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ABSTRACT

In the paper we obtain a characterization of an inequality for Riemann—Liouville
operator involving suprema in case of nonincreasing weights.

1. Introduction

Let b € (0,00]. Denote by 9™ the class of all nonnegative Lebesgue measurable
functions on (0,b). The weighted Riemann-Liouville operator

Fral) [ A (1)

was studied in papers [1, 5, 6, 7, 8], where criteria under some restrictions on the
weight functions and relations on parameters p, g of the LP — L9 boundedness (and in
some cases compactness) of the operator (1) was proved.

In various research projects some operators involving suprema have been recently
encountered (see [3, 4]). In paper [3] a Hardy-type operator involving suprema was
characterized. We study the inequality

(/Ob [(Rol)@)] () dr) " < C(/Obf(x)p a)”. femr, )
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264 PROKHOROV

where the Riemann—Liouville operator involving suprema R,, is defined by the formula

(Raf)lt) = sup uts) [ 0,

t<s<b

€ (0,1), w,v € M, u is a continuous nonnegative function and either u or v is
nonincreasing on (0, b).
Put by := sup{s € (0,b) | u(s) # 0}. Since

(Ref)(t) = sup u(s)/OSW it 0<t< b

t<s<bg (S - y)l_

and
(Raf)(t) =0 if t € (bo,b),

the inequality (2) is equivalent to the similar inequality with by instead of b. So we
assume that by = b.

Throughout this paper A < B and B 2 A means that A < ¢B, where the constant
¢ depends only on p, ¢, @ and may be different in different places. If both A < B and
A 2 B, then we write A ~ B.

2. Main results

Lemma 2.1

Let a € (0,1), v ( 1], [e,d) C (0 b), and let v be a measurable function such
that the function V (t fo lv(y)(t —y)*|P'dy is bounded on [¢,d), and f € LP(0,d).
Then the integral g(t ) : (y)v(y)( y)*~tdy is continuous from the right on [c,d).

Proof. Fix an arbitrary point ¢ € [¢,d). The boundedness of the function V' implies
K = supgepea) [V (2)] < 0co. Let 6 > 0 such that [t,t +J) C [c,d) and h € (0,0). We

have

YEER) | F(y)o(y)| dy
¢ (t+h—y)l-@

lg(t+h) — g(t)| < /
:

vt 1 1
[ rwewl| = - e

Applying the Holder inequality, we find

(h) + Iz(h).

lo(y) [P dy ]W

t+h
Il(h) S HfX['yt;y(t-&-h))Hp{/O (t +h— y)(l_a)p/

< K7 fXpiniinylly = 0, 7 — 0.

Remark that if s > 2 > 0 and A € (0,1), then

sh— 2t = g1 (s — (E))‘fl : x) < s s —x)
s
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and by the mean value theorem there exists £ € (z,s) such that
=t =X (s —2) > AN (s —x).
Hence for y < ¢t we have

1 1 (t+h—y)l=% — (t —y)l=@

(t—y)i=  (t+h—yll (t-yot+th-y'—e
LEth—y Mt th—y) —({—y))
t—y)=o(t+h—y)e
h
t—y)=(t+h-y)

and we get the following estimate of Is(h)

L 1 Wy)ldy
IQ(h)’“/O s

Now for any y € (0,t) the inequality |h(t + h —y)~!| < 1 holds and h(t + h — y)~!
monotonically tends to 0 as h — 04. Besides that

/”t |f(y)o(y)|dy
0

(t —y)l-« = Kl/p/HfX(O,d)”p-

Consequently, by Lebesgue’s Dominated Convergence Theorem, I2(h) — 0 as h — 0.
Thus the function ¢ is continuous from the right on [c, d). O
2.1. The case of nonincreasing function v
Let v be a nonnegative nonincreasing function. Since for any f € 9™
a [t
(Raf)(®) = [ s a5 ] [ fw)ety) dy 3)
t<s<b 0

then in case of p € (0,1) by using the result [8, Theorem 2] for integral operator we
get that the inequality (2) holds if and only if

mes <{t € (0,b) ‘ w(t)l/q[ sup u(s)so‘_l} /Otv(y) dy # O}) =0,

t<s<b
that is the left-hand side of (2) is equal 0 for any f € IMM™.

