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ABSTRACT
In this work we consider two partial differential operators, define a generalized
Radon transform and its dual associated with these operators and characterize

its range.

Introduction

K. Trimeche has proved in [10] that we can construct the classical Radon transform
and its dual on R? by using two partial differential operators on |0, +oo[ x 0, 27|
and the integral representation of Mehler type of their eigenfunction regular at the
point (0,0). More precisely he considers the operators

0

Al—% ,96]0,27{'[
2 2

Agza— 19 L9 , T €10, 400[

oz " rar T2 o0
The operator A, is the Laplacian on R2.
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The eigenfunction regular at the point (0,0) of these operators is the solution
denoted ¢,, ;. of the following system

Au(r,0)=i k u(r,0) , keZ
Agu (r,0) = —p? u(r,0) , peC
—If k#0
N (i,u)lk| rE ou N (ilu)lkl plEl—1
U(T,O) r—0 2“{;‘ |k7|' ) a’l" (T; ) r—0 2|k| (|I{;’ — 1)'
—If k=0
(0,0) =1 @(00)—0
u ) - ) ar ) -
The function ¢, \ is given by
V(r,0) € 0,400 x [0,27], Ouk (r0) = i‘k‘eikejw (pr)

where J|; is the Bessel function of the first kind and index |k].
The function ¢, . possesses the following integral representation of Mehler type:

™

27
1 o
T, ) = — ezkwezpﬂ“ Cos(Q/J—O)d ]
Puk (1,6) 5 / Y
0
This integral representation can also be written in the form

7 1 % w
P (1:0) = 0 (1) = 00 0) = 5 [ 40 () do

5’1
where x (ew) = "9 dw the measure on the unit circle S' and < .,. > the euclidian
scalar product on R?.
From this last integral representation we define the operator R, on the space
E. (R X Sl) (the space of C*°-functions f on Rx S! such that f (—p, —w) = f (p,w))
by

WERL R =5 [ < pw>w)do
S1

The operator R is the classical dual Radon transform on R2.
For (p, k) € C x Z, we have

Yy eR? puk(y) =R ("7 xk) (y).
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Let g be a function in &, (R X Sl) and f a function in D (Rz) (the space of
C>°-functions, with compact support). We have

[1wr@ @y =5 [ [9.0) R .0) dp.
R2

R S?

where

(1) R (f) (prw) = / f (2) de

<T,Ww>=p

The operator 'R is the classical Radon transform on R2.
We denote by P? the space of all straight lines of R%2. Each straight line £ € R?
is written
Sz{m€R2/<x,w>:p}.

where w is a unit vector of R? and p € R. If we write "R (f)(£), instead of
'R (f) (p,w), the relation (1) becomes

t%UMaz/f@Mx

13

where dx is the Lebesgue measure on the straight line £ (See [3]).

D. Ludwig and S. Helgason have studied in [3], [4] the ranges of the transforms
R and 'R,

In this paper we consider the partial differential operators

0? 0
D, = ET +4acot90%
D —a—2+[2(2a—|—1)coth2 ]Q—LD + (200 + 1)
2_ay2 y ay Chzy 1

ac€R,a>0and (y,0) E]O,+oo[><}0,§[.

The operator D»is a part of the radial part of the Laplace-Beltrami operator
on the homogeneous space X = G/K where:

—Fora=1,G=Sp(1,1),K =Sp(1) x Sp(2).

— For a =2,G = Sping (1,8) , K = Spin (7).
(See [1] and [6]).
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Using the precedent method which we have applied to construct the classical
Radon transform and its dual on R?, we define the generalized Radon transform
'R, and its dual R, associated with the operators D;, Ds, and we study their
properties. Next we characterize the image by the transform ‘R, of the space
L3 ([O, +oo[ x [(), o D of square integrable functions on [0, +-00[ X [0, 5 [ with respect
to the measure W), o (v, 6) dydf, where

_o1Pt3 1
Wy (4 0) = (5in120)™ (chiy)"*** [1 = (chy) *] " 5 peRp > —520.

