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ABSTRACT

Let (2,3, 1) be a o-finite measure space and let £(X,Y") stand for the space
of all bounded linear operators between Banach spaces (X,| - ||x) and
(Y]] - |ly). We study the problem of integral representation of linear
operators from an Orlicz-Bochner space L¥(u,X) to Y with respect to
operator measures m : % — L(X,Y). It is shown that a linear operator
T : L¥(u,X) — Y has the integral representation T'(f) = [, f(w)dm with
respect to a p*-variationally p-continuous operator measure m if and only if
T is (74, | - |ly)-continuous, where ~y,, stands for a natural mixed topology
on L¥?(u, X). As an application, we derive Vitali-Hahn-Saks type theorems for
families of operator measures.

1. Introduction

Let (X,]|-|lx) and (Y,||-|ly) be real Banach spaces and let Bx stand for the closed
unit ball in X. Let £(X,Y) stand for the space of all bounded linear operators from
X to Y. We denote by o(L,K) and 7(L,K) the weak topology and the Mackey
topology on L with respect to a dual pair (L, K). Given a Hausdorff locally convex
space (L,&) by Lz we will denote its topological dual. Let N stand for the set of all
natural numbers.

Throughout the paper we assume that (£, %, ) is a o-finite, complete measure
space. By ¥7(u) we denote the d-ring of the sets A € ¥ with p(A) < co. By S(X, X)
we denote the set of all X-valued X-simple functions s = 3 (14, ® x;), where (4;) is
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a finite disjoint sequence in ¥, z; € X, and (14, ® x;)(w) = 14, (w)z; for w € Q. By
L°%(u, X) we denote the set of the p-equivalence classes of all strongly Y-measurable
functions f:Q — X. Then L%(u, X) can be provided with the complete metrizable
topology 7o of convergence in measure on all A € ¥¢(u). Then f, — 0 for Ty if and
only if p({w € A : [[fu(w)||lx > €}) — 0 for every A € X¢(p) and all € > 0. By
S(u, X) we denote the subspace of L°(u, X) consisting of the p-equivalence classes
of all s € S(X,X).

Now we recall terminology concerning Orlicz-Bochner spaces (see [24, 18] for
more details). By a Young function we mean here a left continuous convex mapping
¢ : [0,00) = [0,00] vanishing and continuous at 0 such that ¢(t)/t — 0o as t — oo.
For a Young function ¢ we denote by ¢* the complementary Young function. The
Orlicz-Bochner space

L9 (1, X) = {f e L%u, X) - /Qgp()\Hf(w)HX)du < oo for some A > o}

is equipped with the topology 7, of the norm

110 =inf {3 > 0+ [ ol fw)ll/Nau< 1}
Then |[|f|l, <1 if and only if [, ¢(||f(w)|/x)dp < 1. For r >0 let

By(r) ={f € L?(u, X) : | fllo <7}

Note that the space L>(u, X) is included but the space L'(u, X) is excluded.

A subset H of L%(u,X) is said to be solid whenever |fi(w)|lx < |fe(w)]lx
p-a.e. and f1 € L¥P(u, X), fo € H imply f; € H. A linear topology 7 on L%(u,X)
is said to be locally solid if it has a local base at zero consisting of solid sets. A linear
topology 7 on L¥®(u, X) that is at the same time locally solid and locally convex will
be called a locally convex-solid topology on L¥(p, X). A seminorm ¢ on L¥#(p, X) is
called solid if o(f1) < @(fz) whenever f1, fo € L, X) and [[(@)llx < |fa()lx
p-a.e. It is known that a locally convex topology 7 on L¥(u,X) is locally solid if
and only if it is generated by some family of solid seminorms defined on L¥(u, X)
(see [15]).

In this paper the mixed topology Y[75, Tolre(u,x)] (briefly v,) on L#(u, X) is of
importance (see [25, 7, 16] for more details). ~, is a locally convex-solid topology such
that To|re(u,x) C Ve C Ty (see [16, § 3]) and it is the finest locally convex topology
on L¥#(u, X) which agrees with 75 on || - [[,-bounded sets (see [25, 2.2.2]). Then a
sequence (fy,) in L?(p, X) is ~,-convergent to f € L¥(u, X) if and only if f, — f
for 7o and sup,, || fnll, < oo (see [25, Theorem 2.6.1], [16, Theorem 3.1]).

