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ABSTRACT
In this paper we study the linear thermodynamical problem of mixtures of ther-
moelastic solids. We use some results of the semigroup theory to obtain an
existence theorem for the initial value problem with homogeneous Dirichlet
boundary conditions. Continuous dependence of solutions upon the initial data
and body forces is also established. We finish with a study of the asymptotic
behavior of solutions of the homogeneous problem.

1. Introduction

The continuum theory of mixtures has been a subject of study in recent years. The
works of Truesdell & Toupin [23], Kelly [17], Eringen & Ingram [9, 16], Green &
Naghdi [11, 12], Miiller [19] and Bowen & Wise [6] may be considered the starting
point of the modern formulations of continuum thermomecanical theories of mix-
tures. Presentations of this theory can be found in the review articles of Bowen [5],
Atkin & Craine [2], Bredford & Drumheller [4] and Rajagopal & Wineman [22].
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264 MARTINEZ AND QUINTANILLA

This paper is concerned with the theory of binary mixtures of thermoelastic
solids established by Iesan [13], where a Lagrangian description is adopted. The
equations are expressed in terms of quantities defined on the reference configura-
tion 2. In this theory the independent constitutive variables are the displacement
gradients, relative displacement, temperature and temperature gradient.

We recall that uniqueness results in the linear theory of mixture of elastic solids
without temperature effects have been presented by Atkin, Chadwick & Steel [3],
Knops & Steel [18], and by Iesan [14] in the case of nonsimple materials and by
Quintanilla [21] in the nonlinear case. An existence theorem has been established
by Iesan & Quintanilla [15]. Dafermos [8] studied the asymptotic behavior of solu-
tions of the equations of motion of a mixture of two linear homogeneous, isotropic
materials. In [13] Iesan also obtained an uniqueness theorem for the linear theory
with thermal effects.

2. Basic equations

We consider a mixture of two interacting continua s; and ss, that at time ¢ = 0 oc-
cupies the region 0y of Euclidean three-dimensional space. Let 92y be the boundary
of €g. We refer the motion of each constituent to the reference configuration and
a fixed system of rectangular Cartesian axes. In what follows, subscripts preceded
by a comma denote partial differentiation with the corresponding Cartesian coordi-
nate. We also use a superposed dot to denote partial differentiation respect to time.
Greek indices are understood to range over the integers 1, 2. As usual, letters in
boldface stand for tensors of order p > 1, and if v is of order p, we write v;, . ;, for
the components of v in the Cartesian coordinate frame.

The displacement of typical particles of s; and s at time ¢t are u, w, where u =
u(x,t), w = w(y,t), x,y € Q. We assume that the particles under consideration
occupy the same position at time ¢ = 0, so that x = y. Let § = 0(x,t) be the
temperature of the material point x at time ¢t. We denote by p, the mass density of
the constitutive s, at time ¢ = 0, t and s the partial stress tensors associated with
the constituents s; and so, p the diffusive force vector, n the entropy density and q
the heat flux vector.

The field equations of the theory consist of the equations of motion

tii; — pi + P = priiy,
(1) Sjii + pi + p2FY = paty,

the equation of the energy
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(2) pTon = Gii + pr,
and the constitutive equations

tji =Aji + Bji + Ajrtir + Bjrwi r + (Ajirs + Brsji)ers
+ (Bjirs + Cjirs)9rs + (Djir + Ejir + Cjir + b;0ir)dr — (Bji +754)0
5ji =Bij + Brjui . + Brsijers + Cijrsgrs + Eijrdy — ;50 — bjd;
pi =Ci + cjuij + Drgirs + Ersigrs + aigdy — §0 + (bjd;) 5,
(3) pn =D + Bijeij + vijgij + &idi + ab
(4)  qi =ki 0 ;,

where F¢ are the body force per unit mass acting on the constituent s, p = p1 + p2,
Ty is the constant absolute temperature of the body in the reference configuration
and r is the external heat supply per unit mass per unit time. We also use the
notation

1

1
(5) €ij = Q(ui,]’ + Uj,i), 9ij = 5(“3‘,1‘ + wi,j)a di = u; —w; .