Lemma 2.2

Let

a€(0,1),1<p<

1 t
o 0<q< oo w€m+,/w(y)dy>0
0
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for all t € (0,b), u be a continuous nonnegative function and v be a nonincreasing
nonnegative function. Put

by :=sup {s € (0,b) |v(s) # 0}, by := inf {t € (0,b4] ‘ /tb1 u(z) dr = 0}

b3 := sup {t € [b1,b) ’ /btu(a:) dr = 0}.

(a) If by > 0, then the inequality (2) is false.
(b) If by = 0 and bs > by, then the inequality (2) holds if and only if A < oo, where

A= op [qu(f)]q/;w(y) dy+/: [uit)]qw(t) dt)l/q[/oxv(t)p’dt} W]
(4)

and

a—1

and u(t) ==t sup u(s)s
t<s<b

(c) Ifby = 0 and by = bs, then the inequality (2) holds if and only if max{A, A’} < oo,

where
b 1/q b w(y) dy YUY
A = / w(x) dx sup u(s / — .
|: 0 ( ) :| SE[bl,b) ( )< 0 (S — y)(l—a)p )

Proof. (a) Let the inequality (2) hold and by > 0. Then there is the strictly increasing
sequence {t;}7°, C (0,b2) such that u(t;) # 0 and klim tp = by. Since (1 — a)p’ > 1,
—00

then gx(y) = (trr1 — ¥)* " X(tertryr) (%) does not belong to the LP (t,t;r1). Then
there exists the functlon fr € LP(tx,tx+1) such that ft"“ fr(®)gr(x)dz = oo. For
instance, if a < 5 we can take fr(y) = (tkt1 — ¥) " “X(ty,t0,1)(¥)- Consequently, if we
put f:=>, 2*kfk|]fk||;1, we get f € LP and (R, f)(t) = oo for any ¢ € (0, bs). Hence
fob *w(y) dy = 0 and we get contradiction.

(b) If b3 = b, then uw = 0 a.e. in (0,b) and the statement is clear. Now let bs < b.

Let the inequality (2) hold. The finiteness of the constant A follows directly from [3,
Theorem 4.1] in accordance with

(Raf)(t) = y)dy, fem". (5)
t<s<b
Conversely, we have
" fly)v(y) dy
Ry f)(t) = sup u(s e
( )( ) max{bs,t}<s<b ( ) 0 (8 - y)lia
b1
1—- =
[ 53} t<s<b st= a/ fw)oly) dy.

since s—y > s—b; = s(l—%) > s(1— 171) The statement follows from [3, Theorem 4.1].
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(c) If by = bg = b or by = bz = 0, then the statement is clear. Now let 0 < b =
bs < b.

Necessity. The finiteness of the constant A is proved the same way as in part (b).
Besides that, in this case

o s " fy)o(y) dy
(Raf)(t) = max{bl,g§s<b (s) oy (6)

and the inequality (2) implies

(/Obl w(z) d:c) l/qbsup u(s) " M(yl)f? < C(

1<s<b o (5—y)

by
f(x)P d:z) 1/p.

0

Now, the sharpness of the Holder inequality proves the finiteness of the constant A’.

Sufficiency. Since A < 00, then [ w dy < oo for any x € (0,b). There exists a
point b’ € (b1, b) such that fo x)dx < 2f0 x)dz. In accordance with (6) and [3,
Theorem 4.1], we have

i’ g L4 g 1a " fyvly) dy

([ (Rap@)w(@)de) " <[ [ w@)de] ™ sup u(s) [ LT

0 0 b1<s<b o (s—y)

< 21/qA’( / b f(z)P dm)l/p,
0

and

([ rap@) ot ar)

1/
<[5 () (o a/ CUDECO
<2 /f P )

O

We also use the following Chebyshev inequality (see proof, for instance, in
book [2, 2.18]).