It is well known that for each strongly Y-measurable function f : Q — X there
exists a sequence (s;,) of X-valued ¥-simple functions such that || f(w) — sp(w)||x — 0
for w e Q and ||sp(w)]|lx < ||f(w)||x forall n € N and w € Q (see [14, Theorem 1.6]).
It follows that for each f € L¥(p, X) there exists a sequence (sy,) in S(u, X) such that
sp — f for Ty and ||sp||, < || f|l, for all n € N; that is, s, — f for 7,. Hence using
the Lebesgue dominated convergence theorem we easily derive that L?(u, X)NS(X, X)
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is dense in (E¥(u, X),| - |l¢), where

E“"(,u,X):{fGLO(u,X):/Qcp()\||f(w)||x)du<oo for all )\>0}.

The following characterization of (7, - ||y)-continuous linear operators from
L¥(u, X) to Y will be of importance (see [25, Theorem 2.2.4], [16, Proposition 2.3]).

Proposition 1.1

For a (|| - |lgs |l - |ly)-continuous linear operator T : L¥(u, X) — Y the following
statements are equivalent:
(i) T is (v, | - |ly)-continuous.

(i) |T(fn)lly = 0 whenever f, — 0 for Ty and sup, || fnll, < 0.
(iii)) T is (TolB,(r), |l - ly)-continuous for each r > 0.

Now we recall basic terminology concerning operator measures (see [8, 12, 13,
14, 4, 19, 20]). A finitely additive mapping m : ¥ — £(X,Y’) is called an operator
measure. Following [8] for a Young function ¢ we define a ¢*-semivariation mg-(A)
of m on A€ X by
Mg+ (A) = sup [[Z a; m(4;)(@i)]ly,

where the supremum is taken over all finite disjoint sequences (4;) in ¥ with 4; C A
and a; > 0, x; € Bx for each i with ¥ p(a;)u(A;) < 1. By fasve« (3, L(X,Y))
we denote the set of all operator measures m : ¥ — £(X,Y) with a finite ¢*-semi-
variation (i.e., my«(€2) < 0o), which vanish on p-null sets, i.e., m(A4) = 0 whenever
pn(A) = 0. Note that if m € fasvy« (3, L(X,Y)), then my+ : ¥ — [0,00) is a
submeasure i.e., my+(0) =0, My (A1) < Mmy-(Ag) for Aj, Ay € ¥ with A; C Ay and
My (A1 U Ag) < Mg (A1) + M+ (A2) for any Ai, Ay € X.

For a sequence (A,) in ¥ we will write A, N\, 0 if 4, | and pu(4,NA) =0
for all A € X¢(p).

Now we distinguish some class of operator measures.

DEFINITION 1.2 A measure m € fasvys (2, £(X,Y)) is said to be ¢*-variationally
p-continuous if me+(A,) — 0 whenever A, N\, 0, (4,) C X.

