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ABSTRACT

We define an interpolation norm on tensor products of p-integrable function
spaces and Banach spaces which satisfies intermediate properties between the
Bochner norm and the injective norm. We obtain substitutes of the Chevet
— Persson — Saphar inequalities for this case. We also use the calculus of traced
tensor norms in order to obtain a tensor product description of the tensor norm
associated to the interpolated ideal of (p, o)-absolutely continuous operators
defined by Jarchow and Matter. As an application we find the largest tensor
norm less than or equal to our interpolation norm.

The operator ideals B, , of (p, o)-absolutely continuous operators were defined by
U. Matter in [5] just by applying an interpolative procedure to the ideals P, of
p-absolutely summing operators (see the paper [3] of Jarchow and Matter for a
description of the interpolation method). These ideals are larger than the ideals 3,
but they preserve some properties of B,. In this paper we show that the tensor
norms associated to these operator ideals — which we have characterized in [4] — can
be constructed as in the classical case of B3, using the calculus of traced tensor norms
given in [1]. In order to do this we define a special “pointwise interpolation norm”
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36 SANCHEZ-PEREZ

on Ly,/1—¢) () ® E — which we denote by A, , — satisfying intermediate properties
between the natural norm A, and the injective norm . We adapt in this way the
description of the Saphar tensor norm d, [6] — which is related to the classical p-
absolutely summing operators — to the interpolation case. More precisely, we obtain
the formula d, , = Ap @y, Ag,,g where p = (1’:—0)/ and 1 < p < oco. This is the
interpolation version of the formula d, = A, ®, €.

In section 2 we give the main result. It is an adaptation of the Chevet-Persson-
Saphar inequalities d, < A, < d;, on L,(p) ® E for the interpolated norm A, ,. In

particular, we obtain a tensor norm b, , satisfying

bpo <ADpo<by, on L (W)@E.
As an application we show that b, , is the largest tensor norm less than or equal
to Aps on Ly 1-g) () ® E extending in this way a classical result of Gordon and
Saphar about the relation between A, and d, ([2], [1]).

0. Background and notation

Throughout this paper we use standard Banach space notation. The class of all

Banach spaces is denoted by BAN. If E € BAN, By is the closed unit ball and l%’ £ the
open unit ball of E. We denote by idr,(, the identity map on a Lebesgue function
space Ly(p). If A is a measurable set on the measure space (£, 4), x4 denotes
the characteristic function of A. If 1 < p < oo,p’ is the real number satisfying
% + % = 1. We use the same notation for a tensor z = Y | fi®z; € L,(u) ® E and
for the associated Bochner integrable function z(w) = Y7 | fi(w)z; € Ly(u, E). If
(z;) € EN, we define

0o 1/p oo 1/p
mp ((23)) == (Z ||9Ui||p> , wy((x4)) = Sup <Z \(%xlﬂp)

and

x'€Bgy i=1

- g p/(1-0) (tmo)/p
517,0((%‘)) = sup (Z (‘(l‘z,ﬂflﬂ ||$z||a> ) :

If o is a tensor norm, we denote by o' the transposed tensor norm, by o’ the dual
tensor norm and by « the cofinite hull of av. If §f is an operator ideal, we write {*
for the adjoint ideal (see [1] for more details).



On the structure of tensor norms related to (p, o)-absolutely 37

Let (B,1II,) be the ideal of p-absolutely summing operators and 1 < p < oc.
The following definition is due to Matter ([5]):

DEFINITION 0.1. Let 0 < ¢ < 1 and E,F € BAN. We say that T' € L(E,F)
is a (p, 0)-absolutely continuous operator if there exist G € BAN and an operator
S € PB,(E, G) such that

IT|| < [l2|”||Sz]* =7 Yz € E. (1)
In such case, we put II, ,(T) = infII,(S)!77, taking the infimum over all G and

S € B, (E,G) such that (1) holds. We denote by (B,.»,II, ) the injective normed
ideal of (p, o)-absolutely continuous operators in BAN.

