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ABSTRACT

Let R be a prime ring of characteristic different from 2, U the Utumi quotient
ring of R, C' the extended centroid of R, F' and GG non-zero generalized deriva-
tions of R and f(x1,...,2,) a polynomial over C. Denote by f(R) the set
{f(r1,...,mn) : r1,..., 7 € R} of all the evaluations of f(z1,...,z,) in R.
Suppose that f(z1,...,z,) is not central valued on R. If R does not embed
in M5(K), the algebra of 2 x 2 matrices over a field K, and the composition
(F'G) acts as a generalized derivation on the elements of f(R), then (FG) is a
generalized derivation of R and one of the following holds:

1. there exists & € C' such that F'(z) = ax, forall z € R;
2. there exists o € C' such that G(z) = az, forallz € R;
3. there exist a,b € U such that F(x) = az, G(z) = bz, forall x € R;
4. there exist a,b € U such that F(x) = za, G(x) = b, for all z € R;
5

. there exist a,b € U, a,8 € C such that F(z) = ax + zb,
G(z) = ax + flax — xb), forall x € R.

Throughout this paper, R always denotes a prime ring with center Z(R), U the
Utumi quotient ring of R and C' = Z(U) the center of U. We refer the reader to [3]
for the definitions and the related properties of these objects.

Let FF : R — R be an additive mapping of R into itself. It is said to be a
derivation of R if F(zy) = F(z)y+xF(y), for all z,y € R. If F(xy) = F(x)y + zd(y),
for all z,y € R and d a derivation of R, then the mapping F' is called a generalized
derivation on R. Obviously any derivation of R is a generalized derivation of R.

Keywords: Prime rings, Differential identities, Generalized derivations.
MSC2000: 16N60, 16W?25.

303


mmlozano
Collectanea Mathematica


304 DE FILIPPIS

A typical example of a generalized derivation is a map of the form z — ax + xb,
where a, b are fixed elements in R; such generalized derivations are called inner. The
well known Posner’s first theorem states that if § and d are two non-zero derivations
of R, then the composition (dd) cannot be a non-zero derivation of R ([11, Theorem 1]).
An analogue of Posner’s result for Lie derivations was proved by Lanski in [8]. More
precisely Lanski showed that if § and d are two non-zero derivations of R and L is a
Lie ideal of R, then (dd) cannot be a Lie derivation of L into R unless char(R) = 2
and either R satisfies s4(x1,...,24), the standard identity of degree 4, or d = «d, for
aeC.

In [6] Hvala initiated the algebraic study of generalized derivations. In particular,
generalized derivations whose product is again a generalized derivation was character-
ized. More precisely Hvala in ([6, Theorem 1]) proved that:

Theorem

Let R be a prime ring of characteristic different from 2, U the Utumi quotient
ring of R, C the extended centroid of R, F and G non-zero generalized derivations
of R. If the composition FG acts as a generalized derivation on R, then one of the
following holds:

there exists o € C such that F(z) = ax, for all x € R;

there exists o € C such that G(z) = ax, for all x € R;

there exist a,b € U such that F(z) = ax, G(z) = bz, for all x € R;

there exist a,b € U such that F(z) = za, G(z) = xb, for all x € R;

there exist a,b € U, «, 8 € C such that F(z) = ax+zb, G(z) = ax + (ax — xb),
for all z € R.

Gl W=

One might wonder if it is possible that the composition of two generalized deriva-
tions with special forms may act like a generalized derivation on some subset of prime
rings. Following this line of investigation, our main theorem gives a description of the
forms of two generalized derivations F' and G of a prime ring R, in the case when (F'Q)
acts as a generalized derivation on the elements of the subset f(R), where f(R) is a the
set of all evaluations in R of a polynomial f(xi,...,x,) over C' in n non-commuting
variables. More precisely we assume that this means (FG)(st) = (FG)(s)t + sh(t),
for all s,t € f(R) and for a derivationn h of R. The statement of our result is the
following;:

Theorem 1

Let R be a prime ring of characteristic different from 2, U the Utumi quotient
ring of R, C the extended centroid of R, F' and G non-zero generalized derivations
of R and f(z1,...,2,) a polynomial over C. Denote by f(R) the set {f(r1,...,m) :
T1,...,7n € R} of all the evaluations of f(x1,...,x,) in R. Suppose that f(x1,...,xy)
is not central valued on R. If R does not embed in My(K), the algebra of 2 x 2
matrices over a field K, and the composition (F'G) acts as a generalized derivation
on the elements of f(R), then (FG) is a generalized derivation of R and one of the
following holds:

1. there exists a € C such that F(z) = ax, for all © € R;
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there exists o € C such that G(x) = ax, for all x € R;

there exist a,b € U such that F(z) = ax, G(x) = bz, for all x € R;

there exist a,b € U such that F(z) = za, G(xz) = xb, for all x € R;

there exist a,b € U, a, 8 € C such that F(z) = ax+zb, G(z) = ax + (ax — xb),
for all z € R.

AN

The assumption that R does not embed in My (K), for K a field, is essential to the
main result. For example let e;; be the usual matrix unit in R = M>(K) and consider
F(z) = esax —xegn, G(x) = (e12+e21)x+x(e12+e21). Then FG([R, R]) = (0), but FG
does not act on R like a generalized derivation as described by the main theorem.

1. The matrix case and inner generalized derivations

In this section we will study the case when R = M,,(K) is the algebra of m x m
matrices over an infinite field K. Here we will assume that there exist a,b, ¢, q,v, w
elements of R such that a(cz + xq) + (cx + £q)b = vz + zw for all z € [R, R]. Notice
that the set [R, R| = {[r1,72] : r1,72 € R} is invariant under the action of all inner
automorphisms of R. Let us denote as usual by e;; the matrix unit with 1 in (4, j)-entry
and zero elsewhere, moreover let I be the identity matrix in R. In this section we will
prove that, in case m > 3, one of the following holds:

e c and ¢ are central matrices;

e ¢ and b are central matrices;

e b, ¢ and w are central matrices;

e a, c and v are central matrices;

e there exists n € K such that a 4+ nc, b — ng are central matrices.