It is known that if 1 < p < oo, p(2) < co and an operator measure m : ¥ —
L(X,Y) vanishes on p-null sets and has the finite g-semivariation m,(£2) (1 < ¢ < oo,
}D + % = 1), then using the fact that S(u, X) is dense in (LP(u, X), | - ||p) one can
define the integral [, f(w)dm for all f € LP(u, X). Moreover, if T : LP(u, X) = Y
is a bounded linear operator, then the associated operator measure m : 3 — L(X,Y)
has the finite g-semivariation mq(Q) and T(f) = [, f(w)dm for all f € LP(u,X)
(see [12, § 13, Theorem 3.1], [13, Theorem 4], [14, § 8B]). The relationships of the
g-semivariation m, to the properties of operators from LP(u, X) to Y were studied
in [3]. Diestel found the integral representation of bounded linear operators from an
Orlicz-Bochner space L#(u, X) to Banach spaces whenever u(2) < oo and a Young
function ¢ satisfies the Ag-condition, i.e., limsup ¢(2t)/¢(t) < co as t — co (see [8,
Theorem 2]). Note that S(u, X) is dense in (L¥(p, X), ||-||o) whenever ¢ satisfies the
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Ag-condition and u(2) < co. Dinculeanu [10, 11] studied the integral representation
of a certain linear transformation of an Orlicz vector field into a Banach space.
In this paper we study the problem of integral representation of linear operators
T : L?(u,X) - Y (¢ is an arbitrary Young function) with respect to an opera-
tor measure m : % — L(X,Y). It is shown that T has an integral representation
= Jo f( dm for f € L¥(u, X) with respect to a @*-variationally p-continuous
measure m if and only if T is (7., || - ||y)-continuous (see Corollary 2.7 below). As an
application, we derive Vitali-Hahn-Saks type theorems for families of operator mea-
sures (see Theorem 3.6 and Corollary 3.7 below).

2. Integral representation of linear operators on Orlicz-Bochner spaces

From now on we assume that ¢ is a Young function. Let m : ¥ — L(X,Y) be a
finite additive measure. Then for every s => " (14, ® z;) € S(X, X) we can define
the integral with respect to m by

/Qs(w)dm = Zm(Az)(:UZ)
For Ae X let

/s(w)dm :—/ 1a(w)s(w)dm.
A Q
Proposition 2.1

Assume that m : ¥ — L(X,Y) is a finite additive measure. Then for A € ¥ we

have
) =sw | [ san], s 5.0, [ ells@la <1},

Proof. Let A € ¥ be given. Assume that s = Z?:l(:ﬂ-Ai ® z;) € S(I,X) with
fQ‘P IIs(w)]|x)du < 1. Then

Zs@ il ) (A N Ay) < /Q o (I5(@)llx)dp < 1,

so we get

| fystam], =] [ 1acrstrn,

anluxm(AM)(H )

=1

g (A).

Y

It follows that

Sup{H/As(w)deY:SGS(E,X),/Q@(H (@)lx)dp < 1} < e (A).
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For the converse, let (A4;)!_; be a disjoint sequence in ¥ with A; C A and z; €
Bx, a; >0 for i =1,2,...,n and > p(a;)pu(A;) <1. Let so =Y iy (La, @ a;x;).
Then

n
[ ellsallx)an = Y eladalxna) < 1.
i=1
Hence

o= | fysortn], =] f sotran]

gsup{H [ stwydm], s € 5.2, [ ollstlxn < 1}7

| fj aim(A;)(z:)
1=1

which completes the proof. O

Now assume that m € fasvy (X, L(X,Y)). Let s =3 1" (14, @ x;) € S(E, X).
Then for every set Ag € X with u(Ag) = 0, we have m(Ag) = 0, so we get

/ﬂs(w)dm = ;m(Ai)(xi) = ;m(Ai N(QN Ag))(x;) = /Q Lo a, (w)s(w)dm.

Hence, in view of Proposition 2.1 we get

Corollary 2.2
Assume that m € fasvy« (X, £L(X,Y)). Then for A € ¥ we have

g () =sup { | [ stptm]], <5 € 270, 3) 0 500,30 1l < 1.
A
It follows that if m € fasvy« , (2, L(X,Y)), then the integration operator

T : LP(u, X)NS(p, X) — Y

defined by Ty,(s) = [, s(w)dm is linear and (|| - ||y, || - [|y)-continuous.
Now we shall show that if m € fasvy« (5, L£(X,Y)) is ¢*-variationally p-con-
tinuous, then T}, can be uniquely extended to a (7, |- ||y)-continuous linear operator

T LP(u, X) = Y with ||T,| = [|Th]|-

Since for m € fasvy« (X, £(X,Y)) its semivariation my+ : ¥ — [0,00) is a
submeasure, using the standard argument one can obtain the following characterization
of *-variationally p-continuous operator measures.