R. M. Perry has studied in [5] the same question for the Radon transform on
the exterior of the unit disk. We can see that this transform which is denoted X}
in [8], is associated with the following partial differential operators

- 0

Dl—% ,06]0,271'[
Dy = i +[2 th2]8 L P24 €10, +o0]
2= 52 coth2y)5, ~ a2, , y €]0, +o0[.

For other generalized Radon transforms and their duals associated with partial
differential operators we can see [8] [9] [10] .

The content of this paper is as follow

In the first section we give the solution ¢, ,, of the system

Diu(y,0) = —4n(n +2a)u(y,0) ; n € N.
Dou(y,0) = —p*u(y,0) ; peC.

9 (.0)=0

u(0,0)zl,ae

,a%u(o,e) =0, for all (y,0) € [0, +oof x [Og[
and an integral representation of Mehler type of this solution.

The second section is devoted to the definition of the generalized dual Radon
transform R, associated with the operators D1, Ds.

We define in the third section the generalized Radon transform R, associated
with the operators D1, Do and we study its properties.

The last section is reserved for the characterization of the image of the space
L3 ([0, 400[ x [0,5[) by the generalized Radon transform 'R,
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1. Eigenfunction of the operators D1, D-

In this section we determine the eigenfunction of the operators D, D, regular
at the point (0,0), and we give its integral representation of Mehler type using the

generalized translation operator associated with the operator D; and the translation
d2

doz*

We consider the partial differential operators

operator associated with the operator

2 0
Dlzw—i-llacotgﬁ%
0? 0 1 9
Dy = — 2(2a+1)coth2y] — — ——D1 + (2a+ 1
= gy T 2Cat Deoth2y] 2~ <Dyt (0t 1)
(XGR,O&ZO,(?/,Q)E]O,ﬁLOO[X}O,g[
Theorem 1-1

The system of partial differential operators
Dyu(y,0) = —4n (n+2a)u(y,0) ; n e N.
(1-1){ Dauly,0) = —p*u(y,0) ; peC.
0
w(0,0)= 1, 2 (y,0) = 0, - (0,6) = 0, forall (y,6) € [0.+00[x [0, T |

9 9
96" Ay

admits an unique solution ¢, , given by:
P (y,0) = RETH2712) (cos (26)) (chy)"™ (T (y)
with Rﬁf‘_l/z’a_lﬂ)js the Gegenbauer polynomial of degree n such that
Rle—1/2.0-1/2) (1) = 1

and <pff"a+")is the Jacobi function defined by:

1 1
@b(y):cp;(f"mr") (y) =2 F1(§ Qa+n+1+ip), 3 2a+n+1—ip) ;a+1;—sh2y>,

where oI is the Gauss hypergeometric function.
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Proof. We put ¢, ,, (y,0) = R /Bem1/2) (cos (26)) (chy)™ ¢ (y) , then the function
©n, is a solution of the system (1-1) if and only if the function ¢ is a solution of
the differential equation:

2
;—yzw(y) + [(2a+ 1) cothy + (20 + 2n + 1)thy](%w(y)

= — [ + (20 + 2n + 1)?]4b(y)

9 0(0) = 0.

w(o) =1, 8_y

or in [1] page 86, this differential equation admits an unique solution given by:
1 1
U (y) = (y) =21 <§ (atn+1+ip), 5 Qo+n+1—in);atl; —Sh2y>

where o F} is the Gauss hypergeometric function. [

Remark 1-1. For a > 0, the polynomial Rlo—1/2am1/2) (cosw), has the following
expression using the Gauss hypergeometric function:

i) If o > 0:
1
R=Y2a=Y2) (cosw) =5 F (2a +n,—n;a+ 3 sin2%) y W€ {07 g {

i) If a =0:

1
RY2=12) (cosw) =5 Fy <n, 1 55 51112%) =T, (cosw) ,w € [O, g [

where T,,, is the Tchebycheff polynomial of the first kind and degree n.

