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On extreme points of Orlicz spaces with Orlicz norm
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ABSTRACT

In the paper we consider a class of Orlicz spaces equipped with the Orlicz norm
over a non-negative, complete and o-finite measure space (7, %, 1), which
covers, among others, Orlicz spaces isomorphic to LL°° and the interpolation
space L' 4 L°°. We give some necessary conditions for a point  from the unit
sphere to be extreme. Applying this characterization, in the case of an atomless
measure i, we find a description of the set of extreme points of L' 4- L.°° which
corresponds with the result obtained by R.Grzaslewicz and H.Schaefer [3] and
H.Schaefer [13].

The aim of this paper is to extend some known descriptions of the set of extreme
points of Orlicz spaces yielded with the Orlicz norm (cf., e.g., [7], [15], [6]) to the
case that covers classical Banach spaces like L> and the interpolation space L' +L>
with the norm

ol = inf {llylly + 2l sy + 2 = 2y € L1, 2 € L2

The point is that in the previous papers on this subject the authors have assumed
that the function ® generating the Orlicz space L® is an N-function, i.e., ® : R —
[0, 00) is even, convex, continuous, vanishing at 0 function satisfying ®(u)/u — 0 as
u— 0 and ®(u)/u — oo as u — 0.
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136 Hubpzik AND WISEA

In this paper we will take into consideration a more general class of the functions
®. We shall assume that ® : R — [0, 00] (so ® can take infinity value), ® vanishes
at 0, it is even, convex, left-continuous on [0, c0), nonidentically equal to 0 and such
that 0 < ®(u) < oo for some u > 0. To motivate this sort of conditions, let us
consider the following function ® : R — [0, c0):

0 if lul <1
®(u) = . (1)
|lu| —1 otherwise.

Then, an easy calculation shows that the space L! + L is equal (as a set) to
the space L? of all those measurable functions z : T — R for which I(A\z) :=
Jr @ ( )du < oo for some A > 0 (depending on z). The space L®, and thus
L! + L, is, in fact, an Orlicz space generated by the function ® (cf. [8], [12], [4],
[11]). It occurs that the norm || - |[L141= can be described by means of the function
® as well, namely || - |14~ is equal to the Orlicz norm || - || given by

Jelly = s { [ leuOldu:y e L 1oy <1} 2
where ®* denotes the complementary function to ® in the Young sense, i.e.,
®*(u) = sup {uv — ®(v) : v > 0}

(cf. [12]) and @ is defined by (1). It is easy to show that , if ® is given by (1) then

lu|  if u| <1
Q" (u) =

+o00 otherwise.

Moreover, L®" = L! N L*® (as sets) and the classical norm | - |pipLe =
o+ on L®" defined by

max (|| - |1, [ - |l«) coincides with the Luxemburg norm || - |

e inf{)\ >0: I@(x(t)/)\) < 1}.
Thus (2) follows from the well-known formula
%L1 L = sup {/ lz(t)y(t)|dp :y € LXN L, [|y||lLine < 1}

(cf. [1], [5])-
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If we consider the function ® given by (1) then, obviously, ®(u)/u — 1 as
u — 00, thus the above mentioned results cannot be applied. In fact, a description
which covers all the cases of Orlicz functions is not known yet. (Let us mention
that the similar problem concerning the description of the set of extreme points
of Orlicz spaces yielded with the Luxemburg norm and Lorentz spaces have been
already solved — cf. [2], [14]).

The Orlicz norm given by (2) is not easy to deal with. It is far more convenient
to make use of the Amemiya formula:

. 1
lell§ = inf =+ (1+ Ta(ke)) 3)

(cf. 9], [10]). The set of all k’s at which the infimum is attained (for a fixed x € L?®)
will be denoted by K (z). In particular, the set K(z) can be empty. To simplify the
notation, by < a,b> we shall denote the interval with the endpoints a and b, i.e.,
<a,b>={da+(1-Nb:0< A< 1}

In the following, the set of all extreme points of the unit ball B(X) will be
denoted by Ext B(X).

Theorem 1

Let ® be an Orlicz function and let i be an arbitrary non—negative complete
and o—finite measure (not necessarily atomless). If z € Ext B(L®, || - ||%) and supp 2
does not reduce to an atom, then the set K (z) consists of exactly one element.

First, we prove an auxiliary lemma.

Lemma 1

Under the assumptions of Theorem 1, the set K(z) is not empty.

P(u)

Proof. a) Assume that lim, = oo and let z € L? \ {0}. Then there exists

e > 0 such that p(A:) > 0, where
Ac={teT:|z(t)| > e}

Thus
(ke)u(Ae) 72 o0,

k—oo

1 1
ELI’(kZ) > EI@(]{}ZXAE) >

x| =

SO
ko = max{k‘ € (0,00) : %(1 +Li>(k‘z)) < 2||z||91>} < 00.