Proposition 2.3
For m € fasv« , (3, L(X,Y)) the following statements are equivalent:
(i) m is ¢*-variationally p-continuous.

(ii) For every e > 0 there exist § > 0 and Ag € ¥¢(u) such that my-(A) < e for
all Ae X with p(A) <6 and me«(Q2\ Ag) <e.

For every r > 0 by T?, we denote the restriction of T, : L?(u, X)N S(p, X) = Y
to By(r)NS(p, X).
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Proposition 2.4

Assume that m € fasvy- (X, L£(X,Y)) is ¢*-variationally p-continuous. Then
for each r > 0 the mapping

T), : Bo(r)NS(pu, X) — Y
is (TolB,(r) ns(u,x), | - [l[y)-uniformly continuous.

Proof. For n >0 and A € X¢(u) let

V(An) ={feLl’(uX): p({we A:||fw)lx >n}) <n}.

Then the family By = {V(A,n) :n>0,A € Xs(u)} is a local base at 0 for 7.
Let us fix » > 0 and let € > 0 be given. Then in view of Proposition 2.3 there
exist Ag € Xy(p) and § > 0 such that m«(2\ Ag) < . and my+(A) < ¢ for

every A € ¥ with p(A) < 6. Choose 1 € (0,0) such that ¢(\/7)u(Ag) < 1 and
Vi < g (AT

Take s1,52 € B,(r) N S(i, X) such that sy —so € V(Ag,n). Then [|[#522|, < 1.
Let A(n) = {w € Q : ||si(w) — s2(w)||x > n}. Since wu(A(n) N Ap) < n, we have
me+(A(n) N Ag) < .. We have s; —s3 = Zle(ILAi ® x;), where (A;)%_; is a disjoint
sequence in ¥ and z; € X for 1 <7 <k. Let

I={ie{l,....k}: |lzil|x > n} and J={ie{l,....k}: [lzillx < n}.

Then
k
[EAAB , l|illx ,
%;P(%)M(Az) < Z:‘P(T)M(Az)
/ H81 - 82( HX)du <1,
SO
Z IIszx A; 0 Ag) < ) < i (A(n) 1 o),
II%IIX
i€l
and
€T; ZT; -
Z ” ”X m(A; N (2~ Ao))(Hxin) ) < g (N Ag).
Moreover,
[EAB ( ; >
m(A; N Ag < my+(Ao),
because
Zg
Zcp” Ix (AN Ag) < (/) (A N Ao)

ieJ \/ﬁ icJ
= oy (400 4i) < (Vi) n(Ao) < 1.

icJ
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Hence we have

177, (s1) = Th(s2)lly = /981(w)dm—/932(“’)dmuy

= /Q(Sl( — s2(w de _Hzm

=D m(Ai 0 Ao) (i) + > m(A; N Ao)(x;)

el ieJ
k
+) m(Ai N (2N Ag)) (i) y
i=1

<2 HZ” zllx g, QA())(H;W) )

> o midn o) (e

e

i

Y

+ 24‘2”2’% m(Am(Q\AO))( i )

il x

Y

< 2rm mw (A(n) N Ag) + /0 M+ (Ag) + 21 M= (2 N Ag)
ST
- 4 4

This means that T}, is (7o0|B,(r)ns(ux)s || - [|y)-uniformly continuous. O

Now we are in position to state our main result.
Theorem 2.5

Assume that m € fasvy« (5, L£(X,Y)) is ¢*-variationally p-continuous. Then
Ty o L?(p, X) N S(p, X) — Y has a unique (Y, || - [|y)-continuous linear extension
T L? (1, X) = Y and || Th|| = me+(9).