Lemma 2.3

Let f be nonincreasing and g be nondecreasing nonnegative functions on
(¢,d), —00 < ¢ < d < +00. Then

/f z)da < _c/f dx/cd()dx.
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Corollary 2.4

Let a € (0,1), 0 < p,q < 00; w,u,p € M, imj be the class of nonincreasing
nonnegative functions on (0,b) and v € smj Then the inequality

NEX / Wl (M]”q

<C/f ,feiW (7)

is equivalent to the inequality

[l /f o]

<O/f W p e (8)

a1 [° * f@)oly) dy
s 1/0 f(y)v(y)dyﬁ/o W

By the Chebyshev inequality we have

I w—‘l/f Vi || =

Proof. It is clear that

O

Thus the criterion of validity of the inequality (8), which was proved in paper [3,
Theorem 3.5], is also a criterion of validity of the inequality (7).

Theorem 2.5
Let

1 t
€ (0,1), L <PSg<od we M, / w(y)dy >0
0

for all t € (0,b), u be a continuous nonnegative function and v be a nonincreasing
nonnegative function. Then the inequality (2) holds if and only if A < co, where A is
defined in (4).

Proof. Necessity follows from [3, Theorem 4.1], since the estimate (5) is true.
Sufficiency. Since A < oo, then [ w(y)dy < oo for any & € (0,b). If there exists
z € (0,b) such that [ v(y)? dy = oo, then fo y)P' dy = oo for all t € (0,b) because of

monotonicity of functlon v. Hence, the ﬁnlteness of A implies that w(t)/9(Ra.f)(t) = 0
for arbitrary t € (0,b) and f € 9)?+. So in this case the inequality (2) holds.
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Let fot v(y)? dy < oo for all t € (0,b). In particular, it implies that integral

at):= [ F@w)t - dy, 7€ (0,1

0

of a function f € LP(0,b) is continuous from the right on (0,b), since for any [c,d) C
(0,b), by Lemma 2.3,

t p/ ’ t / 2 d /
/ Lﬂy/ 5 t(a—l)p / v(y)p dy < C(a—l)p / v(y)p dy < oo.
o (t—y)t-ar 0 0

Then for nonnegative f € LP(0,b) we have

b b 8 v q
/O (R f) ()] () d < /0 w(z)| sup u(s) M} o

r<s<b s/2 (S_ )1 @
b
+/ w(m) sup / fly dy dx = I + I5.
0 r<s<b

The estimate Ir < A?||f||2 follows from [3, Theorem 4.1].
Put

N {inf{kEZ|2k2b}, if b < oo,

00, otherwise.
Then I S 111 + I12, where

2k+1

3 * fy)v(y) dyya

b= k<N/ t<§3£€+1 (u(s) s/2 (s —y)t~ 3) .
2 * fy)o(y) dyya

he = k; N/ S (u6s o2 (5_7)13) -

Applying the Holder inequality, Lemma 2.3 and monotonicity of function v, we
obtain

2k+1 2k+1

I < Z / w(t) sup [“(3) {/S;%r/p] dt[ f(y)pdy} "

k<N 2k t§s<2k+1 2k—1

2k+1 ok+1

S [ e suw [u<s>sa—1[ [ v(y)f"dy}””'rdt[ | swra]”

k<N 2k t§s<2k+1 3/2 k—1

2k+1

SZ/?‘“ wi)]_sup ute)s "] /O%U(y)p’dyr/pl[ Fyay)”

k<N t§8<2k+1 2k—1

Hence 111 < AY||f]|2-
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Moreover,
2k+1 s
d
Ly = Z/ sup sup (u(s)/ M)q
N k+1§i<N 2i<s<2i+1 5/2 (s—v)
k+1
<y /2 b Y s (ue [ IOy
k<N kH1<i<N 2'Ss<2 s2 (s —y)i=e

2i
VL Y )
< KZN/OZ" w(t) dt<u(2’¢) Zj/; {W)qy

where z; is a point in (2¢,2°7!] such that

sup (u(s) :’2 fy)v(y )dy)q < 2<u(2i) “ fy)vly )dy)q'

2i<g<it1 (s —y)t-e 2 (zi—y)t—e

Applying the Holder inequality, Lemma 2.3 and monotonicity of function v, we find

2i+1 . ,
a/p o Zi ) q/p
s X [Cwwal [ swra)” ey [T ow? o
i<N 2=t 0
S A FIS-
Thus the theorem is proved. O

2.2. The case of nonincreasing function u

Remark that, since u is a nonincreasing function, the assumption by = b (which we
made in the Introduction) implies that u(¢) > 0 for all ¢ € (0,b).