Theorem 0.2 (Matter [5])

For every operator T : E — F, the following are equivalent:

(j) T € mp#’(E? F)'
(ii) There is a constant C > 0 and a probability measure p on Bgs, such that

. p/(1—0) (1-a)/p
\T:cngc(/B (|t~ lal) du(m'>> Vack.

(iii) There exists a constant C > 0 such that for every finite sequence x1,...,Z, in

E, -0y (T;)) < C6po((1))-
In addition, m, ,(T") is the smallest number C' for which (ii) and (iii) hold.

B/

The ideal B, » is a particular case of a family ©,, , 4. of operator ideals intro-
duced in [4] which generalizes the classical ideal ©,, , of (p, ¢)-dominated operators.
The following result is a characterization of the ideal (D, 5.4, Dp.o.q.v) of (p, 0,4, V)-
dominated operators (see [4]).

Theorem 0.3

Let E,F € BAN, T € L(E,F), 1 < r,p,q < 0o and 0 < o,v < 1 such that
% + I_T" + I_T” = 1. The following assertions are equivalent.
)T €Dy oqu(E,F).
2) There exist a constant C' > 0 and regular probabilities p and 7 on Bg: and Bp»
respectively, such that for every x € E and y' € F’ the following inequality holds

(1-0o)/p
‘(Tx,ylﬂ <C (/B <‘<w7x/>‘l_aHng)P/(1 )du($,)>

. /(1) (1-v)/q
(/ (1w~ ly'1”) d¢<y">) .
Brn
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3) There exists a constant C' > 0 such that for every (z;)7~, C E and (y,)?_, C F’
the inequality m (T, y;))i1) < C6po((2i)izy) g, ((47)iz1) holds.
4) There are a Banach space G and operators A € B, ,(E,G) and B € PIUIG, F
such that T = BA.

Moreover, the norm on ®p 4,4 IS Dp 5 q.,(T) = inf C, where the infimum in
calculated over all “C” on 2) and 3).

1. The tensor product description of the tensor norm associated to the ideal

of (p, o)-absolutely continuous operators

DEFINITION 1.1. Let p be a measure on 2, the function space Ly /1—4)(2, 1), E €
BAN, 1 <p<oo.and 0 <o < 1. For every z € Ly,/(1—¢) (1) ® E, we define

n

Bpo(2) i=inf {Z swp ([ (ltzt) o ) “‘”)duw)“”)“’:

i=1 x'€Bgr

n
where z = Zzi, 2 €Ly -oy(p)®@E V1<i< n} .
i=1

Proposition 1.2
For every z € Ly (1—o) (1) ® E, €(2) < Apo(2) < Ap/1-0)(2)-

The proof is standard and left to the reader.
Corollary 1.3

A, is anormon Ly ) (1) ® E.

Proof. If A, ;(z) =0, then £(z) = 0 and hence z = 0. The triangle inequality holds
easily. [

The following proposition gives us some information about the intermediate
properties of the tensor product L, 1_¢)(#) ®a,, E in relation to the couple

(Lp/(l—a') (:U’) ®Ap/(1—a’) E7 Lp/(l—o) (M) Re E)

Proposition 1.4
For every z € Ly (1—0)(1t) ® E, Apo(2) < Apja—o)(2)7e(2)' 0.



On the structure of tensor norms related to (p, o)-absolutely 39

Proof.
o , p/(1—0) (I—0o)/p
Spat) < swp ([ (1G] @) dut)
x'€EBgy Q
ey, \ o(1-0)/p
< sup ([ el a) ([ eeo-an)
' €Bp\JQ Q

where the second inequality is obtained just by applying Holder’s inequality with
indexes 1/o and 1/(1 — o). O

The proof of the following proposition is standard.