The coefficients in (4) have the following symmetries:

Aij = Aji, Bij = Bji, i =aji,  Dijr = Dy,
(6) Aijrs = Ajirs = Arsij7 Bijrs = Bjirsa Cijrs = Crsij-

If we introduce the tensors:

P} =Ci, ), =Aij+Bij, s =DBji,  bij = Bji + i,
hijr = Djir + Ejir + Cjbir, kijr = Eijr, dijrs = Cijrs,
Aijrs = AjsOir + Ajirs + Brsji + Bjisr + Cjisr,
(7) bijrs = Bjs(sir + Bjirs + CjiSTv
the constitutive equations become
tji = t?l + QjjrsUr s + bistw'r,s + hijrdr - sze + bjdia
Sji = S?i + brsijr,s + dijrswr,s + kijrdy — 7i50 — bjd;,
Pi = p? + hrsiur,s + krsiwr,s + aijdj - 510 + (bjdi),ja
pn =D + bijus j + yijwi; + §di + ab,
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(8) i = kijf ;.
From (6) and (7) we get
9) Qijrs = Qrsij,  Aijrs = drsij,  Quj = Qujj.

In view of (9), the equations of motion and the equation of the energy can be
expressed in terms of the functions u;, w;, 8. We obtain the equations:

p1i; = (Qijrstir.s + bijrsWr s + Rijrdy — b;50) j — hygiti s
— krgiwr s — aijd; + &0 + H},

pow; = (bijrstir s + dijrswr s + Kijrdy — 7i;0) ; + hrsitiy s
+ kpsiwn,s + aijd; — &0 + HY,

af = To(kije,j),i — byt — vijwi,; — &di + 5,
where H} =%, , —p) + F}, H? = 8% . 4+ p) + F?, and S = prT; .

Ji,J Ji,J
It is convenient to introduce the following dimensionless quantities:

u w X t 0 to L3

u—= — W = — X — — ‘E:— é:—~ T:T _OL:—OL
u L7 w La X L, T07 T: 0 Tv 1Y m0p7

where L, 79, T and mq are constants with dimension of length, time, temperature
and mass respectively. With these quantities we can write the equations in the form

pri; = (Gjjrstin,s + Eijrswr,s + Eijrd_r — Bijg),j — hysitiy s
— kpsiWy,s — @ijd; + &6 + H |
PaW; = (I_)ijrsar,s + Jijrsu_}r,s + l%ijr(ir — :Yije_),j + Rysitir s
+ kpsiy,s + aijd; — &0 + HY,
1

(10) af = ﬁ(%iﬂ,j),i — bijitii,; — Fijwi; — &di + 5,
with the relations
(11) Qijrs = Qrgij, Czijrs = Jrsija Q5 = Qjj-

Now subscripts preceded by a comma denote partial differentiation respect X,
superposed dot denotes partial differentiation respect to ¢ and

2 2 2
Lt - Lt Ltg

aijrs = Qjjrs ) bijrs = bijrs ) dist = dijrs )
mo mo mo
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= L27 - L27¢ _ L3718
hijr = hijr——=, Kijr = Kijr———1, Qij = Qj—
mo mo mo
- LT _ LT
bij = bij ) Vij = Yij——
mo m
3 227 2772
A o1 LT . LwT
17 — Mg L7 7 57, ) a=a )
0 mo mo
- L2738 - 2T
HY = H} —2, §=5"—
mo mo

In this way @, W, d, 0, X, £ and the coefficients are dimensionless.
To these equations we need to add initial and boundary conditions.
Boundary conditions will be:

(12) u(x,t) =0, w(x,t)=0, 0(x,t)=0, on 09 x[0,t1],

and initial conditions:

(13) 0(x,0) = Oy(x), in Q,

where ug(x), vo(x), wo(x), zo(x), 0p(x) are prescribed fields.
We shall assume that the constitutive fields are essentially bounded. We also
need to make the following assumptions:

(i) The mass densities p, are strictly positive.

(ii) The function a is strictly positive.
(iii) The constitutives tensors a, d, & satisfy the relations (11).
(iv) There exists a positive constant Cp such that

/ (@ijrsUi,jUr,s + 2bijrsli jOr,s + dijrsWi jWr.s + 2hijrU; jdy
Qo

+ 2];71']‘7»@2"]‘(?7‘ + O_AZ]CLCZJ)dV
(14) > Co/Q (’I_Li,jﬂi’j + w; jw; ; + CZZ(L)dV,

0

for all u,w € [C§°(Q0)]3.

(v) There exists a positive constant k such that
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(15) / Fis0,0,dv >k | 6.0.4v,
QO Q0

for all § € C§°(Q).

The mechanical interpretations of (i) and (ii) is obvious. Condition (15) is
related to the well known property of a definite heat conductor. Assumption (14) is
usual in the study of the well posed problems of mixtures of elastic solids [15], and
it implies that the energy is positive.