Proof. From Proposition 2.4 it follows that for every r > 0 there exists a unique
(%lcl(Bw(T)ﬂs(u,X)% || - ||y )-uniformly continuous extension

T,,:cl(By(r) N S(u, X)) =Y
of the mapping T}, : By(r) NS(i, X) — Y (the closure is taken in To|re(,, x)) (see [2,
Theorem 2.6]). Since B (r) C cl(By(r) N S(p, X)) for r > 0, the restricted mapping

TylB,r) : Be(r) = Y is (Tol,(r), | - ly)-uniformly continuous. Then for f € By(r)
we have

T (f) =LmT’ (s,) = lim/ Sp(w)dm,
Q

where (s,) is a sequence in By,(r) N S(u, X) such that s, — f for 75. Note that
for 0 < r1 < ro we have Tmb(m) = T:;}L‘Bw(n)- Define the linear operator T,
L#(j, X) = Y by

r—1 r—1

Tw(f)="T,,(f) for fe By(r), r>0.
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Then Tm|L¢(#,X)mS(#,X) = T, and in view of Proposition 1.1 T, is (7, | - ||ly)-con-
tinuous.
Note that by Corollary 2.2

M+ (Q) = sup {[|Tn(s)lly : s € L#(u, X) N S(p, X), [Isll < 1}
< sup {ITm(Hlly : f € L1, X), Iflle <1} = [Tl

Now let f € L%(p,X) and | f|l, < 1. Then there exists a sequence (s) in
L?(p, X) N S(p, X) such that s, — f for Ty and |spll, < [|fll, < 1 for n € N.

Hence T, (f) = UmTy,(sn). Let € > 0 be given. Then there exists n. € N such
1T (f) — Tin(sn.)|ly < e. Hence

1T (Dlly < 1 Tm(f) = T (sn)ly + 1T (sn)lly
< 6+H/sns(w)de < et g ().
Q Y
It follows that [|T,,] < M- (). O

In view of Theorems 2.4 and 2.5 we have

DEFINITION 2.6  Assume that m € fasvy- (X, £(X,Y)) is p*-variationally p-continuous.
For every f € L¥(u,X) we define the integral [, f(w)dm by the equality:

/ f(w)dm =T, (f).
Q

Assume now that T": L#(p, X) =Y isa (|| |4, ||- ||y)-continuous linear operator
and let m : ¥ — L(X,Y) be its representing measure defined by

m(A)(z) =T(la®@z) for Ae¥ and ze€ X.
Then by Corollary 2.2 we get
Mg (Q) = sup {|T(s)lly : s € L? (1, X) N S(p, X), |lsll, < 1}
<IN < o0,
and m(A) =0 whenever p(A) = 0. This means that m € fasvy- , (3, L(X,Y)).

Theorem 2.7

Let L¥(pu, X) =Y bea (v, | - |lv)-continuous linear operator. Then its repre-
senting measure m € fasv,« (X, L(X,Y)) is p*-variationally p-continuous and

T() =Tol$) = [ fw)im for all f & L9, X).
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Proof. Note that T is (|| - ||e, ] - ||)-continuous because v, C 7T,. Hence m €
fasvg« (2, L(X,Y)). To show that m is yp*-variationally p-continuous, assume that
A, Ny 0,(A,) C X, Then for each n € N there exist a sequence (A,;), in
with A, ; C A, and ay; > 0, z,; € Bx for 1 <1i <k, with Zf;l Olani)pu(An;) <1
such that

k
~ - 1
e (An) < || D anim(Ang)(zng)| + —.
i=1 Y
Let s, = Zfﬁl(ﬂAn,i ® an,i Tn;) for n € N. Then
kn kn
/QSD(HSR(W)HX)dM = Z‘P(Han,i xn,iHX)ﬂ(An,i) < ZSO(an,i)M(An,i) <1,
i=1 =1

0 ||spll, <1 for n € N. Moreover, for every A € ¥¢(u) and € >0 we have {w € A:
Isn(w)|lx > e} € A, N A for all n € N. Thus pu({w € A: ||sp(w)|lx > ¢€}) =0, ie.,
sp — 0 for To. Hence s, — 0 for ~,, so

Z Qn i m(An,z)(xn,z)

i=1

= 1T (sn)lly — 0.
Y

It follows that mg=(A,) — 0, i.e., m is ¢*-variationally p-continuous.

