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ABSTRACT

In this paper, we generalize some results concerning bounded variation functions
on sequence spaces.

Some properties of bounded variation functions on sequence spaces were investigated
by Wu Congxin [1], [2], [3]. Later on, he and Zhao Linsheng in [4], [5], [6] introduced
and discussed bounded variation functions of order 2 on sequence spaces. In this
paper, we generalize these results to bounded variation functions of order k& on
sequence spaces.

Let A be a real linear sequence space. The Kothe dual A* of A is the real
linear sequence space consisting of all real sequences U = (uy,us,...) satisfying

> Jukxg| < oo for all X = (z1,22,...) € \. When A = X\**, we say that X is a
k=1

p;rfect space.
For a real function z(¢) defined on [a, b] and k+ 1 different points to,t1,...,t; €
[a, b], we denote

S )
Qk(x;to,tl, - ,tk) = Z —
=0 I1 (ti — t5)

DEFINITION 1 [7, p. 87]. The variation of order k of a function x(t) defined on [a, b]
is

b A n—k
Vk (r) = sup Z |Qr—1(z;tss . tivn—1) — Qre1 (T3 tign, - tigr)] -
@ T =0
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Where the “sup” is taken over all partitions m:a = tg < t1 < --- < t,, = b of
b

[a,b]. When V' (x) < oo, we say that x(t) is a bounded variation function of order
a

k
k and denote by z(t) € Vi[a,b].

Lemma 1 [7, p. 88].

For any x € Vi[a,b] and k different points ag, a1, ...,ar—1 in [a,b], we have

b
|Qk_1(l';t0, 11, e 7tk—l)‘ g |Qk—l($;a05 e 7ak—1)| + 2 Vk (33)
a

Lemma 2 [7, p. 79].

Qr—l(l/‘;tlat% conty) = Qr_i(zito te, . tely) = (B — t0)Qr (5 tg, ..., L),
Lemma 3
b b
For any k > 3, we have (k — 1)V (z) =V (2*~2).
a k a 9

Lemma 4 [11, p. 179].
Let x:[a,b] — R, y: [a,b] — R, then
Qr(zy;to,t1, ... tk) = y(zo)Qr(z; to, t1, . .., tk)
+Q1(y; o, t1)Qr—1(x5t1, . - ., tk)
+ Q2(y; to, t1,t2)Qr—2(z;t2, 13, . . ., tk)
+ .o+ Qulysto, tr, - te)x(tr)-

Lemma 5

Suppose z: [a,b] — R and ag, a1, ...,a, € [a,b](a; # a; when i # j), then
T a 9 yre ey Ur S 1 :1,2,...
Qw5 a0, a1, a)] m;nmz—wz'“ r
j

DEFINITION 2 Let X (t) = (z1(¢),z2(t),...) be an abstract function from [a, b] to a
sequence space A. If for each U = (uq,ug,...) € X\*, we have

b n—k oo
V (X0)2sup 30 3 fum Qi (i i)
@k i=0 m=1

— Qk_l(x'tiﬂ, - ti—i—k)” < 00

then X (¢) is called a bounded variation function of order k£ and denoted by X(t) €
Vk([aa b]v )‘)
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Theorem 1
X(t) € Vi([a,b], A) iff
19 2, (t) € Vila,b], m=1,2,... and
0}
20 SV (zm)} € M.

m=1 ak

i—1

——
Proof. Necessity. 1° Pick U = (0,0,...,0,1,0,0,...) € \*, then from

n—1 oo

supZ S fumlltisk = il 1Qu(@msiti, - tisr)| =

i=0 m=1

= Supz |t7«+k? - t’b‘ |Qk(xmmtla s ati+k)| <0
T

we see x5 € Vila,bl,s =1,2,...
Next we turn to 20. If 20 is not true, then there exist U®) = (u(o) u§0)7 .)€
USS) #£0, m=1,2,...and N, > 1,&, > 0 such that

Nn
Z ‘u$)| V (zm)=n+en
m=1 @k
Since z,, € Vi[a,bl,m = 1,2,..., N,, there exists a partition 7,,:a = t(m) < tgm)
<. < t,g,:b) = b such that
b Ny —k c
(m) (m) n
’n’L tz t m, t ceey —_— .
yk €T ; ‘ +k — | ‘Qk(l' z+k:)| + 2m+1‘u7(£)’
Let 7 be the partition consisting of all points {tz(»m) i <npm,m < N,}: ma= s(()N”‘) <
sgN”) - < sl(g\, )) = b then by Theorem 3 in [8], we have
b I(Np)—k
(Nn) _ (Nn) ( N») (N )
m) < - miSs S C—
COERD SR 1QuCami o™ s+

i=1
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Hence
I(Nn)—k oo
N, N, N, Ny,
3 1 = s Qulws ™)
i=0
N, N, N, Nn
> 3 S ] - s Qs s,
=0 m=1
N, U(Nn)—Fk
Ny, Ny " Nn
3030 W = s el oS
=1 i=
>

N.,L b Nn e
> I () = 3 5 2 m
m=1 m=1

contradicting that X (¢t) € Vi([a,b], \).
Sufficiency. Notice that

n—k oo
SUp 3 D [t [t — il [Qe(wmi iy - tig)|
=0 m=1
0o n—k
< Z Supz ’um| ’tl-‘rk —1; | ’Qk(xma 7"'7ti+k)’
m=1 1=0

tnqg

b
lun| Vo (zm) < 00
1 @k

3
[

we find that X (¢) is bounded variation of order k. [J

Theorem 2
Vie(la,b], \) C Vi([a,b], ) for all 1 <r < k.