Proposition 1-1

For oo > 0,n € N and p € C, the function (chy)"y (O‘ thn)( ) possess the foll-
owing integral representations of Mehler type:

i) If o> 0:

a+3/2r Od—i—
ﬁr (a+3) sh2y

><R(a 1/2,0— 1/2)<Ch—8>d8

(chy)" ¢, (oatn) () = / ch2y — ch2s)*~ /2 cos(us)
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ii) If o = 0:

Y
h
(chy)" o@™ () = / ch2y — ch2s) ™2 cos (us) cos [" Arccos (%)} ds.
0

Proof. i) If a > 0:

From [6] page 8, for n € N, p € C and y > 0, the function (chy)" w&a’a+”) (v)
possess the integral representation:

9—a+3/2 1 -
la ;—a ) 5o / (ch2y — ch2s)*~Y/2 cos(ps)
VAT (a+ 3) (shy)™ (chy) )

1 chy —ch
><2F1<2a+n na+§ %)ds

(chy)" (ot (y) =

Using the precedent remark we have:

1
R{e=1/2a=1/2) (cosw) =y Fy <2a +n, —niat o —sin? (;)) y W E [07 g[ .

Taking w = Arc cos C}}:; we have:

. 2 (w) chy — chs
sin“ (=)= ——,
2 2chy
so that
1 (a—1/2,a—1/2) [ chs
2F1 | 2a0 +n, —n;a + —-;chy — chs2chy | = R,
2 chy

ii) Similarly we get the result for « = 0. O

Theorem 1-2

The function ¢, ,,n € N, € C, possess the following integral representations
of Mehler type:

i) If o> 0:
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(1-2) enuly,0) =

/

y
2- a+3/2r 1) -
o+ / ch2y — ch2s)” Y2 cos (us) R\=Y/22=1/2) (cos5(20))

0

V7T (o + 1) (sh2y)*

XR,’(,:X 1/2,0 1/2) (Cosw)ds 7 ny>0,9€ |:07%|:

%a—1/2,a—1/2)(cos(29)) ;ify=0,0€ 0,5 [

ii) If o = 0:

%

y
/ (ch2y — Ch28)_1/2 cos (pus) T, (cos20) T, (cosw) ds
0

1-3) o, (1.6
(1=3) ¢nu (v,6) = ;z‘fy>o,ee[0,g[

T, (cos(26)) Cify=0,0¢ o,g[

chs

with w = Arccos
chy”

Proof. We deduce the result from proposition 1-1 and theorem 1-1. [J

Notations. We denote by
* L'(sin?*(20)d#) the space of measurable functions ¢ on [0, Z [, satisfying

/2

/ ()| sin 2*(20)dh < + 0.
0

* L1( [O, 5 [) the space of integrable functions ¢ on [O, 5 [With respect to the measure
de.
* Téa), a > 0, the generalized translation operator associated with the operator Dy
is defined on L!(sin?%(260)df) by

/2

(1—4) 7'9(0‘) (p)(&) = / @(1) K (cos 20, cos 2€, cos 21)) sin 2*(2¢))dep

0

where the kernel K is given by:
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F(a—i—%) [l—cos 220 —cos 22w—cos 22¢)+2 cos 26 cos 2w cos 21/1]a_1

(sin 26 sin 2w sin 2¢p)2a—1

K (cos 20, cos 2w, cos 21)) = if 0—w|<w<f+w

0 ; otherwise

(See [2], 7], page 116) .

* Téo) the translation operator associated with the operator % is defined on
Ll([(), 5 [) by:

[f(0+&)+£(0—¢)]

| =

(1-5) V()€ =

Properties of Te(a) , a>0:

i) For every functions ¢ and ® in L*(sin 2%(260)d#), we have for a > 0 :

/2 w/2
/ P(0)7S™) (®)(€) sin 2*(20)d6 = / B(0) 7™ (p)(€) sin 2*(20)d6 .
0 0

ii) If a > 0:
Téoc) (R%a—l/Q,a—l/@) (é) — R7(1a_1/27a_1/2) (COS 29) R%Ot—l/2,a—1/2) (COS 26) ‘
i) fa=0:
ngo) (Ty) (§) =T, (cos 20) T, (cos 2€) .
(See [2] page 113) .