By using the ideas from proof of the Theorem 4.1 of the paper [3] we get the
following result.

Denote by S the class of all strictly increasing sequences {zj}¥ f—n. C [0,b], where

ni,ng € ZU{+xoo}, n1 < ng, such that [0,b] = Uk e Yap, 2rgr)-
Theorem 2.6
Let « € (0,1), 1 <p<00,0<g< 0 f:%—%;w,veﬁ)ﬁ,ubeacontinuous

Tor
and nonincreasing nonnegative function. If p < q then the inequality (2) holds if and

only if the inequality

</ ([ W) )UQSC(/;“@”:“)NP’ fem, ()

holds and B < oo, where

B := sup B(t):= sup u(t)[/otw(y) dy} 1/q|:/0t v(y)p/dy/r/p’.

te(0,b) t€(0,b) (t _ y)(l—a)p
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If p > q then the inequality (2) holds if and only if the inequality (9) holds and
D < oo, where

/ 1/r
Tht1 r/q Tl o(y)P dy r/p'
D := sup E / w(t)dt|  u(xgyr)” / ; .
{fk}esl k [ Ty } i { T, (l‘k-i-l_y)(l_a)p}

Remark. The following simple estimate sup;c(g) B(t) < D we will use in the proof of
the theorem. For proof of this fact for arbitrary t € (0,b) we take the sequence x; = 0,
r9 =t and x3 = b.

Proof. Necessity. Fix an arbitrary ¢ € (0,0). If fo )(a_l)p/ dt = 0 or
fg x—Ooru()—OthenB()—0<C’ Nowletfo dx>() u(t) > 0 and
fo —y)@=DP" gt > 0. We take a sequence {7, }nen such that Yn 4 0 asn — oo,

t—i—’yn < b n € Nand u(t+7v1) > 0 (see remark in the beginning of the Section 2.2). Sub-
stituting the function f;(y) = min{n, v(y) '~ (t + v, — y)(a_l)(p/_l)x(()’t) (y) into (2),
we obtain

Cllfilly = /Ob[(Raft> @) (e) dx>1/q
> (ffor0)” g 0 | e
s [Lueree)” [

t min{n, v(y)}¥ dy \/»
1= ( [ Gt ) < .

Since

we have

Coults %)(/Ot (o) daz) 1/q</0t (min{n, v(y) dt/>1/p" 10)

bty —y)mer
The Monotone Convergence Theorem implies that

t . p/ 1 / t p/ 1 /
(/ min{n,v(y)} dt/) /P . (/ v(y)P dt /) /P s s o
0 (t+m —y)d-or o (t—y)i=ow
From this result, relation (10) and continuity of function u we get C' > B(t). Since
also

(Raf)(t) > u(t) /0 W dy, feME, te(0.b), (1)

the necessity is proved in the case p < q.
Now let ¢ < p. Fix any sequence {z}} € S and for n € N put

Tht1 P d
Vi ::/ v(y)? dy |

o (T —y)d-op

> w( [ - v (v)
= r/pvr/(q p) / k1 A di /(ap) ’U(y> Xzg,zp11)\Y ‘
) |k|<nu<xk+1) ¢ ( Tk w(t) ) (Tpg1 — y)Im0@'=D)
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Then
q /'
H%W—Xj/' w7 < oo
|k|<n
and
Te+1 Th41 dyta
gn\Y)vlYy)ay
(Ragnya g = S [ @] swp g [ D]
Ik|<n Ty xk+1§s<b Ty (3 _y)
o T gn(y)u(y) dy 19
> Thi1) / w(t) dt / A AR
l;n " Tk ( ) [ Ty (Tht1 _y)l a}
Th+1 r/ /
= Z (/ w(t) dt) qu(:ka)TV,:/p.
|k|<n Tk
Hence, C' > D.