In order to prove this result we will make implicit use of the following easy remarks:

Remark 1.1  For any inner automorphism ¢ of M,,(K), we have that

0= ¢(a(cs + sq) + (cs + sq)b — vs — sw) = p(a)(p(c)s + sp(q))
+ (ple)s + s9(q)) p(b) — (v)s — sp(w)

for all s € [R, R], since [R, R] is invariant under the action of all inner automorphisms
of R. Clearly

e ¢ and ¢ are central matrices if and only if ¢(c) and ¢(q) are central matrices;

e a and b are central matrices if and only if p(a) and p(b) are central matrices;

e b, ¢ and w are central matrices if and only if ¢(b), ¢(q) and p(w) are central
matrices;

e a, ¢ and v are central matrices if and only if ¢(a), ¢(c) and p(v) are central
matrices;

e a+ ab, ¢ — ag and b — ng are central matrices if and only if p(a) + agp(b),
o(c) — ap(q) and ¢(b) — ne(q) are central matrices.

Hence, to prove our result, we may replace a, b, ¢, ¢, v, w respectively with p(a), p(b),
p(c), v(a), p(v), e(w).
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Remark 1.2 The matrix unit ey is an element of [R, R| for all k # [.
We need the following:

Remark 1.3 Let R be a prime ring and a, ¢ € R such that axz + xc = 0 for all x € R.
Then a = —c € Z(R).

Proof. Consider the assumed identity
ar +zc=0. (1)

Left multiplying (1) by any ¢t € R, we have tax + tzc = 0 (1’). On the other hand, by
replacing = with ¢z in (1), we also have atz + tze = 0 (1”). Comparing (1") with (1”)
it follows [a,t]z = 0 and, by the primeness of R, a must be central. So z(a + ¢) = 0,
that is a = —c. O

Remark 1.4 Let R be a prime ring and a,b,¢ € R such that axb + xc = 0 for all
x € R. Then either a € Z(R) and ¢+ ab = 0, or a,b, ¢ are central elements of R.

Proof. Consider the assumed identity
axb+ xc = 0. (2)

Right multiplying (2) by any ¢ € R, we have axbt + zct = 0 (2'). On the other hand,
by replacing = with zt in (2), we also have axth + xztc = 0 (2”). Comparing (2) with
(2") it follows

axlb,t] + z[c, t] = 0. (3)

As above, left multiplying (3) by any z € R, we have zaz[b,t] + zz[c,t] = 0 (3).
Moreover, by replacing x with zx in (3), we also have azx[b,t] + zz[c,t] = 0 (3”).
Comparing (3') with (3") it follows [a, z]x[b, ] = 0 and, by the primeness of R, either
a€ Z(R)orbe Z(R). In the first case x(ab+ ¢) = 0, which implies ab+ ¢ = 0. In the
second case abr + xc = 0, and the conclusion follows from Remark 1.3. O

We also need the following lemma:

Lemma 1.5

Let F be a infinite field and n > 2. If Aq,..., A are not scalar matrices in
M,,(F) then there exists some invertible matrix @ € M, (F) such that each matrix
QA1Q7 !, ...,QALQ" has all non-zero entries.

Proof. First we show that if A € M, (F) is not scalar then there exists a conjugate
QAQ~! having a non-zero entry in any particular position.

Assume that A is not diagonal, hence for some ¢ # j the (i, j)-entry A;; of A is non-
zero. Clearly if p # ¢ then there exists a permutation o € S,, such that o(i) = p and
o(j) = q. We consider the automorphism ¢, on M, (F) defined by vs(ers) = € (r)o(s);
for any matrix unit e,s. Let @ € M, (F) be the permutation matrix which induces
in M,,(F) this automorphism ¢, hence the (p, ¢)-entry of QAQ~! is A;;. Assume now
that p = ¢q. By the previous argument, for s # p, some conjugate A’ of A has non-zero
(p, s)-entry. Let A € F', and put A\ = (I + Xesp)A'(I — Xesp). Then the (p, p)-entry of
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Al is A, — M. Of course we can choose A in F such that Aj,, — AAj, is not zero.
This proves our claim in the case when A is not diagonal. If A is a diagonal matrix
which is not a scalar one, there exist ¢ # j such that A; # Aj;. The (i, j)-entry of
the conjugate A” = (I + e;;)A(I — e;5) is Aj; — Aj; which is not zero. Hence A” is not
diagonal and by the previous case we are done.
Consider the set {z;; : 1 < 4,7 < n} of n? commutative indeterminates and let
M, (F[zj]) be the algebra of n x n matrices over the polynomial ring F[z;;]. Let
P = Zij x;je;; be the generic matrix and consider, for | = 1,...,k, P, = P - A; -
adj(P). Any substitution of the indeterminates x;; with elements ¢;; € F induces a
homomorphism ¢ : M, (Fz;;]) — M,(F). If ¢(P) is an invertible matrix () then
©(P)) is a non-zero scalar multiple of QA;Q'. Clearly any matrix Q € M,(F) is
the image of P under the action of some of such homomorphisms. Now each entry
of adj(P) is a homogeneous polynomial in {z;;} so the entries of P, are homogeneous
polynomials in {z;;} without constant terms. None of these entries is zero by our
observation above: in any particular position some conjugate of A; has a non-zero
entry. Also det(P) is a non-zero polynomial of F|z;;]. Let G(x;;) be the product
of det(P) and all entries of P, forl =1,...,k. Clearly G(z;;) is a non-zero polynomial
and, since the field F' is infinite, some evaluation of G(x;;) is not zero in F'. As above
let ¢ be the homomorphism induced by this evaluation, then @ = ¢(P) is invertible
and QA4;Q! = ﬁ@)go(ﬂ) is a matrix with all non-zero entries, for [ =1,... k. O

We start the proof of the main theorem of this section by studying the following
case:

Lemma 1.6

Let K be an infinite field, let R = M,,(K) be the algebra of m x m matrices over
K, Z(R) the center of R and S = [R, R]|. Assume that there exist a,b,c,q,v,w € R
such that a(cs 4 sq) + (¢s + sq)b = vs + sw for all s € S. If ¢ € Z(R) then one of the
following holds:

1. ¢ is a central matrix;
2. b and w are central matrices.

Proof. Since g € Z(R), by the assumption we have that a(c+q)s+ (c+¢q)sb = vs+sw
for all s € S. Clearly if ¢+ ¢ € Z(R) we are done. Suppose that b € Z(R). Then
(a+b)(c+q)s = vs+swforall s € S, in other words for all ¢ # j, X = (a+b)(c+q)e;j—
vejj—ezjw = 0. In particular the (¢, 4)-entry of X is —e;jwe;; = 0, that is w is a diagonal
matrix, say w = » ;- wgegk, for wy € K. Let x be any inner automorphism of R;
of course x(q) and x(b) are central matrices and x ((a + b)(c+ q)s —vs — sw) = 0
for all s € S. Thus x(w) must be a diagonal matrix, say x(w) = > ;*, wjepk, for
some wy, € K. In particular for  # s and x(z) = (1 + eys)z(1 — €,5), we have
X(w) = w + epsw — weys. Since the (r, s)-entry of x(w) is zero, it follows w, = ws, for
all r # s. This means that w is a central matrix in R and we are done.

