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Abstract

Grassmannians of higher order appeared for the first time in a paper of A. Szybiak
([3]) in the context of the Cartan method of moving frame. In the present paper
we consider a special case of higher order Grassmannian—the projective space
of second order. We introduce the projective group of second order acting on
this space, derive its Maurer-Cartan equations and show that our generalized
projective space is a homogeneous space of this group.

0. Introduction

Grassmannians of higher order appeared for the first time in a paper of A. Szybiak
([3]) in the context of the Cartan method of moving frame (cf. also [2]). Unfortu-
nately, the action of a group on the Stiefel manifold of higher order given in the
paper does not factorise to the Grassmann space contrary to the author’s claim.
This means that the given presentation of the Grassmannian of higher order as a
homogeneous space is not correct.

In the present paper we consider a special case of higher order Grassmannian—
the projective space of second order. We introduce the projective group of second
order which acts on this space, next we derive its Maurer-Cartan equations and show
that our generalized projective space is a homogeneous space of this group.

In the same manner one can introduce a homogeneous structure on an arbitrary
Grassmann manifold of higher order.
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In a forthcoming paper we introduce and examine a theory of G-structures
modelled on the projective spaces of second order.

1. The projective space of second order

Let V 1
2 (Rn+1) = Reg2

0(R
1,Rn+1)0, where Reg2

0(R
1,Rn+1)0 denotes the set of all

regular jets of second order of mappings R
1 −→ R

n+1 with the source and target
at 0. The manifold V 1

2 (Rn+1) is called a Stiefel manifold of 1-frames of second order
on R

n+1 at 0. Note that the Stiefel manifold of 1-frames of first order is an ordinary
Stiefel manifold (cf. [3]). If f : R

1 −→ R
n+1, t �−→ (f0(t), . . . , fn(t), f(0) = 0,

is a regular mapping then the jet j2
0f has the coordinates

xi =
df i

dt
(0), yi =

d2f

dt2
(0), i = 0, . . . , n .

Let L1
2 denote the group Reg2

0(R
1,R1)0 of all regular jets of second order of mappings

R
1 −→ R

1 with the source and target at 0 and consider a regular map g : R
1 −→ R

1,
g(0) = 0. Then a = dg

dt (0), b = d2g
dt2 (0) are the coordinates of the jet j2

0g. The group
multiplication in L1

2 is the jet composition

j2
0g · j2

0k = j2
0(g ◦ k) .

Hence, for j2
0g = (a, b), j2

0k = (c, d) we have

(a, b) · (c, d) = (ac, bc2 + ad) ,

(a, b)−1 =
(

1
a
,− b

a3

)
.

The group L1
2 acts from the right on V 1

2 (Rn+1)

V 1
2 (Rn+1) × L1

2 −→ V 1
2 (Rn+1) ,(

j2
0f, j

2
0g

)
�−→ j2

0(f ◦ g) .

This action becomes in coordinates(
(x0, x1, . . . , xn, y0, y1, . . . , yn), (a, b)

)
�−→ (x0a, x1a, . . . , xna, y0a2 + x0b, y1a2 + x1b, . . . , yna2 + xnb) .

Definition 1.1. A projective space of second order Pn
2 is the set of orbits

V 1
2 (Rn+1)/L1

2.
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We want to equip Pn
2 with an atlas (Ui,Φi), i = 1, . . . , n, and, hence, with a

manifold structure. Let

Ui =
{
(x0, x1, . . . , xn, y0, y1, . . . , yn) ∈ Pn

2 : xi 	= 0
}

and define mapping Φi : Ui −→ R
2n by

Φi(x0, x1, . . . , xn, y0, y1, . . . , yn)

=
(
x0

xi
,
x1

xi
, . . . ,

x̂i

xi
, . . . ,

xn

xi
,
y0xi − x0yi

(xi)3
, . . . ,

̂yixi − xiyi

(xi)3
, . . . ,

ynxi − xnyi

(xi)3

)
.

Hence we get a structure of smooth manifold on Pn
2 .

