a C}, 4-capacitary distribution of a set, see [4].

M denotes the vector space of Radon measures. M; is the Banach space of
measures, equipped with the norm ||u|| = total variation of p < oc.

F will stand for the o-field of sets which are y-measurable for all u € M;".

If ue M1+, we say that p is concentrated on X if u(Y') = 0 for all sets Y which
are p-measurable and such that Y C°X.

Let A and A* be two conjugate N-functions. For X € F', we define

Dy, a(X) =sup{||p| : p € M;", p concentrated on X and ||k * || 4~ < 1}

where k * y is the convolution of k and p defined by:

(1) () = / k(z — y) du(y).

A measure 4 € M;" such that p is concentrated on X and ||k * u[a- < 1 is
called a test measure for Dy, 4 (X). If in addition Dy 4(X) = ||u||, we say that p is
a Dy a-capacitary distribution and k * p is called a Dy, s-capacitary potential for X.

For the properties of Dy 4, see [3,4].

Bessel kernel is of principal interest in this paper. As classical references, see
[5,6,14].

For m > 0, the Bessel kernel, g,,, is most easily defined through its Fourier
transform F'(g,,) as:

[F(gm)] (x) = 2m) "2 (1 + |a]?) /2,
where

F()] () = (2m) =2 / fw)e ™ dy for f € L.

gm 18 positive, in Ly and verifies the equality

Gr+s = gr * gs.
In addition, we put

Bm,A = Cgm,A and B7/n,A = Cg/]m A°

If X is a locally compact set in RN and X = X U {Z} its one point compacti-
fication, then we denote by Cy(X) the Banach space of real continuous functions f
on X normed by sup, |f(z)|, and such that lim,_.z f(x) = 0.
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C.(X) will be the subspace of compact support functions in Cy(X).

2. Continuity of potentials

Theorem 1

Let A be an N-function such that A and A* satisfy the Ay condition. Let k be
a kernel on RN which is spherically symmetric and non-increasing as |z| increases.
If S is an affine subspace of RY and X a subspace of RY, then

Ck’A(PsX) < Ck7A(X).

Proof. We begin by proving the theorem in the case when X is a compact set. Let
v be a test measure for Dy 4(PsX), v is carried by Ps X. By the Hahn-Banach
theorem there exists u € MT(X) such that

Psp = v.

Hence
luall = vl
We must show that p is a test measure for Dy 4(X). From [8], if f € L4, then

Iflla = inf {ﬁl {1 +/A(6f(x))dx] }

Let > 0 and ¢ the function defined on [0, 00] by: ¢s(x) = A*(Sz).
We remark that ¢ satisfies the conditions of [11, theorem 2]. Applying this theorem,
we get

[t wi@s < [ 41500 Pop] (e

Hence
v >0, g [1 + [ aipes u)J(w)dx] < [1 + [ 40130 Pl )]

This implies

A= < ||k * Psp

Then p is a test measure for Dy 4(X) and

[l = vl < Dy, a(X).
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Hence

Dy, a(PsX) < Di,a(X).
However, from [2], we have for analytic sets,
Dk’A - CIIC,A

Whence
Cr,a(PsX) < Cra(X).

Now we consider the case when X is a countable union of compact sets. Then
there exists an increasing sequence of compact sets, (K;); such that

X =U; K.

Therefore
PsX = U, PsK;.

From [2] we deduce
lim Cp A (K;) = Cr,a(X) and  1lim Cy a(PsK;) = Cg a(PsX).

Hence

Cra(PsX) < Cra(X).

Now we treat the general case. Let O be an open set containing X. Then
Cr,a(PsX) < Cra(PsO) < Cr a(0).
Since Cj, 4 is an outer capacity, (see [3, théoreme 2]), we get
Cr,a(PsX) < Ck a(X).