Inequality (9) follows from (2) and (11).

Sufﬁciency If fo y)dy = 0 then the inequality (2) holds. Now let
fo y)dy > 0. Put

N 1nf{k€Z|2k>f0 dx} 1ff0 x)dx < oo,
' o, otherw1se,

and construct the sequence {ay}r<y satisfying [(* w(z)dz = 2%, k < N; ay = b.
Remark that for arbitrary k < N

A - ,/ /
sup / lv(y) ) dy < BY (/ w(y) dy> ! qu(akﬂ)*p < 0.
t€lar,ar41] 0

Hence, by Lemma 2.1, for any f € LP(0,b), the Riemann-Liouville integral
fg f(y)v(y)(t —y)* 'dy is bounded on [ag, a4 1] and it is continuous from the right on
[alm Ak+1 )

Fix a nonnegative function f € LP(0,b). We have

/[( of ) (@) w(z) dz < Z/ sup u(s)/osw)q

k<N ak§s<b
S d q
— Z 2’“( sup  sup u(s)/ 7f(y)v(yl)_§/>
b N k<i<N a;<s<aii1 o (s—w)

<Y Y sw /fs_ =

k<N  k<i<N “i§5<‘“+1

— fyoly) dy
zZTl sup / (s—y)io

i<N aiS$<ai+1

<Zﬁl )%ﬂny),

o (zi—y)
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where z; is a point in (a;, a;+1] such that

Lo (oo TR < 2ot [ RS

The existence of such a point z; € (a;, a;+1] follows from the continuity from the right

of the Riemann—Liouville integral. Consequently,

/ w(t)di (u(z) M)q <L+h (12)

0o (m—ylt-=

b
[ 1@ap @) ds < 3
0 <N

2i—2

where
h '_Z;V/zww(t) dt(u(m _ (z;y— y§1‘3> ’
Iy = ;V/Zi2 w(t) dt<u(zl)/0 (zzy— yzjl—g)

< /Ob w(:c)u(x)q</or j(:(vyzvgl)_df)q dx.

Applying the Holder inequality, we obtain

ney [ oa] [7 e[ [T G o
i<N Y Fi=2 Zi—2 zi_o \Zi

Now, using the Jensen inequality in case of p < ¢, we get the estimate I; < BY||f]|3.
If ¢ < p then applying the Holder inequality with exponents g, % in formula (13)

we obtain
/ /r
el 7oy dy i)
Il S [7;\[ |:/ZZ2 w(t) dt:| U(Zz) |:/Z7(2 (ZZ _ y)(l_a)p/:| ]
Z / /T
<[] rwra] s (3 4 X ) IS DU
i< e R

Theorem 2.7
L1 _ 1l veMmt, ubea

Let a € (0,1), 1 <p<o00,0<q<p<oo,
continuous and nonincreasing nonnegative function. Then the inequality (2) holds if

and only if the inequality (9) holds, sup¢(op) B(t) < 0o and D < oo, where

s r/p s uly)? r/p' L
o= ([ st ([ ) ([ 22y )

t<s<b
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Proof. Sufficiency. Fix a nonnegative function f € LP(0,b). Using the same arguments
as in proof of Theorem 2.6, we get the estimate (12). Applying the Hélder inequality
for integral with exponents p, p’ and the Holder inequality for sum with exponents g,

g, we obtain

L<y, [ / 2 f(y) dy] Q/pU(Zi)q[ / 2 w(t) dt} { /2 %]W

i<N Y%
r . r/a 2 ()P’ Iy q/r
N _;VU(Zi)T[/zi_zw(t) dt} / [/ZH (zz_(yy))(ldzi)p’} / ] e
_ Zi_o 2 r/p 2 vlu)? ! q/r
) /Zi4w(t)dt{U(zi)r[ /Zisu<y>dy} " / (_(yy))(ld_y)p K }] "
- s zi r % () VRS L7
S _KEJ:V/Zi4 w(t){u(zz)r[/t w(y)dy} /P[/t (ZZ_(yy);D(l({gi)ﬂ} /p}dt] I fII1Z-

Hence I < Dq||f||g.