Theorem 1-3

For every n € N, the relations(1-2),(1-3) can be written as follow
i) If o> 0:

( Y
203/2T (o + 1)

(sh2y)>* / (ch2y — ch2s)* /2 cos (us)
Vvl (a+3) )
P, (y,0) = (@) ((pla—1/2,a—1/2)) (¥ . T
X Ty (Rn )<§>ds,2f y>0,9€[0,§[
R(@=1/2,:a=1/2) (¢05(20)) pif y=0,0€ [Ov g [



10 MiL1 AND TRIMECHE

i) Ifa=0:
y
—\/_/ (ch2y — ch2s) ™% cos (us)
0
Pn,p (y, 9) = (0) w » ™
x 1y (Ty) (§>d8 ;ify>0,0¢ [0,5[
T, (cos(26)) afy=0,0¢ [0, 5 {

chs

with w = Arc cos
chy *

2. The generalized dual Radon transform associated with the operators D1, D.

Using the integral representations of Mehler type of the function ¢,, ,,we define in
this section the generalized dual Radon transform associated with the operators
Dy, D,.

Notation. We denote by C. (]R X ] 55 D The space of functions f(y, @), which
are continuous on R X ] 5y [ and even with respect to y and 6.

DEFINITION 2-1. For a > 0, we define the generalized dual Radon transform R,
associated with the operators Dy, Dy on C, (]R X } 5r D by:

Yy
2a+3/2r
(a+1 sh2y / ch2y — ch2s)*™ 1/2
/T (a+ J
§Ro¢ (f) (y 9) = T
’ (@) w . ™
X Ty (f(S,-))(2>d8,1fy>0,6?e[0,2[
\f(O,H) ;ifyzO,He[O,g{
with w = Arccos gﬂ;

Remark 2-1.  From theorem 1-2, we have for every a« > 0, n € Ny € C and
(y,0) eRx |-Z,Z[:
i) If a > 0:

G (9,0) = Ry (08 () RETH/2012 ()] (y,0).
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i) If a =0:
P, (Y, 0) = Ro (cos (u.) T () (v, 0) -

Proposition 2-1

If  f(y,0) = Rip1/2e1/2) (cos(20)) h(y), with n € N and h an even conti-
nuous function on R, then we have
DIfa>0:

20F3/2T (o + 1)

(2-1)Ra (f) (y,0) = (sh2y) 7% R{e—/2071/2) (cos(20))

Vil (a+3)
x /yh(s) (ch2y — ch2s)*~1/2 Rle—1/2,0-1/2) <£> ds
ii) If o = 0:
2-2) Ro(f)(y,0) = 2v2 (cos(26)) /h (ch2y — ch2s) 2T, <Ch5> ds
™ J chy

Proof. The result is a consequence of the definition 2-1 and the properties of the
generalized translation operator T, ( ) ,a>0.0

3. The generalized Radon transform associated with the operators D1, D.

In this section we define the generalized Radon transform associated with the ope-
rators D1, Dy and we give its expression.

Notation. We denote by C, . (R X ]—%, 5 D the subspace of C, (R X ]—%, 5 D
consists of compact support functions.

Proposition 3-1

Let g € C, (R X ]—%,%D and f € C, . (R X ]—%,%D, then for every a > 0,
we have:
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/2

~

F(y,0)Ra (9) (y,0) (sin 20)** (sh2y)** ™ dody =

(sh2y)

o\g O\ér
o\% o\

203/20 (a + 1)
V7L (o + 3)
+o0

X /(cth — Ch2s)a71/271(f)(f (v, ))(g) sh2ydy] (sin 2¢0)** dupds

S

with w = Arccos (%)

Proof. We put

203/20 (a + 1)
Vvl (a+3)
Aq (y) = (sh2y)** ™.