Let Ln+1
2 = Reg2

0(R
n+1,Rn+1)0 be a manifold of all regular jets of mappings

R
n+1 −→ R

n+1 with the source and target at 0. The manifold Ln+1
2 , similarly to

L1
2, is a Lie group. Let us consider a left act ion of the group Ln+1

2 × L1
2 on Stiefel

manifold of second order V 1
2 (Rn+1). If j2

0g ∈ Ln+1
2 , j2

0f ∈ L1
2 and j2

0h ∈ V 1
2 (Rn+1),

then the formula (
(j2

0g, j
2
0f), j2

0h
)
�−→ j2

0

(
g ◦ h ◦ f−1

)
defines a left action of the group Ln+1

2 × L1
2 on V 1

2 (Rn+1).

In coordinates, if j2
0f = (a, b), j2

0h = (x0, x1, . . . , xn, y0, y1, . . . , yn), j2
0g =

(aij , a
i
jk), then

((
(aij , a

i
jk), (a, b)

)
, (x0, x1, . . . , xn, y0, y1, . . . , yn)

)
�−→

(1
a
aijx

j ,
1
a2

aiksx
sxk +

1
a2

aiky
k − b

a3
aikx

k
)
.

We are going to show that the action of Ln+1
2 × L1

2 on V 1
2 (Rn+1) factorises to an

action on Pn
2 = V 1

2 (Rn+1)/L1
2. Let us consider two points lying in the same orbit,

for example (x0, x1, . . . , xn, y0, y1, . . . , yn) and

(
(x0, x1, . . . , xn, y0, y1, . . . , yn), (α, β)

)
= (x0α, x1α, . . . , xnα, y0α2 + x0β, y1α2 + x1β, . . . , ynα2 + xnβ) .

Then ((
(aij , a

i
jk), (a, b)

)
, (x0, x1, . . . , xn, y0, y1, . . . , yn)

)
=

(1
a
aijx

j ,
1
a2

aiksx
sxk +

1
a2

aiky
k − b

a3
aikx

k
)
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and((
(aij , a

i
jk), (a, b)

)
, (x0α, x1α, . . . , xnα, y0α2 + x0βy1α2 + x1β, . . . , ynα2 + xnβ)

)
=

(α

a
aijx

j ,
α

a2
aiksx

sxk +
1
a2

aik(y
kα2 + xkβ) − αb

a3
aikx

k
)
.

Now, we should find an element (δ, γ) ∈ L1
2 such that

((1
a
aijx

j ,
1
a2

aiksx
sxk +

1
a2

aiky
k − b

a3
aikx

k
)
, (δ, γ)

)
=

(α

a
aijx

j ,
α

a2
aiksx

sxk +
1
a2

aik(y
kα2 + xkβ) − αb

a3
aikx

k
)
.

It suffices to take δ = 1
α and γ = b

a2α2 − β
aα3 − a

α . It is easy to check that the group
Ln+1

2 × L1
2 acts transitively on V 1

2 (Rn+1). Thus, we have proved

Theorem 1.1

The group Ln+1
2 × L1

2 acts transitively on projective space of second order Pn
2 .

We now introduce the non-homogeneous coordinates on Pn
2 . Let us consider a

point (x0, x1, . . . , xn, y0, y1, . . . , yn) with xi 	= 0. Then its non-homogeneous coordi-
nates are defined by

X0 = x0xi, . . . , Xi−1 =
xi−1

xi
, Xi+1 =

xi+1

xi
, . . . , Xn =

xn

xi

Y 0 =
y0xi − x0yi

(xi)3
, . . . , Y i−1 =

yi−1xi − xi−1yi

(xi)3
,

Y i+1 =
yi+1xi − xi+1yi

(xi)3
, . . . , Y n =

ynxi − xnyi

(xi)3
.

We can express the action of the group Ln+1
2 ×L1

2 on the projective space of second
order Pn

2 in the non-homogeneous coordinates.