3. The existence theorem

In this section we use results of the semigroups theory of linear operators to obtain
an existence theorem to the equations of mixtures of thermoelastic solids. First we
transform our boundary initial value problem to an abstract problem on a Hilbert
space.

In order to simplify the notation, we suppress the accent ~ in the equations
(11)-(13) for the rest of the paper.

Let Z = {(u,v,w,z,@); u,w e W2(Q), v,z € L2(Q), 0 € L2(QO)}, where

L2(Q0) = [L2()]? and W2 (Q0) = [Wy*(Q)]? where W, () is the well know
Sobolev space [1].
Let v =1, z = w and consider the operators:

Miu = (aijrstirs + hijrty) j — Rrgitiy s — aijug,
Niw = (bijrswy s — hijrwy) j — kpsiwr s + w5,
Ci = —(bi;0) ; + &b,
Piu = (bijrstirs + kijrr) j + hrsitir, s + aiju;,
Qiw = (dijrswrs — kijrwy) j + kreiwr s — aijw;,
D0 = —(vi;0) ; — &b,
Fv = —b;jv; j — &, Gz = —vijzj + &izi, KO = (ki;0 ;).

Let A be the matrix operator with the domain D = {(u,v,w,z,0) € Z|
A(u,v,w,z,0)" € Z}, defined by

0 Id 0 0 0
M 0 N 0 C

A=]l0 0o o0 Id o |,
P 0 Q 0 D
0 F 0 G K
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where M = (Mz)7 N = (Nz), C = (CZ), P = (PZ), Q = (Qz), D= (Dl), and Id is
the identity operator.

We note that (W42 N W22) x W2 x (W2 NW22) x W2 x (W32 nw22)
is a dense subset of Z which is contained in D.

The boundary initial value problem (10)-(13) can be transformed into the fol-
lowing abstract equation in the Hilbert space Z

(16) Ccll—j — Awl) £ F(1),  w(0) = wo,

where F = (Oa H17 07 H27 S)? wo = (u07 Vo, Wo, Zo, 00)
We introduce the following inner product in Z

(u,v,w,z,0), (u",v*,w", z* 6%))
_ / {vv" + pyza’ + aB0" + Al(u,v), (w',v)] }av,
Qo
where
A[(ua V)7 (u*a V*)] = aijrsui,ju;k«ﬁ + bij’r‘s(ui,jw;S + U;jwr,s) + dijrswi,jw;S
+ hijrs(ui jdy + g ;dp) + kijrs(w; jdy. +w; ;dr) + aijdid; .

In view of (14) if follows that the norm induced by A is equivalent to the usual
norm in Wy (Qp) x Wy?(Qp). Thus (, ) defines a norm equivalent to the usual
norm in Z.

Lemma 3.1
The operator A satisfies the property

(Aw,w) <0
for any w € D.

Proof. Let w = (u,v,w,z,0) € D. Using the divergence theorem and the boundary
conditions we find that

(Aw, w) :/Q {Ui(tji,j —pi) + 2i(85i,5 +pi) + Al(u, w), (v, 2)]
1
— e(bijvi,j +7ij2i5 + &i(vi — Zz)) + —QQi,i}dV
To
:/Q {A[(m w), (v, z)] = v;(tji + 0ij0) — 2 5(85i,5 + 7i50)
0

1
— (= )i +60) — k08,5 v

1

=— — k;:0 ;0 .dV.
TO/QO I
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Lemma 3.1 follows from condition (15). OJ

Lemma 3.2

The operator A satisfies the range condition
Rang(Zd — A) = Z.
Proof. Let w* = (u*,v*,w*,z*,0*) € Z. We must show that the equation
w—Aw = w*,

has a solution w = (u,v,w,z,0) € D. From the definition of the operator A we
obtain the system

v — (Mu+ Nw + Cf) = v™,
z— (Pu+ Qw+D@) = z*,
(17) 0— (Fv+Gz+ K0) =06".
From the two first equations we obtain the system
u— (Mu+ Nw + Cf) =u* + v*,

z— (Pu+Qw+D0) = w" +z7,

(18) 0 — (Fv+ Gz + K0) = 0" — Fu* — Gw".