The proof is finished. [
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Theorem 2

Let A be an N-function such that A and A* satisfy the As condition. Let k be
a kernel on RN which is spherically symmetric and non-increasing as |z| increases.
Further, suppose that k is locally Lebesgue integrable with lim|y| o k(z) = 0. Let
S be an affine subspace of R™. Then

1) For f € Ls and € > 0, there exists a closed set F' C S such that

Cra(S—F)<e and kxfeCyo(F+SH).
Hence
kx feColx+ SJ‘) Ck,a-qein S.
2) Let (f;); be a sequence convergent to f in La. Then there is a subsequence
(fir)ir, such that given € > 0, there exists a closed set F' C S with the property
Cea(S—F)<e and kxfy — kxfin Co(F +S4).

Hence
ks fir — kx f in Co(z + ST)Cy.a-q.c in S.

Proof. 1) There exists a sequence (f;); in C.(RY) such that f; — f in La.
It is clear that
k* f; € Co(RY).

From [3, théoréme 4] there is a subsequence (f;); such that
kx fi — kx f Cp a-q.u.

Since Cj 4 is an outer capacity, (see [3, théoreme 2]), there is an open set O
such that
Cr,a(0) <e and k= fiy — k= f uniformly on “O.

We define
F=5—-Ps0.
Then 1) follows from theorem 1.

Part 2) is proved by practically the same argument. [J

We apply theorem 2 to Bessel kernels and more precisely to their derivatives.

Lemma 1

Let A be an N-function and r, s two real numbers such that 0 < r < s. Then
for all X,
B,.4(X) < By a(X).
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Proof. Let f be a test function for Bs 4(X). Then
gsx f>1on X.

This implies
Gr+(gs—r % f) > 1 on X.

From [7 or 12] we have

lgs—r* flla < lflla llgs—rlls-

Hence gs_, * f is a test function for B, 4(X) and since ||gs_,||1 = 1, we get

Bra(X) < A([|f]]4)-

Whence
B, 4(X) < Bs,a(X).

The proof is finished. [

Theorem 3

Let A be an N-function such that A and A* satisfy the Ay condition. Let S be
an affine subspace of RN and 0 < s < m. Then
1) For f € La and € > 0, there exists a closed set F' C S such that

Bm_&A(S* F) <e

and
DI (g % f) € Co(F + S*) for all j,|j| < s.

Hence for such j,
DI (g * f) € Co( + 5*) Bm—s,a-q.c in S.

2) Let (f;); be a sequence convergent to f in La. Then there is a subsequence
(fi)ir such that given € > 0, there exists a closed set F' C S with the property

Bm_s’A(S— F) <€

and
DI (g % fir) — D? (g + f) in Co(F + S*) for all j,|j| < s.



On the continuity of Bessel potentials in Orlicz spaces 85
Hence for such 7,
DI(gm * fir) — DI (g * f) in Co(z 4+ ST)Bp_s.a-q.e in S.

Proof. Let S(RY) be the Schwartz space of rapidly decreasing C* functions and
f € S(RY). For j such that |j| < m, we have

FIDY (g * f)] = Cy? (1 + |y|*) V2 (1 + |y[?)~m=liD/2 p( )
where C' is a constant. We define
=D (g * )

From [7], the map ¢; : ¢ — ¢ is continuous from L, into L4 because A and
A* verify the A condition. Furthermore (see [7])

D7 (g * f) = Gy * I
Now, let f € L4. Then there is a sequence (f;); in S(RY) such that
|fi—fl —0in La.

Theorem 4 in [3] gives
gm * |fi = f = 0 B a-q.e.

And from lemma 1, we get
Gm * |fi — f| = 0 Bp—jj),4-q-e.
Another application of [3, théoreme 4] gives
Im—1j| * | fi = f1 = 0 Bp_yjj,a-qe.
On the other hand, from [5 or 6], there are constants C; and Cs such that
D7 (g (Ifi = FDI < |D7 gl = | fi = FI < C1(gm * | fi = fI) + Co(gm—yj| * | fi — f])-