In light of this, we consider ¢ 4+ ¢ and b both non-scalar matrices. We will prove
that in this case we get a contradiction.

By Remark 1.1 and Lemma 1.5, we can assume that ¢+ ¢ and b have all non-zero
entries, say ¢+ q = Zkl trier and b = Zkl brier, for 0 # t;,0 # by € K.
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Since ej; € S for all 7 # j, then for any ¢ # j
X =alc+q)eji + (c+q)ejib — veji — ejiw = 0
in particular the (4, j)-entry of X is t;;b;; = 0, a contradiction. O]
Analogously one may prove the following (we omit the proof for brevity):

Lemma 1.7

Let K be an infinite field, let R = M,,,(K) be the algebra of mxm matrices over K,
Z(R) the center of R and S = [R, R|. Assume that there exist a,b,c,q,v,w € R such
that a(cs 4+ sq) + (cs + sq)b = vs + sw for all s € S = [R, R]. If ¢ € Z(R) then one of
the following holds:

1. q is a central matrix;
2. a and v are central matrices.

Lemma 1.8

Let K be an infinite field, let R = M,,,(K) be the algebra of mxm matrices over K
Z(R) the center of R and S = [R, R|. Assume that there exist a,b,c,q,v,w € R such
that a(cs + sq) + (cs + sq)b = vs + sw for all s € S. If b € Z(R) then one of the
following holds:

1. a is a central matrix;
2. q and w are central matrices.

Proof. We assume both a and ¢ non-scalar matrices and prove that a contradiction fol-
lows. Denote q = Zkl qrl€El and a = Zkzl AklCEl, W = Zkl WEl1€kL, for WL, Qkl, Akl € K.

By Remark 1.1 and Lemma 1.5, we may assume that ¢ and a have all non-zero
entries. Since b € Z(R), we have that (a + b)(cs + sq) = vs + sw for all s € S, that
is ((a + b)c —v)s + (a+ b)sg — sw = 0 for all s € S, in other words for all i # j,
X = ((a+b)c —v)ei; + (a + b)eijg — ejjw = 0. In particular the (j,4)-entry of X is
aj;qj; = 0, which contradicts our assumption.

In particular, in case ¢ € Z(R), by Lemma 1.6, either ¢ is central or w is central.
If c € Z(R), one has (a+b)(c+q)s = vs+ sw for all s € S. For any i # j and s = e;;:
0=Y = (a+0b)(c+ q)ei; = ve;j + e;jjw. In particular the (4,7)-entry of Y is wj; = 0,
that is w is a diagonal matrix. Let x be any inner automorphism of R; of course x(q),
x(b) and x(c) are central matrices and x ((a +b)(c+ ¢)s —vs —sw) =0 for all s € S.
Thus x(w) must be a diagonal matrix, say x(w) = Y ;- w).ekk, for some w) € K. In
particular for r # s and x(z) = (1 + ers)z(1 — €,5), we have x(w) = w + epsw — weys.
Since the (r, s)-entry of x(w) is zero, it follows w, = ws, for all » # s. This means
that w is a central matrix in R and we are done. O

Lemma 1.9

Let K be an infinite field, let R = M,,(K) be the algebra of m x m matrices
over K with m > 3, Z(R) the center of R. Assume that there exist a,b,c,q,v,w € R
such that a(cs + sq) + (¢s + sq)b = vs + sw for all s € S = [R,R|. If ¢ ¢ Z(R) and
b— aq € Z(R), for a suitable o € K, then a + «c is a central matrix.
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Proof. Assume that a 4+ ac is not a scalar matrix. By Remark 1.1 and Lemma 1.5, we
can assume that a + ac and ¢ have all non-zero entries, say a + ac = ), tyex and

q = Qriekl, for 0 # 3,0 # g € K.
Since b = BI + agq, for a suitable 8 € K, by our assumption we have that

a(cx + xq) + (cx + xq)(f + aq) —vx —zw =0

that is
(ac+ Be)x + (a + ac)zq + x(ag® + Bq) — ve —zw =0

for all z € S, and for x = e;;, with i # j
0= X = (ac+ Bc)e;j + (a+ ac)ejqg + eij(aq2 + Bq) — vei; — ejjw = 0.

By calculations one has that the (j,%)-entry of X is 0 = t;;¢;;, a contradiction.
Therefore a + ac must be a central matrix in R and we are done. O

Lemma 1.10

Let K be an infinite field, let R = M,,(K) be the algebra of m x m matrices
over K with m > 3 and S = [R, R]. Suppose there exist a,b,c,q,u,p,v,w € R such
that ux + axq + cxb + xp = vr + xw for all x € S. Denote

a=> aper, b= buep, c= Y cek, 4= P quichi,
ki ki ki ki

for suitable ay, by, ci and qi elements of K. If there are i # j such that q;; # 0,
¢ji # 0 and bj; = 0, then a,; = 0 and by, = 0 for all r # i and k # r (that is the only
non-zero off-diagonal elements of b fall in the i-th row).

Proof. Consider the assumption

uxr + axq + cxb+zp —vr —xw =0 Vz € [R,R).
In particular, for x = e;; we have:

X = ue;j + aeijq + ceijb + e;p — vei — ejw =0
and for x = e;, with ¢ # 4, j, we also have

Y = uey + aejq + cejb + eyp — vey — ejw = 0.

From the previous equalities it follows that:

1. for all r # i, the (r,7)-entry of the matrix X is 0 = ayiqj; + ¢ribji = arigjs;

for all s # j, the (j, s)-entry of the matrix X is ajiqjs + ¢jibjs = 0;

the (j,)-entry of the matrix Y is a;iqu + cjiby = 0;

for all k # i4,t, the (4, k)-entry of the matrix Y is ajiqu + ¢jiby, = 0 (note that
this holds also in case k = j);

=W N

From (1) and since gj; # 0, one has a,; = 0 for all » # ¢, in particular aj; = 0. Thus
by (2) and since ¢;; # 0, we have bj; = 0 for all s # j. So by (3) by = 0 for all ¢ # 1.
Finally by (4), by, = 0 for all ¢ # 4,5 and k # t. O
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Lemma 1.11

Let K be an infinite field, let R = M,,(K) be the algebra of m x m matrices
over K with m > 3 and S = [R, R|. Suppose there exist a,b,c,q,u,p,v,w € R such
that ux + axq + cxb + xp = v + xw for all x € S. Denote

b= buew, c =Y cuek, 4= Y QiCki;
i ki ki

for suitable by, cj; and qi; elements of K. Assume there are i # j such that bj; = 0.
If g5 # 0, ¢,s # 0 for all v # s, then b is central in R.