To study this system for the unknowns u, v and 6, we introduce the bilinear
form on W (Q0) x Wy2(€) x Wy (Q0)

B[(u,w, ), (&, W, )]
= ((u— (Mu+Nw+ Ch),z — (Pu+Qw + D0),0 — (Fv
+GZ+K0))7(p1ﬁa p2w7aé>L2><L2><L2-
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It is easy to see that B is bounded. We note that

B[(u,w, 0), (u,w,&)} :/

{pluiui + pow;w; + ah? + U (tji + bije)
Qo

— wi,j(s5i + 7i;0) + (wi — wi)(pi + &)
1

+ fokije,ie,j} dv

:/ {pluiui + pow;w; + af® + Al(u, w), (u, w)]
Qo

1

n Tokije,ie,j} dv,

so that B is coercive.
Clearly
(v +u*,z" + w*, 0" — Fu* — Gw*) € W5 (Q0) x W52 (Q0) x W™H2(Q).

The Lax-Milgram theorem proves the existence of the solution (u,w,0) €
W(%’Q(QO) X Wé’Q(Qo) X WOI’Q(QO) of system (17).

The lemma is proved by taking v=u—u* and z=w — w*. [J

Theorem 3.1

The operator A generates a contractive semigroup in Z.

Proof. The proof follows from the previous lemmas and the Lumer-Phillips corollary
to Hille-Yosida theorem. [

Theorem 3.2

Assume that H*, S € C*(R, L(€)) N CO(RT, W, () and wy € D. Then,
there exists a unique solution w € C'(RT, Z) with values in D of the boundary
initial value problem (16).

Since the semigroup defined by the operator A is contractive, we have the
estimate

t
Jo(®llz < (lunllz+ [ () leqan) + 1 Olaaten) + 150l ate)dr)

which proves the continuous dependence of the solutions upon initial data and body
forces. Thus, under the hypotheses (i)-(v) the problem is well posed.
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4. Asymptotic behavior of solutions

In this section we study the asymptotic behavior of solutions, whose existence has
been proved previously, in the homogeneous case (H* =0, S = 0). We assume the
hypotheses on the thermoelastic coefficients stated in the former Section.

We recall that for any semigroup of contractions, such that its generator A has
the only fixed point 0 and whose orbits are precompact, the orbits trend to the w-
limit set (see [8]). The structure of the w-limit set is determined by the eigenvectors
of eigenvalues i\ (A € R) in the closed subspace

L=<< {(u,v,w,z,@)\(.A(u,v,w,z,6), (u,v,w,z,0)) = O} >>,
where << C >> denotes the closed vector space spanned by the set C.

Lemma 4.1
The operator

(Zd — A)~!

is compact.

Proof. Let (a™,v"™, w", 2", é”) be a bounded sequence in Z and let be (u™, v", w",
z",0™) the sequence of solutions of the system (17). We have

B[(una Wna en)v (un’ Wn’ en)] <(gn’ hn? 77”)7 (un7 an 9n)>L2><L2XL2

(19) < R(B[(u",w",6"), (u", w",6")])!/?,

where g = 4" + V", h" = W™ + 2" and n" = § — Fa™ — GVv™ which is bounded
sequence in L? x L2 x L2. Inequality (19) implies that (u™, w™, ") is a bounded
sequence in W2 (Q0) x W2 (Q0) x W,y 2(€). The theorem of compacity of Rellich-
Kondrachoff (see [1], [7]) implies that there exists a converging subsequence in L2 x
L2 x L?. In a similar way v’% = u™ — ("™ and z"% = w" — W' has a converging
subsequence in L? x L2. Thus, we conclude the existence of a subsequence

(unjk , ank , ank , ank , enjk )

which converges in Z. [J

The previous lemma implies that the orbits starting in D(A) are precompact
(see [20]). From inequalities (14), (15) it is easy to check out that A~1{0} = {0}.
Now, we can state a theorem on the asymptotic behavior of solutions.



Qualitative results of binary mixtures of thermoelastic solids 273

Theorem 4.1

Let (ug, vo, Wo, Zo,00) € D(A) and (u(t),v(t),w(t),z(t),0(t)) a solution of the
boundary-initial-value problem (16) for F = 0. Then

O(t) — 0 as t—o00 in L*().
Moreover
u(t), w(t) — 0 as t—oo in Wy*(),
v(t), z(t) — 0 as t— o0 in L%*Qyp),

if the system

Mu + Nw + n*u =0,
Pu+ Qw + n’w =0,
Fu+ Gw =0, on g,
(20) u=0, w=0, on 0%,

has the unique solution u = 0, w = 0 on .