138 Hubpzik AND WISEA

Since ) )
(1 To(k2)) 2 3 > 20205

provided k < k1 := (2||2]|%) 7!, K(2) C [k1, ko). Since, moreover, the function

k %(1 + Iy (kz))

is continuous on [k1, k2], we infer that K(z) # 0.

b) Let g = limy, o0 ®(u)/u and let us assume that 0 < g < co. Since supp z does
not reduce to an atom, there exists ¢ > 0 such that the set C = {t € T : |2(¢)| >
e} also does not reduce to an atom. Let A,B be disjoint subsets of C' such that
0 < u(A), 1(B) < oo. Without loss of generality we can assume that [, |2(t)|dp <
[ |z(t)|dp. Let A € (0,1] be a number such that [, [z(t)|du = X [5]2(t)|dp and
define

T=2+2X,— ANeXp Y=2—2X4 T A2Xg-

Obviously, * # y and (z + y)/2 = z. Let u, = ne for n € N. Applying the
monotonicity of u +— ®(u)/u and the convexity of & we have

®(u) < glu| for every u e R

and o
Sm) |u| < ®(u) for every |u| > w, .
Thus
Lo (2n2x,) + o (n(1 = Naxg) _ gn (2[4 lOldp+ (1= X) [ [=(8)|dp)
I‘i’(nZXAuB) - @i’lin) . anUB |Z( )‘d/,b

_ gun
B q)(un)

and

Is(n(1+ Nzxp) < gn(L+X) [5]z(t)|dp __gun
Ip(nzxaup) q)(u”)anuB l2(t)|dp P(un)

Now, suppose that K(z) = . Then

1 1 1
1=|z]|% = lir;%E(l + Ip(kz)) = lim E(l + Ip(kz)) = lim Elq)(k:z).

k—o00 k—o0
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Thus

1 1
EI@(NJ?) == Io(2n2x 4) + To(n(1 = N)2x ) + Lo (n2Xp\ (aup))

gUun
n®(uy,)

gun
1 — 1
n@(un) CI)(nZ) n—oo

<

1
Lo (n2x 4p) + EI'@(HZXT\(AUB))

<

so ||=]|% < 1. Analogously,

1 1
EI@(WI) =0 Ip(n(1+ Nzxp) + I‘I’(nZXT\(AUB))

gun
I — 1
— n®(uy,) »(n2) e

so ||y|l$ < 1 as well. Thus z is not an extreme point of B(L?, || -[|%) - and we arrived
at a contradiction which ends the proof. [J

The assumption “supp z does not reduce to an atom” cannot be omitted. In-

deed, consider the sequence space ¢! and the sequence z = (1,0,...). Obviously, 2
is an extreme point of B(¢!). Since

- 1
=1

for every k # 0 the set K(z) is empty.

| =

Proof of Theorem 1. Suppose that K(z) is not a one element set and let ko > k1 be
such that ki, ks € K(z). We have

k1 + ko 2k1ko
210 < X <1+I ( z>>
Illa < 2k1ko \ k1 + ko
k1 + ko ko k1
= 141 k k
ik < * ‘I’(k1+k2 etk 22))

< 3 [E 0 tea) + 0+ to)] =213

Thus the numbers kqz(t), lffjrlzz 2(t), koz(t) belong to the same interval on which ®

is affine and this fact holds true for y—a.e. ¢t in 7.
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In order to simplify the notation, put kg = ,ffill?z and denote by SCg the set
of all u € R for which (u, ®(u)) is a point of strict convexity of the epigraph of ®.
Then there exist sequences (a,), (by) of numbers, b, > a, for every n € N, such
that

<k12(t), kpz(t)> C R\ SCq = | J (an, bn) (4)

n

for p—a.e. t in T' (@ is affine on each interval [a,, b,]). Therefore
p({t € T :<kiz(t),kaz(t) >C [an,by]}) >0
for some, fixed from now on, n € N. Denote
C={teT :<kiz(t),kez(t)>C [an,bn]}

If C reduces to an atom then, by assumptions and by (4), there exists p # n such
that u(D) > 0, where

D ={teT:<kiz(t),kez(t)>C [ap, by}

Let us define the sets Ay, Ao and the numbers ay, 81, as, (2 in the following manner:
— if C reduces to an atom: put Ay = C, oy = an, /1 = by, a2 = a,, B2 = b, and

take Ao C D with 0 < u(Az) < oo;
—in the other case: let A;, As C C be disjoint sets such that 0 < p(Ay),

1(Az) < oo and put oy = ag = ay, /1 = B2 = by,.
Since @ is affine on the intervals [, 3], ®(u) = m;u + p; for every u € [y, 3;] and
some m;,p; € R (i =1,2).