Ka (37 y) =

(ch2y — (:h2$)0l71/2 (sh2y) >

From the definition 2-1, we have

I= / / F(5,0)Ra (9) (4,0) (sin 20)>* A, (y) dbdy

/ / / 107" (9(5,)) (%) (5in20) dB | Ko (5,) Ao (y) dsdy

0

From the property 1 of Téa), it follows
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1= / / [ 900057 (7 w.0) () (5026 db | Ko (5.9) A () ddly.

+00 +00 /2
I — (o) w . 2a
_///9(3,9)79 (f (4. (3) (5in20)™ Ko (5,9) A () d0dsdy.
0 0 0
The Fubini’s theorem implies
+o0 /2 +00
(o) w . 2a
1= [ [0 [ 47w (5) Ka (5.0 Aa 0) dy | (51226 asas.
0 0 s

We get the result by replacing K, and A, by their expressions. [J

DEFINITION 3-1. For o« > 0, we define the generalized Radon transform R,
associated with the operators Dy, Dy on C, . (]R X ]—g, 5 D by

“+o0

20+1/2T 1 _ _
(a t ) (sh2s) > / (ch2y — ch2s)* 1/

X7l (f (5,)) (5 ) sh2ydy

(B-1) Ra(f)(s,7) =

with w = Arccos (%)

Proposition 3-2

If  f(y,0) = Rl=1/2am1/2) (cos(20)) h(y) , with n € N and h an even conti-
nuous function on R with compact support, then
i) For a > 0:

a+3/2 a
B2 (1) (50) = S T R (o)

“+oo
. h
x /h(y) (ch2y — ch2s)*~ /2 Ript/2e=1/2) <Ch—8>sh2ydy
chy

S
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ii) For o = 0:

B-3) Ro(f) (57 = 22T, (cos(2y)
+oo
chs

X / h(y) (ch2y — ch23)71/2 T, <®

S

) sh2ydy

Proof.
We deduce this result from definition 3-1 and the properties 2, 3 of the gene-
ralized translation operator TS{Q). g

Corollary 3-1

For k,n € N, we have
i) If > 0:

201 (o + 1)

—k—1
VA larg)

"R { (chy) > R0 (cos(20)) § (5,7) =
1
« Rle—1/2.0-1/2) (COS<2,}/))/R£LQ—1/2,Q—1/2) () (1- tz)a—l/z gt

ii) If o = 0:
'R0 { (chy) "2 T, (cos(20))} (s,7) = % (chs) 1T, (cos(27))

1
X /Tn (t) (1— )" Pekat
0

Notation. For k,n € N, we put:
(3-4)

1
(90411 (4 4 1) o
Vel O‘: /Rﬁ;"—l/m*/?) (#) (1= )2 4kt 5if a >0
«

Co (n,k) = 0
4/Tn(t)(1—t)1/2tkdt Jifa =0
0

™



Range of the generalized Radon transform

Proposition 3-3
i) If « > 0, we have: C, (n,k) =0, if n+ k even and k < n.
ii) If k > n, we have:

222D (a4 )T (k+ )T (552 + 3)

_ n == :
(3 5) Ca( 7k) ﬁr(a+1+k+Tn)F(k—n+l)

s if a>0

217k (K 4+1)
VAT (52 1) T (552 + 1)

(3—6) Co(n,k): ;if a=0

4. Characterization of the range of the generalized Radon transform !),,.

15

In this section we characterize the range of the generalized Radon transform 'R,
associated with the operators D1, D2. The method used has been applied by R. M.
Perry in [5] to characterize the range of the Radon transform on the exterior of the

unit disk.

Notations. We denote by:

i) Qr (a,b;x), for Re(a) > —1,Re(b) > —1, the polynomial of degree n sa-

tisfying: X
/:L‘“(l—x)bQ;(a,b;x)mkdm—O if 0<k<n
0
1
/xa(l—x)bQ:fL(a,b;x)m"d:c>O it k=n
0
1
/:L‘“ (1—x)° [QF (a,b; x)]* dz = 1.
0
(See [5]).

ii) L3 ([0,4o00[ x [0, Z[)the space of square integrable functions on[0, +oo[ x

[0, 5 [ with respect to the measure W, , (y, ) dydf, where:

p+1/2

_ 1
Wy (y.0) = (sin20)** (chy)** ™ [1 = (chy) |~ i peR p>—F,020.
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Lemma 4-1

The polynomial Q}, (a,b; ) has the following expansion

(4-1) v (a,b;x) ank (a,b)

where
()" *T(a+b+n+k+1)
Tn—k+ )L (k+ DT (atk+1)

[(a+b+2n+1)I‘(n+1)F(a—|—n+1)
Frb+n+1)T(a+b+n+1)

(4-2)  qnp(ab)=

1/2

(See [5]).