Proof. The first step is to apply twice Lemma 1.10: this forces b to be a diagonal
matrix. In fact bj; =0, ¢j; # 0 and c¢j; # 0 imply that b, = 0 for all r # i and &k # r,
in particular, since m > 3, ther exists ¢ # ¢ such that by = 0, for all [ # ¢. Since
qit # 0, cip # 0 we have b, = 0 for all » £ ¢ and k # r, so by, = 0 for all k # i, as
required. Say b =), bprekk-

Consider now the inner automorphism of R induced by the invertible matrix
P=1+e,, forr#i,j: o(x) = P"'zP. Of course

p(u)z + p(a)rp(q) + p(c)zp(d) + 20(p) = p(v)z + 2P(W),

for all x € R. Moreover the (j,17)-entries of ¢(q), ¢(c), ¢(b) are respectively g;j; # 0,
¢ji # 0 and bj; = 0. Therefore, again by Lemma 1.10, any (r, j)-entry of ¢(b) is zero,
for all r # i. By calculations 0 = (¢(b))r; = bjj — by, that is bj; = byy.

On the other hand, if x is the inner automorphisms induced by the invertible
matrix Q = I + ey, as above x(u)z + x(a)zx(q) + x(c)zx(b) + zx(p) = x(v)z + zX (W),
for all € R. Since the (i, j)-entries of x(¢), x(c) and x(b) are respectively g;; # 0,
cij # 0 and b;; = 0, again any (r,4)-entry of x(b) is zero, for all r # j, that is
0 = (¢(b))ri = bji — byp and by = by, = bj; = B, for all v # 4,j. Thus b = I is a

central matrix in R. Ul
Now we are ready to prove the main result of this section:

Proposition 1.12

Let K be an infinite field, let R = M,,(K) be the algebra of m x m matrices
over K with m > 3 and S = [R, R]. Suppose there exist a,b,c,q,v,w € R such that
a(cx + xq) + (cx + q)b = vr + xw for all z € S. Then one of the following holds:

¢, q are central matrices;

a,b are central matrices;

b,q and w are central matrices;

a,c and v are central matrices;

there exists n € K such that a + nc and b — nq are central matrices.

i

Proof. Let
a = § agerr, b= E brier, ¢ = § Cri€kl, q = § QK€L
Kl Kl Kl Kl

for suitable ag;, by, ¢y and gy; elements of K.
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Clearly if one of g or c is a scalar matrix we are done by Lemmas 1.6 and 1.7. In
order to prove the proposition, we may assume that ¢ and ¢ are non-central matrices.
By Remark 1.1 and Lemma 1.5, there exists some invertible matrix Q € M,,(K)
such that QqQ ' = ¢’ and QcQ~! = ¢’ have all non-zero entries. By this conjugation

we denote
/ / / / / / / /
a = Zaklekl, b= Zbkleklv ¢ = chzekl, q = Z%lekl,
kl kl kl kl

for suitable aj;, by, ¢}, and g, elements of K, the conjugates of elements «a,b, ¢, g.
Moreover let v’ and v" be the conjugates of elements v and v. Of course

ddr+dxq + bt + ¢V =v'x + 2w’ forall z€S.

Since ¢, # 0 and ., # 0 for all r # s, then the following holds: if for some i # j
there is some b}i = 0 then by Lemma 1.11 ¥’ is a central matrix, that is also b is a
central matrix and we are finished by Lemma 1.8.

Hence assume that b, # 0 for all r # s. Let n = % #0and o =d +nd. By

Ji

replacing a’ with a” — nc’ in the main equation we get

(" —nd)dz+ (" —nd)xq + dxb + ¢t ="'z + 2w forall x € S.
By calculations it follows that

(a" —nd)dx+ad"xq + (b —ng) + 2q' b = vz +2'w forall z€S.

Note that the (j,)-entry of the matrix (b’ — nq’) is zero; since ¢, # 0 and ¢, # 0
for all » # s, then by Lemma 1.11 b’ — ¢’ must be a central matrix, that is b — nq is
central in R. Let b = ng + f for a suitable 5 € Z(R). Thus by the main assumption
we get

acx + axq + nexq + nrq® + Bex + frqg = vr + zw for all x € S.

Assume finally that a + nc is not a scalar matrix. Since ¢ is not a scalar matrix,
then there exists some invertible matrix P € M,,(K) such that PgP~! = ¢ and
P(a+nc)P~! = " have all non-zero entries. As above, by this conjugation we denote

" __ " n_ 11 " __ "
a = E :akleklv c = E Cki€kl, 4 = E qri1Ckl,
kl ki kl

for suitable a}}, ¢/} and ¢} elements of K, the conjugates of elements a, c,q, and v"”,

w’’ the conjugates of elements u and v. Then

" _m

n n
a’'c’r+a xq

+nc"2qd" +nz(q")? + Bz + Bxgd" ="z + zw” for all z € S.

Choose x = ¢j; for i # j. Hence the matrix

a///C///eji + a”lejiq/// + nclllejiq/// + nejj(q///)2 + ﬁcllleji + ,Bejiq”/ _ U/I/eji + ejiw”/
is zero. In particular the (j,7)-entry is (af] + ncjj)q;; = 0. This contradiction shows
that also a + nc must be a central matrix and we are done. O
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2. The proof of the Theorem 1

We begin this section by studying in detail the case when F, G and H are all inner
generalized derivations. More precisely, if F'(x) = ax + xb is the inner generalized
derivation induced by the elements a,b € U, G(x) = cx + xq the one induced by
¢,q € U, and H(x) = vz + zw the one induced by v,w € U, is the composition F'G
on [R, R]. Thus

O(x1,29) = G(C[.Il,xQ] + [z1, Jrg]q) + (C[:cl,:cg] + [z1, :Eg]q)b —v[xy, x| — [21, T2W

is a generalized polynomial identity for R.
We observe the following:

Remark 2.1 If B is a basis of U over C then any element of T' = U x¢c C{z1,...,zy,},
the free product over C of the C-algebra U and the free C-algebra C{x1,...,x,},
can be written in the form g = ), aym;. In this decomposition the coefficients

are in C' and the elements m; are B-monomials, that is m; = qoy1q91 - - - *Ynqn, with
gi € B and y; € {x1,...,2,}. In [4] it is shown that a generalized polynomial g =
> aym; is the zero element of T if and only if all a; are zero. Let ai,...,a, € U

be linearly independent over C' and aigi(x1,...,xn) + ... + aggr(z1,...,2,) =0 € T,
for some g1,...,g9x € T. If, for any i, g;i(z1,...,2,) = Z?:1 xzjhj(x1,...,2,) and
hj(x1,...,z,) € T, then gi(x1,...,2n), .., gx(®1,...,2,) are the zero element of T.
The same conclusion holds if gi(z1,...,zp)a1 + ... + gr(x1,...,20)ax = 0 € T, and
9i(w1,. ., wn) = 30 hi(w1,...,wn)z; for some hj(z1,...,2n) € T. (We refer the
reader to [2] and [4] for more details on generalized polynomial identities).