Our first claim is that both m; and msy are different from zero. Suppose m; is

_ ka—k
equal to zero. Take \ = ) and put

x:er)\zXAl’ Yy=2z—AzXy,.

Obviously,  # y and (z + y)/2 = z. Further, since ko > k1,

2]{?1]{?2 k?2 - kl k2 - kl
ko - 1-XN14+2 < . 1-— 1
o - max{ 1+ A< s max{ ST + o }
= max{kl, kg} = ]{32.

Moreover, Ip(k2x(t)x 4, ) =0, so

Iy (kox) = Io(kozxp a,) + Lo (ko(1 + A)2xy,)
< Ié(kozXT\Al) + Lo (koz(t)x 4,) = I‘P(kUZXT\Al) < Iy (koz).
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Thus [|z]|% < 1 and, analogously, ||y[|$ < 1 — a contradiction.
Therefore my # 0 and my # 0. Note that z(t)m; > 0 for every t € A; (i = 1,2).

Let A1, A2 € (0, ké;fl) be numbers such that

/\1m1/ z(t)du:/\gmg/ z(t) dp.
Ay

Ag

Observe that

k1 = ko 5T =k > < ko(1—=Xi) < ko(1+N)

2ko
kz—kl kz_kl k1+k2
<kl <kyl1l =k =k
- 0( + 2ko ) - 0( + 2k, ) 0 2k 2

ki1 + ko < ko — kq
o(1—

for i = 1,2. Now, define
T =2+ A2x,, — A2ZX g, Y=2z—MaXy, T A22X 4,
Plainly,  # y and (x + y)/2 = z. Moreover,

Iy (kox) = Iq:(kOZXT\(AluA2))

+ mako(1+ A1) / 2(t) dp + p1p(Ar) + mako(1 — A2)
Ay

X /A2 2(t) dp + pap(Az)

= I<I>(kOZXT\(A1UA2)) + [4 (mlkoz(t) +p1) d,LL

1

+ / (maokoz(t) + p2) du = Io(koz).
Az

Thus ||z[|$ < 1 and, analogously, ||y[|$ < 1. This contradiction proves that the
strong inequality ko > ky is false, i.e., K(z) is a one—point set. [J

Theorem 2

Let ® be an Orlicz function and let |4 be an atomless measure. If z is an extreme
point of B(L®, || - ||%) then
(i) the set K(z) consists of one element,
(i)  (kz(t), ®(kz(t))) are points of strict convexity of the epigraph of ®
for k € K(z) and p-a.e. t inT.
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Proof. Condition (i) follows immediately from Theorem 1. Suppose that (ii) is not
satisfied and let k € K(z). Then, there exist numbers a,b € R and ¢ > 0 with a < b
and € < (b — a)/2k such that ® is affine on the interval (a,b), i.e., ®(u) = mu + p
for some m,p € R and every u € (a,b), and, moreover, kz(t) € (a + ke,b — ke) on a
set A of positive measure. Let B, C' be two disjoint subsets of A with 0 < p(B) =
u(C) < o0o. Define

x=(z— €)XB + (2 + €)XC + 22X\ (Bucy Y= (z+ 5)XB + (2 — 5)XC’ + 2X7\(BUC):

Then, obviously, x # y and (z + y)/2 = z. Moreover,

Lo (k) — /B (mk(=(t) - <) +p) du
+ /C (mk(z(t) +e) +p) dp + I¢(ZXT\(BUC))

- /B (k) + ) i+ oo ) = (k)
@]

so [|z]|% < ||z||$ = 1. Similarly, ||y||$ < 1. Thus z is not extreme — a contradiction. [J

If the space L> is included in L it is interesting to establish when the extreme
points of B(L>) are extreme in L® as well.

Theorem 3

Let pu be an atomless measure with u(T) > 1 and let us assume that a point
z € L® satisfies the following conditions:
(i) z € Ext B(L*) N B(L?),
(ii) K(z) is a one element set,
(iii) (k,®(k)) is a point of strict convexity of the epigraph of ®, where k € K(z),
(iv) there exists 0 < ¢ < 2 such that ®(u) > u — 1 for every u > 2 — ¢.
Then z is an extreme point of B(L®).

Proof. Let z be an extreme point of B(L>°). It is well-known that the absolute
value of z(t) must be equal to 1 for y—a.e. t in T". Suppose that z is not an extreme
point of B(L?®), i.e., 2 = (z + y)/2 for some z,y € B(L?) with = # y.