Proposition 1.5

Let E,F € BAN and T € L(E,F). Then for each L, 1_, (1) the map
Z'C?L,,/(l,(,)(#) QT : Lya—o)(1) ®a, , E — Lyja-o)(1t) ®a,, F is continuous and
||Zde/(1—a) ® T” < HTH :

Remark 1.6. Following the definition given at [1], proposition 1.2 and 1.5 mean
that A, , is a right tensor norm, just like A,. Moreover, A, , is by definition a
finitely generated right tensor norm.

Remark 1.7.  Let Q@ = N and v the measure satisfying L,/1—q)(Q,) = €p/(1—0)-
Then for every (\;) the associated function f : N — K is given by f(i) = A;. If
x € E, consider the usual representation f(n) ® x = (\;) ® * = (\;z) € EN. Then
for every Z?:l filn) ®z; = (Z?Zl )\gznj) € lp/(1—0) ® E the following equalities
hold.

(1-o)/p
n &8 p/(1-0)
RV WA SLICEREId ) IOy S0
o § e\
. Y ) o\p/(1—0c .
= s {3 (00 Mg, a) [ S X)) =80 (X Nzy)).
x E' \i=1 j=1 j=1 Jj=1

Thus, if z € £,,/1_») ® E then A, ;(2) = inf { 2?21 6p70((wf)) |z =" (xf)} )

j=1
Remark 1.8. As in the case of the injective tensor norm g, the completion

A
lp/(1—0) ®n,, E can be represented as the set {(z;) € EN[ Ay, ((2:)32y) — 0}.
The proof is standard and left to the reader.
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DEFINITION 1.9. Let 1 < p,q,7 < oo and 0 < g,v < 1 verifying %—1— 1;—," + 1;—,” =1
and E, F € BAN. We define on F ® F' the function

)

O‘P,U,qm(z) := inf {WT((Ai))éq’,v((xi))‘sp’,a((yi)) z = Z AiTi @ yz} .

We have proved on [4] that this expression defines a tensor norm and that o, , ., is
the associated tensor norm to the maximal operator ideal ©y , v, of (¢, v,p,0)-

dominated operators.

’

DEFINITION 1.10. Let 1 < p<o00,0< 0 < 1,E,F € BAN and denote p = (l’i—o)'.
We define on £ ® F' the function

dp,(,(z) := inf {6p’,0(($i))7rp((yi)) ‘ z= sz b2y yz} .
=1

Note that dp, »(z) can also be written as

dp,; = Inf {Ap’,o((fbi))ﬂ'p((yi)) ‘ ‘Z = il‘z ® yz}

:inf{A;,’a<ixi®ei)AP(Zei®yi) ‘z = . xi®yi}
i=1

=1 i=1

where 3" 2, ®@e; € EQ Uy 10y and D1 €; @ y; € I3 @ F.
It is easy to prove that ajp. = dpo. Thus, d;,, is the associated tensor
norm to the maximal injective operator ideal (‘Bp/’g,wpgg). We can define also

o
9p,o = d;:),a = Qp,0,1,0-
Theorem 1.11

dp,o‘ = Aﬁ ®ZI7 A;/aa.

Proof. We apply the calculus of traced tensor norms. Following the lines of 12.9 [1],
we only need to prove that the tensor contraction

A

is a metric surjection.
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Let Sy /(1—0) and Sp the subspaces of £, ,1_,) and {; respectively of finite
sequences endowed with the induced topology. Consider the map

D:(E@ar, Spja-o) * (Sp®a, F) — E®q,, F

given by D(> 0 2 ® e, >0 16, ®y;) = >0 1% @y;. Let z € E®q, , F such
that d, ,(z) < 1. Then there is a representation of z = Y. | x; ® y; such that
b0 ((w;)) < 1 and m5((y;)) < 1. Just by taking zo = Y. ;2 ®e; € E ®at,
p',o
Spr/(1-0) and z1 = Z?:l €; ®y; € Sp @, F we obtain that D(zl, 22) = z and then
D( Bgg, , Sy gy X Bsﬁ@mﬁp ) :BE®dp _F , since the other inclusion is obvious.
This means that the tensor contraction C' : (E ®at, Sp//(l_g)) QO (Sp ®A, F) —
p o
E ®4,, I is a metric surjection.
Since ¢ < A,, < A, then ®nt, Sy /(1—0) and Sp @, F are dense on