Now let f € L¥(p, X). Then there exists a sequence (s,) in L¥(p, X) N S(p, X)
such that s, — f for 7,. Since T and the integration operator T, are (v, || - ||ly)-con-
tinuous (see Theorem 2.5) we have

T(f) =lmT(s,) = im Ty, (sn) = Thn(f) = /Qf(w)dm.

As a consequence of Theorems 2.5 and 2.7 we get O

Corollary 2.8

Let T : L¥(u,X) = Y bea (|-, || - [ly)-continuous linear operator and let
m € fasvy« , (X, L(X,Y)) be its representing measure. Then the following statements
are equivalent:
(i) T is (7, | - |ly)-continuous.

(ii) m is ¢*-variationally p-continuous.

Note that the Lebesgue-Bochner space L>(u, X) is equal to the Orlicz-Bochner
space L#>(u, X), where

0 = 0 if 0<t<1,
L BN

The space L*(u, X) is provided with the norm ||f|loc = esssup,cq || f(w)|x. Then
@k (t) =t for all t > 0. Hence for a measure m : ¥ — £(X,Y) and A € ¥ we have

m(A) = Mgz (A) = sup || Zm(Ai)(zi) |y,
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where the supremum is taken over all finite disjoint sequences (A;) in ¥ with 4, C A
and x; € By for each i. We will briefly write fasv,(X,L£(X,Y)) instead of
fasvyx (X, L(X,Y)). We will say that fasv, (X, £(X,Y)) is variationally p-continuous
if m(A,) -0 as A, \u 0, (4,) C E. By 7o (= 7p..) we will denote the mixed
topology on L*(u, X).

For each y* € Y* let my+ : ¥ — X* be a measure defined by

my«(A)(z) = (m(A)(z),y*) forevery A€ ¥ and z € X.
It is well known that for A € X,
m(A) = sup {|my-[(A) : y" € By},

where |my-| stands for the variation of a measure my- (see [4, Theorem 5]). It follows
that m € fasv, (3, L£(X,Y)) is variationally p-continuous if and only if the family
{lmy+| : y* € By~} is uniformly p-continuous.

Recall that a continuous finite valued Young function ¢ is said to be an
N-function if ¢ vanishes only at 0 and ¢(t)/t =0 as t = 0, ¢(t)/t = 00 as t - o0
(see [18]). Note that if pu(2) < oo, then S(u, X) C L*(u, X) C E¥(u, X) C L¥(p, X)
for any N-function ¢. The following characterization of 7., will be useful (see [21,
Theorem 4.5]).

Theorem 2.9
Assume that (§2,%, ) is a finite measure space. Then 7y, is generated by a
family of norms || - ||| (4, x), Where ¢ runs over the family of all N-functions.

Now we are ready to present a characterization of variationally p-continuous
measures m € fasv, (2, L(X,Y)).

Corollary 2.10

Assume that (Q, %, i) is a finite measure space. Then for m € fasv,, (X, £L(X,Y))
the following statements are equivalent:
(i) m is variationally p-continuous.

(ii) There exists an N-function ¢ such that mg-(£2) < .

Proof. (i)==(ii) Assume that m is variationally p-continuous. Then in view of Theo-
rem 2.5 the integration operator T, : L (i, X) — Y is (Yso, |||y )-continuous. Hence
by Theorem 2.9 there exists an N-function ¢ such that Tp, is (| - [lo] zoe (ux): |- lv)-
continuous. Hence in view of Corollary 2.2 we get

it () = sup {[T(s)ly : s € (s, X), lsll, < 1} < oo.