We will make frequent use of the previous remark in our next result:

Lemma 2.2
If ®(x1,22) =0 in T = U x¢ C{x1,x2}, then one of the following holds:

c,qeC;

a,beC;

b,q,w e C;

a,c,v € C;

there exists n € C such that a +nc € C, and b—nq € C.

Al

Proof. By our hypothesis, ®(r;,72) = 0 for all r;,79 € R, that is R satisfies the
generalized polynomial identity ®(x1,x2).
If a € C, then

D(x1,19) = (c[xl,xg] + [:L‘l,:cg}q) (a+0b) —v[z1, 2] — [71, T2|W.
Notice that in case ¢ € C, it follows
O(x1,22) = [x1, 22)(c + q)(a + b) — v[wy, 2] — 71, T2]w

and this implies v € C, since ®(x1,x2) = 0in T'. In this case we are done. On the other
hand, if ¢ ¢ C, since {c,v, 1} must be linearly C-dependent, there exist A, u € C' such
that v = Ac + p since {¢, 1} is linearly C-independent. As a consequence R satisfies

O (21, x2) = clxr, z2](a+b—N\) + [21,22](q(a + b) —w — ),
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which is a non-trivial generalized polynomial identity for R, unless a + b = A, which
means b € C'. Also in this case we are done.

Analogously is suppose b € C, by using the same argument on the right of the
identity ®(z1,x2), one may prove that either ¢,w € C or a € C.

Assume now that ¢ € C and a ¢ C, then

O(x1,22) = alzy, z2)(c+ q) + [x1, x2](c + )b — v[x1, 2] — [T1, T2]W.

Thus {a,v,1} is linearly C-dependent and since a ¢ C, we may write v = Aa + u, for
suitable A, u € C. It follows that

(1, x2) = alzy, w2f(c+q — A) + [z, 22]((c + )b — w — p)

which is a non-trivial generalized polynomial identity for R, unless ¢ + ¢ = A. In this
last case, it follows that ¢ € C, and we are finished.

Using a similar argument we may prove that if ¢ € C and b ¢ C, then we obtain
the conclusion ¢ € C.

Clearly in all that follows we may assume that a, b, ¢, ¢ are all non-central elements
of U.

Remark that, since

D (21, x2) = (ac — v)[z1, x2] + alz1, X2]q + |71, T2]b + [21, 22] (9D — W)

is the zero element in 7', then {(ac—wv), a, ¢, 1} must be C-linearly dependent, and also
{(¢b —w), q,b,1} must be C-linearly dependent.
We divide the rest of the proof into three steps:

e Suppose that {a,c, 1} is linearly C-independent. Since {(ac—v),a,c,1} must be
C-linearly dependent, there exist a, 3,7 € C such that ac — v = aa + Bc + 7.
Hence R satisfies

O(x1,x2) = (a + e+ v)[x1, x2] + a[zy, x2|q + c[x1, z2)b + [T1, 2] (b — W)
that is
D (z1,22) = alz1, z2](a + q) + clr1, 2] (B +b) + [z1, 22](gb — w + 7).

This implies that ¢ = —a € C,b=—-0€ C,w=qb+v=af +~v € C and we
are done.
e Suppose now that {b,q, 1} is linearly C-independent.

Since {(¢b—w), q,b,1} must be C-linearly dependent, there exist «, 3,7y € C such that
qb — w = ab+ Bq + . Hence R satisfies

(w1, 9) = (ac — v)[x1, z2] + alr1, 22]q + c[r1, T2]b + 71, 22| (b + B + 7)
that is
(1, 72) = (ac — v +7)[r1, 22| + (a + B)[71, 22]q + (¢ + a)[21, T2]b.

This implies that c= —a € C,a= - € C, v =gb+v = af +~ € C and we are done
again.
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e Finally suppose that there exist 0 # « € C, 0 # g € C' and «,n € C such that
a = ac+-y, b= Bqg+n. In order to obtain the last conclusion of the Lemma, our
aim is now to prove that « = —f .

In this case R satsfies the generalized identity

(ac® = v)[x1, 22) + clwr, m2)(aqg + Bg + v + 1) + [x1, 22) (va + Bg* + ng — w).
Since ®(z1,72) = 0 in T, then {ac? — v, ¢, 1} is linearly C-dependent and, since ¢ ¢ C,
there exist A, u € C such that aac® — v = Ac + p. Therefore R satisfies

clrr, )N+ aq+ Bg+y+n) + 21,22 (g + B¢ + g —w+p) =0 € T.

Hence (a+8)g+ (A +~v+mn) = 0. Since ¢ ¢ C, that is {g, 1} is linearly C-independent,
it follows A+~v+ 71 =0 and a + 8 = 0, as required. O

When R is a matrix algebra over the field K, then its Utumi quotient ring coincides
with R. In this case we have the following consequence of Proposition 1.12.

Proposition 2.3

Let R = M,,(K) be the algebra of m x m matrices over a field K with m > 3 and
char(K) # 2. If there exist a, b, ¢,q,v,w € R such that a(cs+sq)+ (cs+sq)b = vs+sw
for all s € [R, R], then one of the following holds:

1. ¢ and q are central matrices;

2. a and b are central matrices;

3. b, ¢ and w are central matrices;

4. a, c and v are central matrices;

5. there exists a € K such that a + ac and b — aq are central matrices.

Proof. Let L be an infinite extension of K and let R = M,,(L) & R ®x L. Recall
that any multilinear generalized polynomial is an identity for R if and only if it is an
identity also for R. As in the previous lemma, we consider the generalized polynomial

O (21, x2) = a(c[xl,xg] + [z1, xg]q) + (c[xl,xg] + [z1, xg]q)b — [z, x2] — [21, T2W

and we remark that ®(x1,x2) is a generalized multilinear polynomial identity for R.
Clearly the multilinear polynomial ®(z1,z2) is a generalized polynomial identity for
R too. We obtain ®(ry,re) = 0, for all 71,72 € R, and the conclusion follows from
Proposition 1.12. O

In order to prove our final result in the inner case, we observe the following one,
which is a reduced version of Hvala’s theorem we recalled in the beginning of the paper
in ([6, Theorem 1]):

Proposition 2.4

Let R be a prime ring with char(R) # 2. If there exist a,b,c,q,v,w € R such
that a(cs + sq) + (¢s + sq)b = vs + sw for all s € R, then one of the following holds:

1. ¢ and q are central matrices;
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a and b are central matrices;

b, ¢ and w are central matrices;

a, ¢ and v are central matrices;

there exists o € K such that a + ac and b — aq are central matrices.