A A
E ®at, lyja-o) and €5 ®a, F respectively, and so

A
C: (E ®nt, ﬁp//(170)> Qn (eﬁ QA F) — E®q,, F
p o

is a metric surjection, (see [1] 7.4 and 12.9). This means that Ay ®,, Al, | = d, o
and concludes the proof. [

Corollary 1.12

— t
gpvo— - Ap,7g ®€p’/(17(r) Aﬁ.

Corollary 1.13

/ — U
Xopw = Jgu @ dp,(f'
. . dual . . .
Proof. Theorem 0.3 gives Dy 10 = Py © Pgrw. Since Dy y o I8 maximal
: : ’ : : dual
normed, 29.8 [1] implies that «, , ., is the associated tensor norm to s @ Py,

and then the result holds. OJ

The next corollary is an application of the main theorem of traced tensor norms
in order to obtain a characterization of the adjoint ideal Py , .. Note that the
characterization of B, , can be obtained as a particular case of the following:
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Corollary 1.14

Let1<p,q<ooband0 <o,v <1. Then®j,, , = ( 3}31@‘}3‘%0)*. Moreover,

if B, F € BAN, the following assertions are equivalent.
)T €D (E,F).

p?o-7q”/
ii) For every G € BAN (or only for the Johnson space C5) the map

idg@T:G®y, E-—Go- F

9q' v

is continuous and D (T) = |lidc, @ T||.

p,o,q,v

Proof. The isometry D 5,4, = B34 0PB,,o and the fact that Py, , is injective imply

the first assertion just by applying 29.8 [1]. The equivalence between i) and ii) holds
by a direct application of 29.4 [1]. O

2. The Chevet-Persson-Saphar inequalities for the interpolated norm A, .

DEFINITION 2.1. Let E,F € BAN, 1 <p<ooand 0 <o < 1. We defineon E® F
the function

bp,o(2) = inf {w(p/(la))/ ((xi))ép,a((yi)) ’ z= z;xz ® Z/z} .

It is easy to proof that b, , defines a tensor norm of the class oy 5 4.1

Proposition 2.2
bpﬁ < AP,U < bgjlvo on Lp/(l_g)(,u) ®F.

Proof. The second inequality follows by duality just by applying the Chevet-Persson-
Saphar inequalities (see e.g. [1]). Note that b, ; < d,/(1—,). Thus

<y

bpo <dp/ioy < Aoy < d , S
p,o = Up/(1-0) = Pp/(1-0) = (p/(l_a)) = Yp’o

To prove the other inequality, first we claim that if z = """ | fi®@x; € Ly/1—0) (1) ®

E and (zx)72, is a sequence of E-valued step functions which converges to z for
Ap/(1—0), then Ve > 0 there exists a kg such that Vk > ko

Y J(=a) \(7o)/P
swp ([ (Il )" )
x’€Bgy Q

lmoy o \P/A=e) TP
— sup </ <|<z,g;’>‘ IEil ) du)
I/EBE/ Q

<e. (1)
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Indeed, for every 2’ € Bg/ and every k € N, the following inequalities hold.

|</Q (Rz;c,x’ﬂlU||zk||a)1’/(1—")d#> (1-0)/p B (/Q (}(z,x/ﬂlUHZHU)p/(l_J)dM)(1_0)/1)
= </Q <‘<Z’“’x/>‘1_GHZ1fHU - Hz’w,)‘l_a\zu”\)p/(lU)du)(l_g)/p

= </Q (‘I(%w’)!l_allzkll” — Wz, Y1) 2017 + [z, )P0 |20

/(1—0) (1-0)/p
—{z, 22 ”)p du)