Necessity. By Theorem 2.6 the constant D is finite. Since sup B(t) < D (see
te(0,b)

Remark after Theorem 2.6), then the equality fg w(y)dy = oo for some t € (0,b)

implies v = 0 a.e. on (0,b) and D = 0. Also if f(fw(y) dy = 0 then D = 0. We show
that finiteness of the constant D implies finiteness D. Let

ap :=sup {t € (0,b) | /an w(y) dy = 0},

h(s,t) := u(s)r</t w(y) dy)r/p(/ts(q)(y)%y/p/’

s —y)t-e
b:=sup {t € (0,b)| sup h(s,t) > 0}
t<s<b

s

and ag < b. Fix an arbitrary a € (ag,b) and € > 0. Then, for any ¢ € [a, b),
S -1 a -1
0 < sup h(s,t) < sup B(s)r</ w(y) dy) < DT[/ w(y) dy} < 0.
t<s<b t<s<b 0 0

Put a1 :=a, ¢1 := a for k € N we take

Aj41 := Sup {t € (ay, b] ’ sup h(s,ax) < 2h(t, ak)},
ap<s<b

and cg41 € (ak, ags1] such that

Ak+1 -1
sup h(s,ar) < 2h(cgs1,axr) and / w(y)dy<5<2k sup h(s,ak)) .

ap<s<b Cl41 arp<s<b

There are two opportunities: 1) there exists a number N € N such that ay = b or 2)

a < b for any k € N and in this case we put N = oo and a := klim ag.
— 00
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Let N = oo. By the definition of sequence {ay }ren the inequality

h‘(tvak) 32_1 sSup h($7ak)
arp<s<b

holds for any ¢ > agy1. Together with the facts that the function s — h(s,agyq) is
right continuous and that the function ¢ — h(s,t) is non-increasing, the last inequality
implies that

sup h(37 ak+1) = sup h(S, ak+1)
ak+1§5<b (lk+1<s<b

< swp h(s,ar) <270 sup h(s,ap).

ag41<5<b ap<s<b
Hence,
sup h(s,a) < sup h(s,ap) <27% Y sup h(s,a1) =0 ask — oo
a<s<b ap<s<b a1<s<b
and @ = b.

In both cases we have

b b
I(a) ::/ w(t) sup h(s,t) dt:/ w(t) sup h(s,t)dt

t<s<b t<s<b

Q41
Z / y)dy sup h(s,ar) =11 + Ia,

1<k<N ap<s<b

where

Ck+1
L= / w(y)dy sup h(s,az),

1<k<N“@ arp<s<b

Ak+1

I := Z / w(y)dy sup h(s,ax) < Z 27 F<e.

1<k<N v Ck+1 ap<s<b 1<k<N

Besides that,

Chk+1

I <2 Z / y) dy h(cky1, ax)

1<k<N

<2 Z / y) dy h(cgs1,cx) < 2D".

Thus, for arbitrary € > 0 we obtain I(a) < 2D" + ¢ that is I(a) < 2D". Since
D= lim I(a)'/", we get the estimate D < 2'/7D. O
a—ag+0
Using results of the papers [1, 5, 6, 7, 8], where the inequality (9) was character-
ized, and Theorems 2.6, 2.7 we obtain criteria of validity of the inequality (2). For
example, if w is a nonincreasing nonnegative function, by using [8, Theorem 5|, we get
the following ctiterion.
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Theorem 2.8

Let 1 < p < q < oo, 1—% <a<l 1-7v:= (1;a)q;v€im+, let u,w be
nonincreasing nonnegative functions and u be a continuous function, also. Then the
inequality (2) holds if and only if

t p’
/ v(y)iiiy < +oo for almost all t € (0, b);
o (t—y)t=

Cw(@)u(x)de (% o(y)? ql/q t ooy ~1/p
s | [ 7 O o) T [

and B < occ.
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