AN

Proof. Let F(z) = ax + xb, G(x) = cx + xq and H(x) = vx + zw be generalized
derivations of R. Our assumption is FG = H in R. From [6, Theorem 1], one of the
following possibilities holds:

1. there exists v € C such that either F'(z) = ax+2b = vz or G(z) = cx+xq = yz.
Thus either (a —y)z+axb=0or (c—7v)x+xq =0, for all z € R. By Remark 1.3,
either a,b € C and a+ b=, or ¢,q € C and ¢+ g = =y (conclusions 1 and 2 of
proposition).

2. there exist p,u € U such that F'(z) = xp and G(x) = zu. Hence ax+xb = xp and
cr+xq = xu, that isax+x(b—p) =0 and cx+x(¢—u) =0, for all z € R. Also
in this case we apply Remark 1.3 and obtaina=p—b€ Candc=u—q € C,
moreover H(z) = vz + zw = FG(x) = zup implies v € C' (conclusion 4).

3. there exist p,u € U such that F(z) = pr and G(x) = ux, that is ax + xb = px
and cr + xq = ux. As above, by applying Remark 1.3, we obtain b=p—a € C,
g=u—ce C and w e C (conclusion 3).

4. there exist A\, u € C such that G(x) = (A + pa)r — x(ub). In this case cx + xq =
(A pa)x—x(ub), that is c—pua—A = —g—pb € C. If 1 # 0 we get the conclusion
5 of the proposition. On the other hand, in case ¢ = 0 then ¢ — A = —q € C,
that is ¢, ¢ € C' and we obtain the conclusion 1.

O

Proposition 2.5

Let R be a prime ring with char(R) # 2. Assume that R does not embed in
M (L), the algebra of 2 x 2 matrices over a field L. If there exist a,b,c,q,v,w € R
such that a(cs + sq) + (¢s + sq)b = vs+ sw for all s € [R, R|, then one of the following
holds:

1. ¢ and q are central matrices;

2. a and b are central matrices;

3. b, ¢ and w are central matrices;

4. a, ¢ and v are central matrices;

5. there exists a € K such that a + ac and b — aq are central matrices.

Proof. We consider the generalized polynomial
O (1, 29) = a(clrr, zo] + [x1,22]q) + (clz1, z2] + [21, T2]q)b — v[21, 22] — 21, 2]

By Lemma 2.2 we may assume that ®(z1,x2) is a non-trivial generalized polynomial
identity for R. By a theorem due to Beidar in ([2, Theorem 2]) this generalized
polynomial identity is also satisfied by the symmetric Martindale quotient ring ¢ of
R. Let K be an algebraic closure of C. By [8, Theorem 1], either ®(z) = a(cz + zq) +
(cx 4+ 2q)b — vr — zw is a generalized polynomial identity for Q @~ K, so in R, and
we are finished by Proposition 2.3, or ®(x1,x2) is an identity Q QK = My, (K). In
this last case the conclusion follows by Proposition 2.2. O
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Before proving the main theorem of this paper, we need a well known result:

Remark 2.6 'We would like to point out that in [9] Lee proves that every generalized
derivation can be uniquely extended to a generalized derivation of U and thus all
generalized derivations of R will be implicitly assumed to be defined on the whole U.
In particular Lee proves the following result:

In [9, Theorem 3 |. Every generalized derivation g on a dense right ideal of R
can be uniquely extended to U and assumes the form g(x) = ax+d(x), for some a € U
and a derivation d on U.

Finally we are able to prove our main result:

Theorem 2.7

Let R be a prime ring of characteristic different from 2, U the Utumi quotient
ring of R, C the extended centroid of R, I' and G non-zero generalized derivations
of R and f(z1,...,zy,) a polynomial over C. Denote by f(R) the set {f(ri,...,rs) :
T1,...,Tn € R} of all the evaluations of f(x1,...,x,) in R. Suppose that f(z1,...,xy,)
is not central valued on R. If R does not embed in My(K), the algebra of 2 x 2
matrices over a field K, and the composition (FG) acts as a generalized derivation
on the elements of f(R), then (FG) is a generalized derivation of R and one of the
following holds:

1. there exists a € C such that F(z) = ax, for all z € R;

2. there exists a € C such that G(x) = ax, for all v € R;

3. there exist a,b € U such that F(x) = ax, G(x) = bz, for all x € R;

4. there exist a,b € U such that F(x) = za, G(z) = zb, for all v € R;

5. there exist a,b € U, a, f € C such that F(x) = ax +xb, G(z) = ax+ f(ax — xb),
for all x € R.

Proof. Let S be the additive subgroup of R generated by the set f(R). In [5] it is
proved that, if characteristic of R is not 2 and f(z1,...,x,) is not central-valued on
R, then S contains a non-central Lie ideal L of R. Moreover it is well known that,
in case of characteristic different from 2, there exists a non-central ideal I of R such
that [I, R] C L. Of course it is easy to see that if F'G acts as a generalized derivation
on f(R), then it acts as a generalized derivation also on L and [I, R]. Therefore
there exists a generalized derivation H of R such that FG([r1,r2]) = H([r1,r2]) for all
r1,72 € I. As we said in Remark 2.6, we can write F'(z) = ax+d(x), G(z) = bz +d(x)
and H(z) = cx + h(x), for suitable a,b,c € U and d, ¢, h derivations of U. Therefore I
satisfies the differential identity

a(blz1, x2] + 6([z1, x2])) + d(blz1, m2] + 6([z1, 22])) — clw1, z2] — h([z1, x2]).
Since R and I satisfy the same differential identities (see [10]), then also R satisfies
a(blz1, z2) + [6(21), m2] + [21, 6(22)]) + d(b) |1, 22]
+ b[d(l‘l), .’EQ] -+ b[.Tl, d(ﬂ?g)] + [d(S(Il), 332]
+ [0(x1), d(x2)] + [d(z1),0(z2)] + [x1,dd(22)]

]
— c[z1, 2] — [M(x1), 22] — [21, M(22)]. (4)
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First consider the case when {d,d,h} is a set of linearly C-independent derivations
modulo X-inner derivations (i.e. modulo the space of inner derivations of R). In light
of Kharchenko’s theory (see [7]) and starting from (4), R satisfies:

a(blzy, m2] + [y1, 2] + [x1,92]) + d(b)[21, 73]
+ blz1, 2] + b[z1, 22] + [t1, w2] + [y1, 22] + [21,92] + [71, 2]

- 6[5617502] - [Ul,l‘z] - [3317U2]
in particular R satisfies the blended component

alyi, x2] + alx1, yo] + blz1, xa] + b[z1, 22] + [t1, x2]
+ [y1, z2) + [21, y2] + [z1, t2] — [u1, 2] — [21, u2]

and for y; = yo = 21 = 20 = w1 = uy = to = 0 we have the contradiction that R
satisfies [t1,22], that is R should be commutative. This conclusion contradicts the
assumption that f(x1,...,xz,) is not central valued on R.