(il)==(i) Assume that ¢ is an N-function such that me-(2) < co. Let T),(s) =
Jos(w)dm for s € S(u,X). Then by Corollary 2.2 for every s € S(u,X) we have
1T (s)]ly < me=(2) - ||s]|p. This means that the operator T, : S(u,X) — Y is
(Il - llgs 1l - lly)-continuous. Since S(p, X) C L*(p, X) C E¥(u, X) and S(p, X) is
dense in (E¥ (i, X), || - |lo), we see that S(u, X) is dense in (L (1, X), || - ] £oe (1, x))-
Hence there exists a (|| - [|o]zoo(u,x), || - Iy)-continuous extension T, : L®(u, X) = Y
of Tp,. In view of Theorem 2.9 T, is (Yoo, || - ||y)-continuous, and by Theorem 2.7 m
is variationally p-continuous. O
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3. Vitali-Hahn-Saks type theorems for operator measures

It is known that if the Banach dual X* of X has the Radon-Nikodym property
(i.e., X is an Asplund space; see [9, p. 213]), then

L®(u, X5 ={Fy:g€ L' (u, X"},

where Fy(f) = [o(f(w),g(w))dp for all f € L>(u,X) (see [5, Theorem 4.1] [6, Theo-
rem 4.3]). The following characterization of v, will be needed (see [22, Corollary 4.3]).

Theorem 3.1

Assume that X* has the Radon-Nikodym property. Then 7, is a Mackey topo-
logy, i.e.,

Yoo =T (Loo(ru7 X)’ Loo(ru’v X)i;oo) = T(Loo(l% X)7 Ll(ﬂa X*))
We will need the following general result.

Proposition 3.2

Assume the X* has the Radon-Nikodym property. Let T : L*°(u, X) — Y be a
(I lls, || |ly-)-continuous linear operator and m € fasv, (X, L(X,Y)) be its representing
measure. Then the following statements are equivalent:
(i) m is variationally p-continuous.
(i) T is (7(L>®(u, X), LY (u, X*)), || - ||y )-continuous.
(iii) T is (o(L>®(u, X), LY (1, X*)), 0 (Y, Y*))-continuous.
(iv) y*oT € L>(u, X)3_ for each y* € Y.
Proof. (i)<=(ii) It follows from Corollary 2.8 and Theorem 3.1.
(il)«<=(iii) See [1, Example 11, p. 149].
(iii)<=(iv) See [1, Theorem 9.26]. O

Let L£(L*°(u,X),Y) stand for the space of all bounded linear operators from
L*°(p, X) to a Banach space Y. The strong operator topology (briefly SOT) is a locally
convex topology on L(L*(u,X),Y) defined by the family of seminorms {py : f €
L*>®(pu, X)}, where p(T) = ||T(f)|ly for all T € L(L*>(u, X),Y). The weak operator
topology (briefly WOT) is a locally convex topology on £(L*(u, X),Y) defined by the
family of seminorms {pg,« : f € L®(u, X),y* € Y*}, where pys«(T) = (T(f),y")|
for all T € L(L>®(p,X),Y). In view of the Banach-Steinhaus theorem the space
L(L>®(p, X),Y) provided with SOT is sequentially complete. By L, (L>(u, X),Y)
we denote the subspace of L(L>(u, X),Y’) consisting of all those T' € L(L*>(u, X),Y)
which are (7Yeo, || - [|y)-continuous.

Proposition 3.3

Assume that X* has the Radon-Nikodym property. Then L. _(L*(u, X),Y) is
a sequentially closed subspace of L(L>®(u,X),Y) for WOT.
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Proof. Let (T;,) be a sequence in L, (L*(u,X),Y’) such that T,, — T for WOT,
where T € L(L*®(p, X),Y). Let y§ € Y* be given. Then for every f € L*>(u,X)
we have (y5 o T)(f) = lim(yg o Tn)(f), where ygoT, € L*>(u,X);  for n € N
(see Theorem 3.1 and Proposition 3.2) and yjoT € L*(u, X)* (= the Banach dual
of L>®(p,X)). It follows that (y§oTy,) is a o(L>®(p, X)%_, L>®(pn, X))-Cauchy se-

Yoo ?
quence in L*(u, X)3_ . Since the space (L*°(u, X)5_,0(L>(u, X)3_, L>=(u, X))) is
sequentially complete (see [22, Corollary 4.3]), there exists Fy € L>(u, X)3_ such that

Fo(f) = lim(ygoTy)(f) foreach f € L*(u, X),s0 Fy = ysoT € L>=(u, X)5 . Making
use of Proposition 3.2 and Theorem 3.1 we derive that T' € £,_(L*(p, X),Y). O

Corollary 3.4
Assume that X* has the Radon-Nikodym property. Then

(i) Ly (L>®(u, X),Y) is a sequentially closed subspace of L(L>(u, X),Y) for SOT.
(ii) The space (L. (L>(p,X),Y),SOT) is sequentially complete

Proof. (i) It follows from Proposition 3.3 because WOT C SOT.
(ii) It follows from (i) because the space (L(L*°(u,X),Y),SOT) is sequentially
complete. O

The following result will be of importance (see [22, Theorem 5.5]).

