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Abstract

In this paper we prove that the period map of

ẍ− ax ẋ + x3 = 0 , with a2 < 8 ,

is monotonically decreasing. As an application, it is obtained that the respective
Dirichlet boundary problem for two points has either a unique solution or no
solution at all while the Neumann boundary value problem has a unique solution.

Introduction

The differential equation
ẍ− ax ẋ + x3 = 0 (1)

is equivalent to the system
ẋ = y

ẏ = −x3 + axy

or equivalent to the vector field

Xa(P,Qa), with P (x, y) = y, Qa(x, y) = −x3 + axy . (2)
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If a = 0 , X0 is a Hamiltonian vector field and if a �= 0 , Xa is a non-Hamiltonian
vector field.

For a2 < 8, the function V : R
2 − {(0, 0)} → R such that

V (x, y) =




log(x4 − ax2y + 2y2) +
2a√

8 − a2
arctan

(−ax2 + 4y
x2

√
8 − a2

)
if x �= 0.

log(2y2) +
πa√

8 − a2
if x = 0, y > 0.

log(2y2) − πa√
8 − a2

if x = 0, y < 0 .

(3)

is a first integral of (2).
It is clear that the vector field Xa satisfies the symmetry

P (−x, y) = P (x, y) y Qa(−x, y) = −Qa(x, y) .

The orbits of (2) are found on the level curves (closed curves) of the first integral
(3) and Xa has a center at the origin which extends to infinity, since the origin is
the only singularity of vector field (2).

To make the study of the periods of the orbits of the above center, we consider
the Hamiltonian system of [3]

ẋ = −y

ẏ = x2n−1, n ∈ N . (4)

The Hamiltonian is given by

Hn(x, y) =
1
2
y2 +

1
2n

x2n .

Let C(θ) and S(θ) be the analytic functions defined by the following Cauchy
problem:

d

dθ
C(θ) = −S(θ) C(0) = 1

d

dθ
S(θ) = C2n−1(θ) S(0) = 0 .

These functions are described in [7]. We note that nS2(θ) + C2n(θ) ≡ 1 and
that S(θ) and C(θ) are p-periodic, with
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p = 4
√
n

∫ 1

0

dx√
1 − x2n

.

Now, the coordinates (r, θ) defined by the equations x = rC(θ), y = −rnS(θ),
with θ ∈ [0, p], r > 0, parameterize the hyperellipse x2n + ny2 = r2n which are the
level curves of Hn(x, y).

Definition. We let (x, y) 
→ X(x, y, λ) be a family of analytic fields, λ ∈ R
N , such

that the origin is a center for all λ. Let Σ be a transversal section to the flow of
X which is contained in the x-axis such that the orbit ϕ(ξ, t), ξ ∈ Σ, is periodic.
The function ξ 
→ P (ξ, λ), where P (ξ, λ) is the minimum period of ϕ(ξ, t), is called
period maps.

If the linear part of X(x, y, λ) is a linear center, it is known [4] that P is analytic
at the origin and

P (ξ, λ) = 2π +
∞∑
k=2

pk(λ)ξk .

The coefficients pk(λ) = P (k)(0,λ)
k! are called periodic coefficients and play an

analogous role like the Poincaré return transform in the center-focus problem.
In general, if a vector field has a center at the origin and (r, θ) are the form (in

hipereliptic coordinates)

ṙ = R(r, θ, λ)

θ̇ = A(r, θ, λ), with θ ∈ [0, p] ,

then

P (ξ, λ) =
∫ p

0

dθ

A(r, θ, λ)
(5)

is an integral representation of its period map, where r = r(θ, ξ) is a periodic solution
of the Cauchy problem

dr

dθ
=

R(r, θ, λ)
A(r, θ, λ)

; r(0, ξ) = ξ .
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Main results

There are many results on the critical points and monotonicity of the period maps
of Hamiltonian vector fields (see, e.g., [1],[2],[3],[4] and [5]). When applicable, some
results are used to prove existence and uniqueness of Dirichlet or Neumann boundary
value problems.