Proof. To prove the theorem we have study the structure of the w-limit set. Thus,
we must to study the equation

(21) Aw =inw  for some n€R,

we D(A) and A = A\ is the generator of a group on L. If w € £ then (Aw,w) = 0.
Using inequality (15) we find # = 0 and the asymptotic behavior of the temperature
is proved. The fact that equation (21) has nontrivial solution is equivalent to the
fact that the system (20) has u =0 and v = 0 as the unique solution.

It is natural to expect that generically the system (20) only admits the trivial
solution. Nevertheless for certain materials and geometries it is possible to obtain
non trivial solutions.

To show this, let us to consider an homogeneous isotropic thermoelastic mixture
with a center of symmetry. We have (see [13])

tij = (A +v)erpbij +2(p + ey + (4 V) grrbij + (26 4 2y + 26)gi5 — (B 4 m)06;;,

sij = 28ei; + agrrbi; + 2(k + 7)gi; — mbo;;,
Di = gd’w
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pn = Berr + mgrr + ab,
@i = kb;.
Thus, we find the following relations
ijrs = (A + @+ 20)6i;6ps + (26 + §)0ir6js + (20 + 27 + 38)0isb
bijrs = (@ +v)bij6rs + (26 + £)6isbjr + (21 4 £)birds,
dijrs = aéijérs + 2561’7"6]'3 + 2761'56]'7”7
bij = (B +m)dij, Vij = mOij, ai; = moyj,
hijr = kijr =0, & =0,

where A, «, v, K, i, v, 3, and m are real constants.
If we look for solutions of the form u = ew (e € R), then whenever 5+ 2em # 0,
system (20) becomes

(26 + E(1 + €) + 27€)u; j; + (p1n® + em — m)u; = 0,
(2ek + € + 29)u; j; + (p2n® — em + m)u; = 0,
(8 + 2em)u;; = 0.
The two first equations are the same whenever
(26 + £(1 + €) 4 27v€) (pan® — em +m) = (p1n? + em — m)(2ex + € + 27).

This equation gives two possible solutions

€a = 60&(’{7 57 v, n,m,p1, p2)
Thus we have to solve the problem

Us 55 + Waly = 0,
Uj,j :0, on QO
(22) u; =0, on 0
(p1n2+eam—m)

where w, = CrtE e 27en)
Problem (22) has been studied by Dafermos [8], who proved that, generically,

it has no solution. He also obtained solutions for the case of the circle. Falqués [10]
has also obtained solutions for the cylinder.
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Let us consider the particular case £ =0 and p; = po. We may take e = 1 and
system (22) becomes

p1n?

2(k + )
Uj 5 :0, on Qo,

u; =0, on 09y.

Us 55 + u; =0,

In this case we may take an infinite collection of constants n such that, for the case
of circle and cylinder the system admits a non trivial solution.

We have seen that there exist processes which behave asymptotically as isother-
mal undamped oscillations of the form u = ew. [J

5. One dimensional case

The object of this Section is to study some solutions to the system (20) for one
dimensional homogeneous isotropic bodies.

First we may identify our reference configuration with an interval [0, L]. The
energy of the system is

L L
/ (10 + p22® + ab® + ad®]dx + / [a1(W)? 4 2a2u'w" + az(w')?]dz.
0 0

Assumptions (i) — (iv) are satisfied whenever:

(a) p1, p2, a, «, aj, ag are positives.
(b) a3 < arag.

System (20) can be expressed as

aru” 4 (p1n® — a)u + 2aw” + aw =0,
2a0u”" 4 au + asw” + (pan? — a)w =0,
Bu' 4+ aw’ =0, on [0,L],
(23) u=w =0, for x=0,L.

The last two equations imply
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and system (23) can be reduced to

(a1 + 2eaz)u” + (p1n® + ae — a)u =0,
(2a5 + eaz)u” + (pan?e + a — ae)u =0, on [0,L],
u =0, for z=0,L
Both equations agree if
(24) (a1 + 2eas)(pan’e + a — ae) = (2ag + €as)(pin? + ae — a).

Now our equations have nontrivial solutions if

pin? + ae — (kw>2
L )

25 L S e
(25) a1 + 2eaq
where £ is a natural number.

Is easy to show with an example that assumptions (a), (b), and equations (24),

(25) are consistent. If we choose € = 1 and py = 2p; then for fixed n, L, k, p; the
system (a), (b), (24), (25) is consistent if

ai

2v/3 -1 /nL\2
> Pl( )a

3 km
_1 (nL>2 1
a2—2,01 km 2a1,
nl\ 2
as =a1+ﬂ1<—> .
km

Thus, we can conclude that in the one dimensional case, there exist certain
materials and geometries with non trivial solutions.
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