Theorem 3.5

Assume that X* has the Radon-Nikodym property. Let K be a SOT-compact
subset of L _(L*(p, X),Y). Then K is (Yoo, || - ||yv)-equicontinuous.

Now we are in position to prove a modification and correction of [23, Theorems 4.3
and 4.4] concerning Vitali-Hahn-Saks type theorems for families of operator measures.

Theorem 3.6

Assume that X* has the Radon-Nikodym property. Let M be a subset of
fasv,, (X, L(X,Y)) consisting of variationally p-continuous measures such that the set
of the corresponding integration operators {T,, : m € M} is a SOT-compact subset
of Ly (L>(u,X),Y). Then the set M is uniformly variationally p-continuous, i.e.,
sup,,ep M(A,) — 0 whenever A, N\, 0, (A,) C X.

Proof. In view of Theorem 3.5 the family {T,, : m € M} is (Yoo, |||y )-equicontinuous.
We know that v, is generated by a family {o, : @ € A} of solid seminorms on
L>®(p, X).
Let € > 0 be given. Then there exist a; € A for i = 1,...,i0 € N and § > 0
such that .
sup [|[Thm(f)|ly < = whenever max gq,(f) < 0. (1)
meM 2 1<i<ig =
Assume now that A, N\, 0,(A4,) C X. For a fixed 2o € X with ||zg]|x = 1
let f, = 14, ® 29 for n € N. Then for A € ¥¢(n) we have {w € A, N A :
|fn(w)x > e} € A,NA for n € N and p(4, N A) — 0. Hence f, — 0 for
To. Since sup, ||fnlloc < 1 we have f, — 0 for 7. It follows that there exists
no € N such that maxi<i<i, 0a,(fn) <9 for n > ng.
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Now let n € N be fixed. Then for every m € M there exist a finite sequence
(An])fmln in ¥ with Akm" C A, and z,'; € Bx for 1 <i < kpp such that

km,n
) < || 3o miaz @)+ 5 (2)
j=1

km.n
Let s = 3 ;0" (Lam, @ ap?;) for m € M. Then [s7'(w)llx < [[fn(w)|x for
w € Q and every m € M, and hence maxi<i<i, 0a; (SI') < maxj<i<i, Oa,; (fn) for every

m € M. Hence by (1) and (2) for n > ng we get

. 4 € <&
Tslel}\)/tm(An) < 122/134 HTm(sn)HY—i- 5 < 5

This means that sup,,c m(An) —» 0, as desired. O

As a consequence of Theorem 3.6 we have

Corollary 3.7

Assume that X* has the Radon-Nikodym property. Let my, € fasv, (X, L(X,Y))
be variationally p-continuous measures for k € N. Assume that for every
fe L>(p, X),

T(f):= hlf:nT = hm/ f(w)dmy

exists in (Y,|| - |ly). Then the operator T : L*(u,X) — Y is (Yoo, | - |lyv)-conti-
nuous and the family {my : k € N} is uniformly variationally p-continuous, i.e.,
supy mi(An) = 0 as A, N\, 0, (4,) C X.

Proof. By Theorem 2.5 and Corollary 3.4 T € L, _(L*°(u,X),Y). Then T, — T
in £, (L®(u, X),Y) for SOT, so {Ts, : k € N} U{T} is a compact subset of
L. (L*(p, X),Y) for SOT. Hence by Theorem 3.6 the set {my, : kK € N} is uniformly
variationally u-continuous. O
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