In [3], the authors proved that the periodic maps of the Hamiltonian vector
fields on the plane

−y
∂

∂x
+ x2n−1 ∂

∂y
, n ∈ N, n > 1

are strictly decreasing monotonic functions.
A generalization of this result for vector fields (2) is given in Theorem 1, and

Theorem 2 is an application to Dirichlet or Neumann boundary value problems.
This type of planar dynamical system comes from the study of behavior of three-
dimensional viscous fluid flowing along a flat wall (see [6]).

Theorem 1
The period map P (ξ, a) of the family of vector fields on the plane

y
∂

∂x
+ (−x3 + axy)

∂

∂y
, with a2 < 8

is P (ξ, a) = K(a)/ξ, K(a) > 0 , ξ ∈ (0,∞) .

Theorem 2
We consider the second order differential equation

ẍ− ax ẋ + x3 = 0 , with a2 < 8.

The Dirichlet boundary value problem

x(0) = x(L) = ξ0 > 0 , L > 0

has either a unique solution or no solution at all.
The Neumann boundary value problem

ẋ(0) = ẋ(L) = 0 , L > 0

has a unique solution.
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Proofs of the Results

Proof of Theorem 1. To avoid cumbersome calculus we study the period maps from
infinity. For ξ ∈ (0,∞) let η = 1/ξ . If P∞(η, a) denote the period maps from infinity,
then P (ξ, a) = P∞(1/ξ, a) = P∞(η, a) .

Let x = 1
rC(θ) and y = − 1

r2 S(θ). Then, in the new coordinates (r, θ), the
vector field (2) is given by

ṙ = −aS2(θ)C(θ)

θ̇ =
1
r

(
1 + aS(θ)C2(θ)

)
, θ ∈ [0, p]

where 1 + aS(θ)C2(θ) > 0 in [0, p], for a2 < 8, since C4(θ) + 2S2(θ) ≡ 1 and the
expression ϕ(θ) = C4(θ) + aC2(θ)S(θ) + 2S2(θ) has discriminant � = a2 − 8 < 0.
At infinity the period map (5) has the integral representation

P∞(η, a) =
∫ p

0

r(θ, η)
1 + aS(θ)C2(θ)

dθ

where r = r(θ, η) is solution to the Cauchy problem

dr

dθ
=

−arS2(θ)C(θ)
1 + aS(θ)C2(θ)

, r(0, η) = η > 0 .

Integrating the above equation we obtain

r(θ, η) = η exp

(
−

∫ θ

0

−aS2(ν)C(ν)
1 + aS(ν)C2(ν)

dν

)

and the period map is given by

P∞(η, a) = η

∫ p

0

(
1 + aS(θ)C2(θ)

)−1
exp

(
−

∫ θ

0

−aS2(ν)C(ν)
1 + aS(ν)C2(ν)

dν

)
dθ = Kη ,

with K = K(a) a constant, which completes the proof. �

Proof of Theorem 2. Let L > 0 and ξ0 > 0 be fixed.
Hence a solution of (1), with a2 < 8, that satisfies the Dirichlet conditions

x(0) = x(L) = ξ0 in the phase plane of (2) is an orbit which, at the initial moment,
is found on a point of the line x = ξ0, returning to this point after a time L.

The period map, in (0,∞), P (ξ), is given by P (ξ) = P∞( 1
ξ , a) = K

ξ , where
P∞( 1

ξ , a) is given by Theorem 1. Hence if (ξ0, L) is in the graph of map P0, the
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Dirichlet boundary value problem has a unique solution; if (ξ0, L) is not on the
graph, its has no solution.

In the case of the Neumann conditions ẋ(0) = ẏ(0) = 0, with L > 0 fixed, a
solution of (1), with a2 < 8, is an orbit of the phase plane of (2) which, at the initial
moment, is found at the point (x(0), 0) (since ẋ(0) = ẏ(0) = 0) and return to it at
time t = L. By Theorem 1, the only orbit satisfying the above condition is the one
which, at initial moment, is found at (x(0), 0) with x(0) = K

L . �
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