Hence
D? (g * (|fi = f1)] = 0 Byu—j5),4-q-€-
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Theorem 4 in [3] and the continuity of ¢/ imply
Gm—|j| * flj = Gm—|j| * fj Bm_m,A—q.e.
But '
Im—1j) * [ = D’ (gm * fi) = D’ (gm * f) Bp—|j),a-q.c-
Hence
D’ (gm * f) = Gm—1j| * [? Bim—|j|,a-a..
From lemma 1 we get that if |j| < s, then

Dj(gm * f) = Gm—|j| * fj Bmfs,A‘q'e-
The theorem follows by an application of theorem 2 to the kernel g,,_;. U

Theorem 4

Let A be an N-function and T be a one to one map of RN onto itself. Suppose
that T and its inverse T~ satisfy a Lipschitz condition. Let p, 0 < p < oo, and
X C RY such that diam X < p. Then there exists a constant C, independent of X
such that

m,alT(X)] < C By, 4(X).

Proof. Let xg be a fixed point in X. Since the capacity is invariant under translation,
we can take xg = 0. Hence

X C B(0,p).
Let f be a test function for B;, ,(X) such that

Iflla <2B;, 4[B(0,p)]-

Let 0 be such that 8 > 1. 6 will be fixed later. We pose

E,p) ={y:lyl=0p} and gn(. z)=gm(z—.).

Holder inequality in Orlicz spaces gives

A*7E(0_1>p) :

/ gm (@ — ) F@)dy < 2fla lgm(- 2]
E(0—1,p)

Let S =8 B,, 4[B(0,p)] and estimate the integral

I:/ A*[Sgm(x — y)ldy, for x € X.
E(6717p)
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We remark that
IS/ A*[Sgm(y)] dy.
E(8,p)

Using the following behavior of g, near co, (see [14]),
Sm(1) ~ O N0/ ol
we can find yo such that for |y| > yo,
Sgm(y) <y~
On the other hand, since lim;_.g A*(¢)/t = 0, there is y; such that for |y| > yi,
Aty < JyI7V

Choose 6 > 1 such that 8p > sup(yo,y1). Then

I<C™ | A*[Sgm(y)ly™'dy < C”/ y 2dy = C"(0p) "
0p Op

If we take 6p > C”, we get
I1<1.

So

lgm (-, 2)lax Bo-1,0) < ST

This implies
/ gm(z —y)f(y)dy <1/2 for x € X.

Hence
/ gm(z —y)2f(y)dy <1 forxz € X.
B(0,(6+1)p)

Set h = 2x f, where x is the indicator function of B(0, (6 4+ 1)p). Then
gm *xh>1on X,

and thus
gm * h(T~(z)) > 1 for x € T(X).

By a change of variables in the convolution we get

/gm[(LT)l(w —2)] M(T™2) Jp-1(2)dz > 1 for x € T(X)
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where L is the Lipschitz constant for T' and Jp-1 is the Jacobean of T!.
Since h(T~1z) = 0 for z ¢ B(0, (0 + 1)p), we will consider, for z € T(X), for
the above integral, only points 2z such that

|z — 2| < Lp(0+2)p.

An asymptotic behavior of g,, in the neighborhood of zero (see [5] section 2)
gives
gml(L1) '] < higm(z) for |z| < Lr(0 +2)p,

where k is a constant independent of x.
This implies that the function

2z — kh(T™'2)Jp-1(2)
is a test function for B}, ,[T'(X)] and we get

mal D] < KA

where x’ is a constant independent of z.
Hence there exists a constant C, independent of X such that

malT(X)] < C B, 4(X).

The theorem is proved. [J

If RY is the affine direct sum of G and H, we define Py as the projection of
RY onto G, parallel to H.

Theorem 5

Let A be an N-function such that A and A* satisfy the A condition. Let
p, 0 < p < oo and X C RY such that diam PggX < p. Then there exists a
constant C, independent of X such that

By, a(PerX) < C By, 4(X).

Proof. The proof es identical with the Meyers one in [11]. For completeness, we give
it.

The projection Py restricted to G has an affine extension to 7', mapping RV
onto itself. Hence Pgy = T Py.. Applying successively theorem 4 and theorem 1,
we obtain the result. [J
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