Hence we assume that {d,d, h} is linearly C-dependent modulo X-inner deriva-

tions. In case d,§ and h are all inner derivations of U, then there exist p,q,v € U such
that d(z) = [p, z], (x) = [q, z], h(x) = [v, z]. Hence

FG(z) = (a+p) (0 + @)z +2(=9)) + (0 + ¢)z + 2(=q)) (=p)

and

H() = (e + ) + x(—v).

Since FG([r1,r2]) = H([r1,m2]) for all 1,73 € R, by Proposition 2.5 we have that one
of the following holds:

b,q € C and G(z) = bx;

a,p € C and F(x) = ax;

p,q,v € C and F(z) = azx, G(x) = bx, H(z) = cz;

(a+p),(b+q),(c+v) € Cand F(x) =za, G(z) = xb, H(x) = zc;
there exists o € C such that (a+p) +a(b+¢q) =n € C and (—p) —a(—q) = A € C,
for suitable n, A € C. In this case it follows that: F(z) = o’z + xb/, where o’ = a+p
and b’ = —p; G(z) = p(a’x — 2b') + va, where p = —a~t and v = a~(n — \).

In any case we are done.

In light of previous argument, here we may assume that there exist «, 5,7 € C
such that

ad + 36 4+ vh = ad(p)

the inner derivation induced by some element p € U, moreover at least one of {d,d, h}
is not an inner derivation.

If {d,h} is linearly C-independent modulo X-inner derivations, then o # 0 and
d cannot be an inner derivation, and so at least one of 8 and -y is not zero. Thus we
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write d = 86 +v'h + ad(p), for B’ = a~1B, v = a~'y. Starting from (4), R satisfies
a(b[xl,xg} + [6(x1), m2] + [ml,é(acg)])
+ (B0 +4'h + ad(p)) (b)[a1, 23] + b[(B'0 + 7' + ad(p))(z1), 2]
+blz1, (B0 +7'h+ ad(p)) (2)] + [(8'6* +~'hd + ad(p)d) (x1), o]
+[0(z1), (86 +~'h + ad(p)) (x2)] + [(8'0 +~'h + ad(p)) (1), 6(22)]
= [1, (867 +7'hé + ad(p)d) (w2)] — clr1, x2] — [h(w1), x2] — [21, h(w2)].
By Kharchenko’s theory R satisfies

(blz1, 2] + [y1, w2] + [21,y2])
+ (80 ++'h + ad(p)) (b)[z1, z2] + b[B'y1 + ¥ 21 + [p, 1], 2]
+blz1, B'y2 + 7 20 + [p, @] + [B't1 4+ 7'u1 + [p,y1], 2]
+ [y1, B'y2 + 722 + [y 2] ] + [B'y1 + 721 + [, 21], 2]
+ [z1, Bt +7'ug + [p, ya]] — clar, wa] — [21, x2] — [21, 2.
In particular, for xo = yo = 29 = 0, R satisfies [z1, 8'ta + 7'usg], which forces R to

be commutative, since either 3’ £ 0 or 4/ # 0, a contradiction.
Consider now the case when there exist A, u € C, not both zero, such that

A6 + ph = ad(q)

for some g € U. We will prove that the last assumption implies a number of contra-
dictions. We divide the proof into three cases:

The case A = 0.

For A = 0, we have  # 0 and h = ad(u"'q), the inner derivation induced by
p~1q. Tt follows that ad + 8§ = ad(p — yu~'q), with a # 0 and 8 # 0, since at least
one of ¢, d and h must be not inner.

Then 6 = o/d + B'ad(p'), for p =p—yu~lgand 0 # o’ = -7 1o, 0 £ 5/ = 7L
By (4) R satisfies:

a(blz1, zo] + [ d(z1) + B, 21], w2] + [21, &/ d(w2) + B[P, 22]])
+ d(b)[w1, m2] + bld(21), x2] + blz1, d(z2)]
+[d(e)d(z1) + o/ d*(z1) + d(B")[p, 21] + B'ld@), a1] + B[, d(x1)], 22
+ [o/d(z1) + B[P, 21], d(w2)] + [ (z1), &'d(z2) + B'[p", 22]]
+ 1, d(o)d(ws) + o/ B (x2) + d(B') [, 2] + B'd(0), 22] + B[P, d(x2)]
—clz1, @] — [[¢, 21], 2] — [ h[q , 2]
In this case, Kharchenko’s result implies that R satisfies
a(blry, z2) + [a'y1 + B[P, 21], w2] + [x1,'y2 + B[P, 22]])

+ d(b)[z1, T2] + bly1, z2] + blz1, Yo
+[d(@)yr + o'z 4+ d(B)[p, 2] + B'[d(D'), 21] + B, 1], 22]
+ o'y + B, 2], o] + [y1, @'y2 + B, 22
+ [z1,d()y2 + &'z + d(B)[p, w2] + B'[d(p), w2] + 'Y, y2]]
= clzr, 0] — [[¢, 1], 2] — [21, [, %2]
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in particular R satisfies the blended component o'[x1, 2], a contradiction again.

The case A # 0 and p = 0.

In this case § = A~ tad(q) = ad(v), for v = A"1q.