< </ [z, ) ([l — Hd\”}))p/(lU)du)(l_a)/p

p/(1—0o) (1-0)/p
[ (=l ) ®

Now, using Hélder’s inequality with indexes 1/0 and 1/(1 — o) we have

(1=0)*/p o(1-0)/p
)< ([ at0an) ([ a0 0)
Q2 Q
o(1-0)/p (1-0)?/p
# (o) (a0
Q2 Q

This inequalities mean that the expression

p/(1—0) (1=0o)/p
swp | ([ (Ko=) an)
x/GBE/ Q

_ p/(1=0) \=o)/P
- ([ er=enene)™ " a)
Q

converges to 0 if 2y — 2 on Ap/(1_). Since

p/(1=o) \1=o)/P
sup (/ (](zk,x’>|1*"szH‘7> d,u> < oo foreach £k, and
Q

x'€Bgr
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p/(1—0) (1=0o)/p
sup (/Q (!(z,x’>’1_0|’2"]"> d,u) < 00, the inequality (1) holds.

CL"EBE/
Now, let z € L, /(1—0)(1t) ® E and € > 0. Then we can find a representation of
zas z= Z?Zl z; satisfying

n

) p/(1=a) \{1=o)/P
> s ([ (e ls)" a) < Al e
J

—1 ' €Bgy

A
Since the set of step functions is dense on Ly /(1—q) (1) ®n,,0_q s for every 1 <
J < n there exists a step function s; such that

N|l—0c o p/(1=0) (=)l €
sup /Q(|<Zj—5j7$> |25 — sl ) dp <Ap1-o(zj —55)< %

' EBgr

Thus, if s = >0 55, then by o (2 — 8) < dp/1-0)(2 = 8) < Bpja—o)(2 —5) <e.
Note that we can take the step functions s; satisfying also the conditions of

the previous claim for ;. On the other hand, for every s; = Zlnibzl XAm ; @ Tm,j —
where {Am,j | 1<m< lj} is a class of pairwise disjoint sets — we can consider the

representation s; = Zifz:l XAmij(Am,j)("_l)/p ® L j 1A ;) E7O/P.

pr1—y) (O 1(Am )Y 1) <1 and

p/(1=0) \=o)/P
Sne (@ st ) =) = su ([ (s =lsst)” )

JJ,GBE/

It can be easily proved that w(

Finally, as

n

bp,o(2) < Z bp,o(85) + bp,o(s — 2)

j=1
Szw@/(l—a»/((XAm,jﬂ(A D) )8 (@bt (A )0 )

+e

B p/(1—0) (1-o)/p
swp ([ (1P lssr) ) e
:EGBE/ Q

p/(1=0) \U=o)/P
Z swp ([ (1P lstr) ) 2 < M) 450

:E EBE/

' M

IN
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the result holds. O

Corollary 2.3
bpo = Ap.o Q4 €

p/(1—o) ~°

Proof. The inequality Ay, 5 ®¢,,,_, € < by s obvious by the definition of by ..

The converse follows from 2.2.: by s < by o ®¢,,,_,) € < Ap o ®t,/ 10y €- U

The following proposition is a generalization of the result of Gordon and Saphar
for the interpolated case [2]. The proof is exactly the same that the one that holds
for proposition 15.11 [1].

Proposition 2.4

Let a be a tensor norm and C' > 1. If a« < CA,; on Lyjq—o)(p) ® E for all
normed spaces E, then a < C'by, .

Proof. We only need to observe that the following diagram commutes for the se-
i ))/ and for every E,F € BAN, where C; and (5 are the
D —0o

respective tensor contractions.

quence space £ (

C1
F e /> ﬂ(g —0 E) F E
( e (p/(1-0)) On (bp/(1-0) @Ry o &) ———1 B, ,
id id

(F & t00y) @ (f10-0) 80 B) ——F ©a
Note that C; is a metric surjection — this is corollary 2.3 — and that ||Cs|| < 1.
Since the left identity has norm < C, the same holds for the right identity. Then
a<Cb,,on F®FE. O
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