Proof. 1t is sufficient to consider the case r = k — 1. By Theorem 1, X (t) =

{zm ()} € Vi([a,b], \) implies
b
Ty (t) € Vila,b] and {V (zm)} € A"
ak
For k different points ag < a3 < --- < ag—1 in [a,b], by Lemma 1, we have

b
|Qrk—1(Tmitiy- s tivk—1)] <|Qr—1(Tm;a0,...,ak-1)] +2 Vk (Tm) -
a
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Hence
n—k+1 oo
sup SN fuml ltik—1 — il [Qror(@mitis - - tigr—1))]

=0 m=1
n—k+1 oo

<sup > Y fuml tivnr = til (1Qu-1(@mia0, 0. ap-a)]
=0 m=1

+2V (zm))

n— k:+1

< sup Z [ 1—t|z|um| (1Qk—1(2m; a0, a1, .. ., ax_1)|

m=1

+2 V (zm))
ak

gk(b—a)< . 1| a‘klz’um|z‘$maz

i£5,i,5—0,1,r,... k—1

—i—QZ\um . m]><oo.

a

It follows that X (t) € Vix_1([a,b],\). O

Corollary 1

b b
IfF{V (zm)} € X**, then {V (z,,)} € \** forall 1 <r < k.
ak a r

Theorem 3

Suppose k > 3, then X (t) € Vi([a,b], \) iff X'(t) = {z,(t)} € Vk—1([a,b], \).

Proof. Necessity. By Theorem 1, z/,(¢) E Vi—1[a, b]. Moreover, by Lemma 3, when
b

k=3, from {V (zn)} € A\**, we have {V (x1,)} € A**, and when k > 3, we have
a3

b b
(k=2)|V  (2},) =V (ali™?).
ak—1 a2

b
Hence, {V  (z},)} € A** and the conclusion follows from Theorem 1.
a k-1
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Sufficiency. By Theorem 1 in [9], we have z,,(t) € Vi[a,b]. Observing that
b b
k = 3 implies 2! V (z,,) =V (2,) and k > 3 implies
a2

a3

=2V (@) =V @)= k- DIV (o)

2 k

b
we find that {V (z,,)} € A*(k > 3) and that Theorem 1 implies X (¢) € Vi[a,b], A). O
ak

Theorem 1 and Theorem 3 imply

Corollary 2

Let k > 3 then the following are equivalent
19 X(t) € Vi([a, b], \);
20 V2 <r <k, XF(t) = X*)(a) € V,.([a, ], \);
30 32 <r < k, such that X¥=7)(t) — Xk=")(a) € V,([a,b], \);
4° V2 < r < k, we have
(i) 2F ) € Vi[a,b],m = 1,2, . ..
m){g’m%f”)}eA“
50 32<r 2 k such that
(i) 25577 @) € Vila,b],m =1,2,...
.. b (k—r) *k
(ii) {L/T(xm e .

Theorem 4

Assume that \ is a perfect space, then X (t) € Vi([a,b], \) iff there exist convex
functions X (t) € Vi,([a,b],\) (i = 1,2) of order k such that

X(t)=XY(t) - XP(1) (telab])

(X (t) is called a convex function of order k, if for each natural number m, x,,(t)
is a usual convex function of order k and x(t) is called a usual convex function
of order k, if for any partition m:a = tg < t; < -+ < tx, = b of [a,b], we have
Qr(z;to, t1,...,tx) > 0).
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Proof. The sufficiency is obvious. Now we prove the necessity. The necessity is
already known for k = 1 and k£ = 2. Suppose that the condition is necessary for k =
m — 1, we investigate the case k = m. Since by Theorem 3, X'(t) € V,,—1([a, b], \)
by the assumption, there exist convex functions Y (t) € V,,,_1([a,b],\) of order
m —1 (i = 1,2) such that X'(t) = Y (t) — Y3)(¢). For any ¢ € (a,b), we have

X(t):/o X’(s)ds—X(c):/o Y(l)(s)ds—/o Y@ (s)ds — X (c).
Set

X(l)(t):/OtY(l)(s)ds, X(Z)(t):/OtY(z)(s)ds—irX(c)

then by Theorem 13 in [8], X()(¢) is convex of order m,i = 1,2. But (X (t))" €
Vin_1([a,b], ), by Theorem 3, X () € V,,([a,b],\) i = 1,2. Clearly, X(t) =
XD (t) = X3 (t), and XMV (t) € A (and thus X?)(t) € \) can be deduced as follows

b b b
SO < [ POl < [ @V o)