Theorem 4-1

We consider the functions
i) For oo > 0:

1 (:0) = (chy) 2072 R (c0s26)) (A 5. el )
ii) If o = 0:
B (:6) = (ci)™ " Ty cos(20) @ (Am = 5. () )
0 ,if  m is even
1 if m is odd .

Then for fixed o and p, the system { hsm,n € N} is an orthogonal complete
system in L7 ([0, +oo[ x [0, % ).

where p € R,n,m € N and Am =

Proof. We get the result from the orthogonality and the completion of the systems

{ RG=1/2071/2) (cos(26)) ,m € N} and {Q;; (a,bi2) ,n € N} . O

Remark 4-1. For fixed m,n and p, we have

27227 (m + 1)

.'f
(m+a)T (m+ 2a) it a>0

1 5mll2 =
o % if a=0.
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In the following we shall evaluate the generalized Radon transform R, ( ﬁlo,;)
in terms of the functions ¢, , given for all (y,6) € [0, +00[ x [0, 5[ by

o (4.6) (chy) 2 k=2 (a=1/2.2=1/2) (cos(26)) ;if a>0
m,k \Y> =
(chy) "2 T, (cos(26)) Gf a=0.

Term-by-term application of the corollary 3-1 and using the linearity of the
generalized Radon transform, we obtain the following result.

Proposition 4-1
For a > 0 and (y,0) € [0, +o0] X [O, 5 [, we have

e S * 1 @
(4 - 3) T%,n (y’ 9) = Z An.k (Am - §7p> hm,(Am+2k) (y7 9)
k=0

with g;, . (Am — %,p), given by lemma 4-1.

Proof. The result is a consequence of the expression of functions f£;9, and the lemma
4-1. O

Corollary 4-1

For all m,n € N, (s,7) € [0, +oo[ x [0, %[, we have
i) For a > 0:

t%a ( 71771’?1) (577) = E q;’;,k (Am — %,p) Ca (m,Am + 2k> (Chs)—Zk—Am—l
k=0
x Rie=1/2071/2) (cos(27))

ii) For av = 0:

t%o ( ﬁz,n) (577> = Zq;k (Am — %,p) CO (m’ Am + 2/{7) (Ch8)72kam—1
k=0
x Ty, (cos(27))

with Cy, (m, Am + 2k), given by the relations (3-5),(3-6) and (3-7).
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Remark 4-2. Let a € R, if [a] means the entire part of a, then from the remark 3-1,
i) and the corollary 4-1, we have for o« > 0:

(4 4) MRy (f22) =0 sif n<[%]
Theorem 4-2
For all (s,7) € [0,+oc[ x [0, % [, we have
i) For oo > 0:
(41-5)
m
0 EANEY
if n< 2

Ra (f2:2) (5,7) = { dB R ™27V (cos(27)) (chs) ™

| xQ" (2] (m+a,p—a—%;(chs)_2);ifn2[

SE

)

with
29T (o + 1)
Nz
T(n+ 1T (n+Am+ T (p+n—a+ A05mE) T (p 4 p 4 Amimtl) V2
T(p+n+ )T (p+n+Am+3)T (n+ 225 E2) T (n + o + AmEmE2)

(4-6) ds, =

ii) For a = 0:
“ i<l
4—=7) Ro (f2.) (s,7) = { db, T (cos(27)) (chs) ™"
Qo [y] (m.p—4i(ehs) 2) sif > [
with

2
4-8) d°,, = ——
( ) m,n ﬁ

F(n+1)r(n+Am+%)r(p+n+%)r(p+n+_Amgmﬂ)r/l’