Let us consider a point (x0, . . . , xn, y0, . . . , yn) with x0 	= 0. The image of this
point under the element

(
(aij , a

i
jk), (a, b)

)
∈ Ln+1

2 × L1
2 is the point

(1
a
aijx

j ,
1
a2

aiksx
sxk +

1
a2

aiky
k − b

a3
aikx

k
)
.
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Let us assume that 1
aa

0
jx

j 	= 0. Then

1
aa

i
0x

0 + . . . + 1
aa

i
nx

n

1
aa

0
0x

0 + . . . + 1
aa

0
nx

n
=

ai0 + ai1
x1

x0 . . . + ain
xn

x0

a0
0 + a0

1
x1

x0 . . . + a0
n
xn

x0

=
ai0 + ai1X

1 . . . + ainX
n

a0
0 + a0

1X
1 . . . + a0

nX
n

=
ai
0

a0
0

+ ai
1

a0
0
X1 . . . + ai

n

a0
0
Xn

1 + a0
1

a0
0
X1 . . . + a0

n

a0
0
Y n

=
Ai + Ai

1X
1 . . . + Ai

nX
n

1 + A1X1 . . . + AnXn
,

where we put Ai = ai
0

a0
0
, Ai = a0

i

a0
0
, Ai

j = ai
j

a0
0
, for i, j ≥ 1. Passing to the second group

of coordinates we get(
1
a2 a

i
jkx

jxk + 1
a2 a

i
jy

j + b
a2 a

i
jx

j
)

1
aa

0
tx

t − aitx
t
(

1
a2 a

0
jkx

jxk + 1
a2 a

0
jy

j + b
a2 a

0
jx

j
)

(
1
aa

0
tx

t
)3

=
aijka

0
t − a0

jka
i
t)X

jXkXt

(a0
0 + a0

jX
j)3

+
aija

0
t (X

tY j −XjY t)
(a0

0 + a0
jX

j)3

=

( ai
jk

(a0
0)

2
a0
t

a0
0
− a0

jk

(a0
0)

2
ai
t

a0
0

)
XjXkXt + AiAjAY

j −AiAjY
j + Ai

jAtA(XtY j −XjY t)

(1 + Ajxj)3
,

where A = 1
a0
0

and i, j, t ≥ 1. Introduce the following notation:

Btj =
a0
tj

(a0
0)2

, Bi =
ai00

(a0
0)2

, B =
a0
00

(a0
0)2

,

Bj =
a0
0j

(a0
0)2

, Bi
j =

ai0j
(a0

0)2
, Bi

tj =
aitj

(a0
0)2

,

for i, j, t ≥ 1. Then(
1
a2 a

i
jkx

jxk + 1
a2 a

i
jy

j + b
a2 a

i
jx

j
)

1
aa

0
tx

t − aitx
t
(

1
a2 a

0
jkx

jxk + 1
a2 a

0
jy

j + b
a2 a

0
jx

j
)

(
1
aa

0
tx

t
)3

=
[
Bi −BAi + (BiAj −BAi

j)X
j + 2(Bi

j −BjA
i)Xj + (Bi

tj −BtjA
i)XtXj

+ 2(Bi
tAj −BtA

i
j)X

tXj + (Bi
jkAt −BjkAt)XjXkXt + AiAjAY

j

− Ai
jAY

j + Ai
jAtA(XtY j −XjY t)

]
(1 + AjX

j)−3 .
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Definition 1.2. The coordinates on the generalized projective group Ln+1
2 × L1

2

given by

Ai =
ai0
a0
0

, Ai =
a0
i

a0
0

, Ai
j =

aij
a0
0

, A =
1
a0
0

,

Btj =
a0
tj

(a0
0)2

, Bi =
ai00

(a0
0)2

, B =
a0
00

(a0
0)2

,

Bj =
a0
0j

(a0
0)2

, Bi
j =

ai0j
(a0

0)2
, Bi

tj =
aitj

(a0
0)2

,

will be called the non-homogeneous coordinates on this group.

Consider the isotropy subgroup of the point (0, . . . , 0). This group is described
by the equations

Ai = 0, Bi −BAi = 0 .

Corollary 1.1

The isotropy group is given by the equations Ai = Bi = 0. The dimension of the

generalized projective group Ln+1
2 × L1

2 is equal to 5n2+7n+4
2 , the dimension of

the isotropy group is equal to 5n2+3n+4
2 , and the dimension of the projective space

of second order P 2
n is 2n.