We shall consider three cases.
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1°. K(x) # 0 and K(y) # 0. Let a € K(z) and b € K(y). Then

1= 1203 = 5 (el + Iwl%) = 5 (1 + Ta(an) + o7 (1+ Ta(by)

2b

N —

a+b b a
= 1 T I
2ab ( * a+b »(ax) + a+b (b(by))

a+b 2ab x4y
1+1
2ab ( * q>(a+b > ))
a+b 2ab 0
g > g
2ab (HI‘I’ <a+bz>> = llzlle =1,

so all the inequalities in the above formulae are, in fact, equalities. Therefore

a+b
2ab

€ K(z) = {k},
® is affine on the intervals <az(t), by(t) > and, moreover,
kz(t) e<ax(t),b(y(t)> for p—a.e. tinT.
Since x # y and ||(z + y)/2||% = 1, ax(t) # by(t) on a set of positive measure.
Thus the epigraph of ® is not strictly convex at k|z(t)] = k and we arrive at a

contradiction.
20, K(x) =0 and K(y) = 0. Then, by the Amemiya formula (3),

1
1= |z|% = lim —Ig(nz)
n—oo N
and, similarly, lim,,_, oo %Iq) (ny) = 1. Thus

1 1 1 1
1=z2)|% < nli_)rréo Ekp(nz) < 3 lim (;I@(?’LJ}) + EI@(ny)> =1.

n—oo

On the other hand, by (iv),

1 1
lim —Igp(nz) > lim —(n—1)u(T) > 1

n—oo N n—oo N,
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— a contradiction.
3%, K(z) = 0 and K (y) # 0. Then lim, .o = Ip(nz) =1 and § (1415 (by)) =1
for some 1 < b < oo. For every n € N sufficiently large we have

n—+b 2nb n+b 2nb
2 1 —1 "NI<—11+® T
< m;< +(n+b )M O-—qw ( * <n+b>M 0
n+b 2nb z+y
= 1+1
nb <+ (b(n—f—b 2 ))

n+b n

b
< 1 I Is(b
— nb < +n—l—b(I)(7ME)+7’L4—Z) g y)>

n—oo

= %(1 + Ip(nz)) + %(1 + Ig(by)) —= 2

and this contradiction ends the proof. [

Now, we can apply the obtained results to the space L' 4 L.

Theorem 4 (R. Grzaslewicz and H. Schaefer [3], H. Schaefer [13])

Let p1 be an atomless measure. A point z of the unit sphere of the space L' +L>
is extreme if and only if
(i) |z(t)]=1 for p—a.e. tinT,
(ii)) w(T) > 1.
In other words: the set of extreme points of the unit ball of L' + L is either
empty (if u(T) < 1) or it coincides with the set Ext B(LL°>°) (provided u(T) > 1).

Proof. Sufficiency. Let z* be the rearrangement function of |z|. Then z*(¢t) = 1,
S0

1
lelligp = / () dp =1,
0

i.e, z belongs to the unit sphere of L' 4+ L.

Now, let ® be the function defined by (1). Then the set K(z) consists exactly
of one element and, moreover, K(z) = {1} — this is an easy consequence of the
assumption (7)) > 1 and the following equality

1
€ [1,00) if 0<k<1,

k
1+ Ip(kz)) =
( o) %—F(l—%)u(T) if 1<k < o0.

el

Obviously (1,0) is a point of strictly convexity of ®. Finally, it is evident that
condition (iv) of Theorem 3 is satisfied as well. Thus z is an extreme point of
B(L! + L®).



On extreme points of Orlicz spaces with Orlicz norm 145

Necessity. Let us note that if u(7) < 1 then the space L! + L is isometric to
L'. Indeed, it is obvious that for any finite measure p, L C L', so L' + L> = L!.
Thus any « € L' 4+ L admits a decomposition = 2 + 0, hence

Izl e < Izl

On the other hand, for any y € L°° we have

Iyl < NYlloott(T) < |ylloo-

Thus, considering any of the decompositions 2 = y + z of z, where y € L! and
z € L*°, we have

lylls + llzlloe = llylly + llzlly = ly + 2]y = ll=]1-
Hence, passing to infimum, we obtain
[z]lL1pree > [lz]l1,

i.e., L! + L is isometric to L!.

Assume that z € Ext B(L'+L°°) and let the function ® be defined by (1). Then,
by Theorem 2, K(z) = {k} for some 0 < k < oo and, moreover, k|z(t)| = 1 for y—a.e.
t in 7. Similarly as in the proof of Theorem 1, one can show that ||z||p14p= = 1/k.
Thus k =1 and (i) is proved. Since, by the assumption, the set of extreme points is
not empty, the space L' + L can not be isometric to L', so the measure of 7' must
be grater than one. [J

REMARK. Theorem 4 was given in [3] and [13] for the infinite Lebesgue measure
space only.
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