+ - a) (g @ v 6D)

therefore, {Xr(r})(t)} ex* =0

Theorem 5
Let A be perfect, then X (t),Y (t) € Vi([a,b],\) implies X (t)Y (t) € Vi([a,b], )
iff for any Z(t) € Vi([a,b]),\),U € \* and ¢ € [a,b], we have

{anl(1Zn(@)+ V (Za) 4V (Zn) 4+ V (Zn) } € X"

Proof. Sufficiency. Let X (t) € Vi([a,b],X), Y (t) € Vi([a,b],\), by Lemma 4,
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n—k

00
Sup Z ’um| ’tz-‘rk Ui | ’Qk(xmym;tz;tz+17~-- 7ti+k)‘
i=1 m=1
n—k oo
- Supz Z ”U‘m| ’tl"rk —t | ’ym( )Qk($ma Gy - 7ti+k)
i=1 m=1

+ Q1 (Ym; tis tit1) Qi1 (T tir, -, tivk)
+- Qk(yrru tiv s ,ti—i-k)l'm(ti—‘rk)’

n—k oo

< SUPZ Z ’um| ’terk Hym Qk(xmytu . '7ti+k)

=1 m=1
+ Q1(Ym; tistit1)Qim1(Tmi tig1, - - s titk)
+ o+ Qr(mitiy - tig k)T (i) |]

n—k oo
< Supz D Juml [ty = til (Jym(a0)]
i=1 m=1
+2 L/ () |Qk (@i tiy - s tig)]
n—k oo
5D Y 3 fu ik — 61(Qu(oms a0s )
i=1 m=1
b b
+ v2 (ym)(’Qk—l(xm§a07 s 7at—1>‘+ Vk (xm)
n—k oo
et oup S0 3 ful i = 3] Qi i) (m (00)] 2 V ()
i=1 m=1

where {ai}f:_ol are different points in (a, b). For the first term, we have

n—k oo
sup > >l [tk = il (Jym (a0)] +2 v (Y))|Qu (T3 i - i)
i=1 m=1
n—k
< Z |[Um |c|ym (ao)| + 2 V (ym)) Supz tivr — til [Qu(@mite, . tivr)|
=0

FH18 H

[l (1 (00)] +2 ¥ (5) ¥ (@) < o0

3
Il

(note that {|um|(lym(ao)l +2 V' (ym))} € A" {Vi (wm)} € A*).
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Similarly, for the last term, we have

n—k oo
b
sup E E ’um| ’ti-i-k - ti| ’Qk(ym;tia s 7ti+k)‘(’wm(a0)’ +2V (mm)) < 0.
T =1 m=1 “

Now, we show that the other terms are also bounded. Without loss of generality,
we only consider the term

n—k oo

sup D Y Juml ik — il (1Q1((ym3 a0, av)]
s

i=1 m=1

+2 ?2 o)) (@1 (@3 G0 - - as-1)] + 2 vbk (@m)).-

By Lemma 5,

n—k oo

Sup > > ftm| [tivk — t:](|Q1((Yms a0, a1)]

i=1 m=1
b b
£27 ) Qea(@nio, o i) 42V (@)

<k(b—a) > [unl(|Q1(Ym; a0, a1)]

m=1

b b
+2 V2 (Ym))(|Qrk=1(Tm; a0, - - . ax—1)| +2 Vk (xm)) < o0.

Thus, X (¢)Y (t) € Vi([a,b], A).
Necessity. By Theorem 2.6 in [7], the condition is necessary for £ = 1. Now,
suppose k > 2. Define

En(®) = (Znl@) 4V (Z) o+ V()
ym(t) = ‘:L'g.g)’t

then from
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we have
:ESS_Q) € V2[aa b]a y7(7]1€_2) S V2 [(I, b]

Hence, Theorem 1 in [9] implies @y, ym € Vi[a,b], and Proposition 3.4 in [7] claims

b b b b
V (xm) =V (ym) = 0. Thus, {V (zn)} € X* and {V (ym)} € A**, and so, by
ak ak ak ak

Theorem 1,
X(t) ={zm(t)} € Va(la,0],A)

y() = {ym ()} € Vi(la, 0], A).

Therefore X (¢)y(t) € Vi([a,b]), A).
For any tg # t1 # - -+ # ti in (a,b), by Proposition 3.5 in [7] p. 82,

b
Qk(xmym;tm cee 7tk) = ‘xq(qg)’“Zm(c)H_ Y (Zm) +-+ Yk: (Zm)D

and from

b o0
00 >Vk (XY U) > E [um| |tk — to] |Qk(ZmYm;to, ... tk)]
a
m=1

> b b
=Ite —tol D_ lum|(1Zm(0)+ V (Zm) + -+ V (Z0)]) |2
m=1

ak

we find

[l (Zn(@+ V () +-+V (Zn)} € X0
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