2. Maurer–Cartan equations of generalized projective group

We proceed to find the Maurer-Cartan equations of projective group of second order
for forms ωi, ωi

j , ωj , ω, βtj , β
i, β, βi

j , βj , β
i
jk, which coincide in the neutral element of

the group with the differentials dAi, dAi
j , dAj , dA, dBtj , dB

i, dB, dBi
j , dBj , dB

i
jk. Let

α, β, γ = 0, 1, . . . , n. We put

(
ω̄α
β , ω̄

α
βγ

)
=

(
aαβ , a

α
βγ

)−1 ·
(
daαβ , da

α
βγ

)
.

Some standard calculations lead to

(
ω̄α
β , ω̄

α
βγ

)
= (ãαδ da

δ
β ,−ãαδ a

δ
εγ ã

ε
σda

σ
β − ãαδ a

δ
βσã

σ
ε da

ε
γ + ãασda

σ
βγ) .

Thus,

(
dω̄α

β , dω̄
α
βγ

)
=

(
−ω̄α

σ ∧ ω̄σ
β ,−ω̄α

σβ ∧ ω̄σ
γ − ω̄α

σ ∧ ω̄σ
βγ

)
α, β, γ = 0, 1, . . . , n .
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The definition of local coordinate system on the generalized projective group implies
that

dAi =
dai0a

0
0 − da0

0a
i
0

(a0
0)2

,

dAi
j =

daija
0
0 + da0

0a
i
j

(a0
0)2

.

Thus, at the identity of the projective group

ωi = dAi = dai0 = ω̄i
0, ω

i
j = ω̄i

j + δijω̄
0
0 , ωj = ω̄0

j

and, similarly,
ω = −ω̄0

0 , β
i = ω̄i

00, βj = ω̄0
0j ,

β = ω̄0
00, β

i
jk = ω̄i

jk, βtj = ω̄0
tj , β

i
j = ω̄i

0j .

Using the above notation the following theorem is true.

Theorem 2.1

Let (ωi, ωi
j , ωj ;ω, βi, βj , β, β

i
jk, βkj , β

i
j), i, j, k = 1, . . . , n, be the left invariant

forms on the projective group of second order Ln+1
2 × L1

2 which coincide with

dAi, dAi
j , dAj , dA, dBtj , dB

i, dB, dBi
j , dBj , dB

i
jk at the identity. Then the Maurer-

Cartan equations of Ln+1
2 × L1

2 are given by

(a)




dωi = −ωi
k ∧ ωk,

dωi
j = −ωi

k ∧ ωk
j − ωi ∧ ωj + δijωk ∧ ωk,

dωi = −ωk ∧ ωk
j .

(b)




dβ = ω ∧ β−2βi ∧ ωi−ωi ∧ βi,

dβi
k = βi

k ∧ ω−βi
tk ∧ ωt−ωi ∧ βk−ωi

t ∧ βt
k−βi ∧ ωk−βi

t ∧ ωt
k,

dβi
jk =−βi

k ∧ ωj−βi
tk ∧ ωt

j−βi
j ∧ ωk−βi

tj ∧ ωt
k+βi

kj ∧ ω−ωi ∧ βjk−ωi
t ∧ βt

jk,

dβkj =−βj ∧ ωk−βtj ∧ ωt
k+βkj ∧ ω−βtk ∧ ωt

j−ωt ∧ βt
kj ,

dβi = βi ∧ ω−2βi
t ∧ ωt−βi ∧ β−ωi

t ∧ βt,

dβj = βj ∧ ω−βtj ∧ ωt−β ∧ ωj−βt ∧ ωt
j−ωt ∧ βt

j ,

dω = ωi ∧ ωi.
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Part (a) of the above Maurer-Cartan equations coincides exactly with the equa-
tions given in [1] for the classical projective space. Thus, our space essentially
generalizes the ordinary projective space. In a forthcoming paper we will examine
the G-structures modelled on this space.
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