Suppose first that {d,h} is linearly C-independent modulo X-inner derivations.
By (4) it follows that R satisfies

a(b[xl,xg] + [[v, z1], 2] + [z1, v, xg]])
+ d(b)[z1, w2] + bld(21), 22] + blz1, d(2)] + [[d(v), 21] + [v, d(21)], 72]
+ [[v, z1], d(x2)] + [d(21), [v, 22]] + [x1, [d(v), 22] + [v, d(22)]]

— clzy, w2 — [h(@1), w2] — [w1, h(w2)]
and using Kharchenko’s theorem, R satisfies

a(b[:cl,xg] + [[v, z1], 2] + [21, [v,xgﬂ)
+d(b)[z1, T2 + bly1, z2] + blz1, Y2 + [[d(v), 21] + [v, 31], 2]
+ [[U7 xl]v yQ] + [ylv [U7 1’2]] + [mh [d(v)v xQ] + [vv yQH

— [z, x2] — [21, 2] — |21, 22]

and in particular R satisfies the blended component [z1, x3], a contradiction.

In the case {d, h} is linearly C-dependent modulo X-inner derivations, there are
m,n2 € C and w € U such that md + n2h = ad(w), the inner derivation induced
by w. Of course both d and h are outer derivations, moreover at least one of n;
and 79 must be non-zero. Without loss of generality, say 71 # 0. So we may write
d =0y (—=neh 4 ad(w)) = nh + ad(u), for n = —n; 'ne and u = n; 'w. Hence dé(x) =
[nh(v), ] + [v,nh(z)] + [u, [v,z]]. So by (4), R satisfies

+ (nh(b) + [u, b])[z1, x2] + blny1 + [u, 21], z2] + b[z1, Ny + [u, z2]]
+ th(’l))?xl] + [Uﬂ?yﬂ + [uv ['Ua-rl]]’-fﬂ

+ [[U7$1]’ ny2 + [U,ZL‘QH + [773/1 + [uwrl]a [U¢$2]]

+

— clz1, 2] = [y1, z2] — [71, 2.

From this last, R satisfies

blz1, ny2] + [[v, z1], nya] + [21, [v, nya]] — [71,y2]
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which is
blz1, ny2] + [nv, [z1, 2]] — [21, y2].

For n = 0 we have that R satisfies [z1, y2] that is R is commutative, a contradiction.
Assume 7 # 0 and denote by H the following generalized derivation of R: H(x) =
(nG)(z) = (nb)x + [nv, ] for all x € R. Therefore [H(u),u] = 0 for all u € [R, R].
By [1, Theorem 1] either both v € C' and b € C and we obtain conclusion 2 of the
Theorem; or R satisfies the standard identity s4(z1,...,x4), that is U = M3(C), and
there exists v € C such that b = —2v 4 ~. In this last case, by calculations it follows
that R and U satisfy the identity nuv[z1, z2]+[z1, Z2]nv+n7vy[z1, £2] —[21, 2] Now choose
r1 = €5, T2 = e;; and multiply on the right by ey, for i # j and 4,5 € {1,2}. We get
eijnve;; = 0, which means that v is a diagonal matrix in Ms(C). As in Lemma 1.11,
standard argument shows that v is a central matrix, as well as b. Also in this case we
are done (conclusion 2).

The case A\ # 0 and p # 0.

In this case we may write 6 = pu'h + Nad(q), with g/ = -A"1u #0, N = A1 £0.
Moreover we may consider h as an outer derivation of R; in fact if h is an inner
derivation, then also d and § should be inner.

Hence ad + Su'h + BN ad(q) + vh = ad(p), with « # 0 and d # 0, since h is not
inner. Also here we show that a number of contradictions follows.

Write d = B'h+ 8"ad(c), for B/ = —a~ Y (B’ +7), B =a ' #0and c = p— BNq.
By (4), R satisfies

ablz1, xa] + alp'h(w1) + Ng, 21], w2] + alz1, 1’ h(22) + Ng, 22]]

+ (B'h(b) + B"[c, b])[x1, 22] + b[B' h(x1) + B"[c, 21], x2]

+ b[xla Blh($2) + B”[C’ :UQH

+ |80 (@) + B R (1) + B'R(N)lg @) + BN (), 21)

+ B,)‘/[(L h(l’l)} + [C, 5////}@(331)] + [Cv 5//)‘/[q7 le7 1)

+ [ h(21) + Ng, 21], 8'h(22) + B"[c, 22]]

+ [B'h(x1) + B[, 21], W' h(z2) + N g, 22]]

+ [wl, B'h(uh(x2) + B'1'h* (x2) + B'h(N)[q, z2] + B'N[h(q), x2]
+ BN (g, h(@2)] + [e, 8" h(w2)] + e 8N [g, 2]

— c[z1, 2] — [M(x1), 22] — [21, M(2)]

and since h is outer, R satisfies
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ablzy, xa] + alp'yr + Ng, z1], w2] + alz1, 1'y2 + Ng, z2]]
+ (8'h(b) + B"[c, b)) [x1, z2] + b[B'yr + B"[c, x1], 22]
+ blz1, By2 + B [c, z2]]

+ [0y + B+ B[, 1] + BN [(a), @]

+ 8N [a, ] + e, B"1m) + [e, 8N g, ]], s

+ [y + Nlg, 1], By2 + B"[c, 2] + [B'y1 + 8" [c, 1], p'y2 + Nq, z2]]

+ [wl, B'h(i )y2 + B’ 22 + BN [h(q), 2] (5)
+ B'Nlg,y2) + [e, 8”1 y2] + [, BN g, xg]ﬂ

— clz1, za] — [y1, 22| — (21, 2]

in particular R satisfies the component ('p'[z1,x2], which is a contradiction unless
when 3 = 0.
In case 3/ = 0, we write (5) as follows

ablz1, za] + a[p'yr + N, 1], x2] + a[z1, p'y2 + Nq, z2]]
+ B"[c, b][z1, x2] 4 b[ 8" [c, 21], m2] + b1, B [c, 2]
+ [[c, B" '] + e, B"X[q,azl]],xg}
+ [y + Nlg, 2], 8”[c, za]] + [8”[c, x1], 1'y2 + Ng, z2]]
+ [z1,[e, 8" 'ya] + [e, 8" N [q, w2]]]
— clx1, x| — [y1, 22| — [21, 2]

and R satisfies the component

a[M/yla 1‘2] + CL[.’El, M,QQ] + [[Cv IBNMIyl]a 'IZ] + ['Tla [C, 5,/#IQ2H
— c[w1, w2 = [y1, 22] — |21, yal.

For y; = w9 and y2 = x1 = 0 it follows that R satisfies 8”1/([c, y1]2, which implies
[c,z]2 = 0, for all z € R, since ¢/ # Oand B” # 0. Denote by ¢ = ad(c) the inner
derivation of R induced by c. Hence [p(z),x] = 0 for all z € R, thus by Posner’s result
in [11] it follows ¢ € C. Therefore, since 8/ = 0 and ¢ is central, it follows d = 0, which
is a contradiction again. d
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