T(p+n+1)T (p+n+Am+3)T (n+ A25mE2) [ (n 4 Amdmd2)

Proof. We get the result from the corollary 4-1 and the relations (4-1),...,(4-4). O
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Notation. We denote by L3 ([0, +oo] X [0, 5 D the space of square integrable func-
tions on [0, +-00[ x [0, Z [ with respect to the measure Wzl),a (s,7) dsdry, where:

’ —

W — (sin27)> (chs) > [1— (chs)%]"  ; a>0, peR L
p,a(s”y)_(sul ’7) (C 8) _(C S) yaz0, pe ap>a_§-

Remark 4-3. If we take db;%, = 0,for n < [2], then we have

1
vr Tlats) (@) if a>0
Ht%a( TI?)’LO;L)HiQ _ 2 m+a)l(a) ™"

(dfn’n)2 ;if a=0

N

Lemma 4-2

i) For fixed a >0, pe R, p>a— %, for large m and n with n > [%], there exist
two positive constants Cy (p) and Cy (p) such that:

at1/2 n+1 (p—a)/2-1/4
a-9  awsan ey () <Gy ().
’ n—3 +1
ii) The generalized Radon transform 'R, associated with the operators Dy, D, is a

compact operator from L? ([0, +oo[ x [0, Z[) into L3 ([0, +oo[ x [0,5 ).

Proof. i) The result is a consequence of the following property of the I' function:
For large z > 0, there exist a1, as > 0, such that:

o< L@
1= Iz71/267x = 42

ii) We have the result from i) and the fact that if p > o — 1, the function db:, is
bounded as a function of m and n. [J

Remark 4-4. If felL? ([0,+oo[ X [0, %D? then from the theorem 4-1, for all
(y,0) € [0,+00[ x [0, %[, we have for a > 0:

(4 —10) F,0)=> > % f2% (y,0)

meNneN

with

(4-11) i = 5l < £ 16 >0
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Furthermore the function R, (f) belongs to L3 ([0, +oc[ x [0, 3 [) and we have:

(4-12) Ra () (5,7) =D D 8% Ra (f2%) (5,7)

meNneN

Lemma 4-3

Forn > [%], the coeflicients 1., are given by
i) For oo > 0:

2(m+1)T' (@) -2 ¢
ii) For oo = 0:

4 -
Vo= — () < Ro (1) Ro (fh0) >3

Proof. We have the result from the relation (4-12) and the remark 4-3. O

Remark 4-5. From lemma, 4-3, we see that for n < [%] , we can’t deduce 75,5, a > 0,
from 'R, (f), so there exists in L ([0, +oo[ x [0, 5 [) a subspace S, of functions such

that their transform by R, vanish.

Proposition 4-2
For fixed a« > 0 and p > o — %, the system of functions

1/2

tin 2" vy memnz 3],

VAl (a+ 1)

m,n

is an orthonormal complete system in L3 ([0, +oo[ x [0,5 ).

Proof. The result is a consequence of theorems 4-2, 4-3 and the completion of the
systems {R%fl/la*l/g) (cos(27)),m € N} and {Q} (a,b;z) ,n € N}. O

Theorem 4-3

Let g € L% ([0,+00[x [0,%[), then we have that g = 'R, (f), with f €
L2 ([O, “+oo[ x [O, 5 D if and only if the coefficients 5, given by the lemma 4-
3, satisfy the condition

+oo
(4 - 13) SN Eal < oo,

=0 >[4
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Remark 4-6.
From the relation (4-9), the relation (4-13) is equivalent to

. n+1 p—a—1/2
2

m=0 > ]

where {89 are the coeflicients of g in the basis
2(m+a)T (a) 12 (dp’a )71 t ( p’a) meN.n> [_}
VAl (avyy | ) e L)

Corollary 4-2

Let g € 13 (10, ool [0,5[) i g =t Ra (1), with £ € 13 10 +oo] x [0, 5
then g ="' R, (f+h), forallh € S, .
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