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ABSTRACT

We prove that transplantations for Jacobi polynomials can be derived from repre-
sentation of a special integral operator as fractional Weyl’s integral. Furthermore,
we show that, in a sense, Jacobi transplantation can be reduced to transplanta-
tions for ultraspherical polynomials. As an application of these results, we obtain
transplantation theorems for Jacobi polynomials in Re H! and BMO. The pa-
per gives an extension of the results obtained for ultraspherical polynomials by
the first named author (MR2148530 (2006a:42045)).

1. Introduction

Let PS’B(Z) be the Jacobi polynomial of degree n and order (a, ), where o, 8 > —1
(see [14, 4.1]). The Jacobi polynomials are orthogonal on (—1,1) with respect to the
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measure (1 — 2)*(1 + 2)% dz and

/1 (PP (2)]2(1 = 2)*(1 + 2)? dz
-1

29 (n a4+ DI (n+ B+ 1) — [sl@?)?
“@ntatB+ T+ Ulntat B+l

(see [14, (4.3.3), p.68]). The functions

2(a+8+1)/2 pleB) (cos ) (sin y /2) 1/ (cos y/2) P +1/2 (1.1)
a,f) '

AN y) = (
Sn

form an orthonormal system on (0, 7) with respect to Lebesgue measure. For a = 8
we obtain the system of ultraspherical polynomials

1
ul(y) = oY), A=a+.

Transplantations of coefficients from one orthonormal system to another have a
long history. One of the first transplantation theorems was obtained by Askey and
Wainger [2] for ultraspherical polynomials. This theorem was extended by Askey [1]
to general Jacobi series. Later on, the boundedness of the Jacobi transplantation
operator in weighted LP—spaces (1 < p < co) was studied in [8] and [13] (see also [4]).
It is well known that this operator fails to be bounded in L' and L™ (see [3]). Thus,
it is natural to ask whether transplantation holds in the spaces Re H! and BMO. This
problem was first studied in [9, 11] for ultraspherical polynomials. Afterwards, sharp
results on Jacobi transplantation for weighted Hardy spaces were obtained in [12]. We
mention also the work [10] in which a transplantation theorem for the Hankel transform
in the space Re H!(R) was proved.

Recall that the real Hardy space Re H! is the space of all 2r—periodic functions
¢ € L'[0,27] for which the conjugate function @ also belongs to L'[0,27]. The norm
in Re H' is defined by

[ellRe i = llellr1 + ([l L1
The space BMO consists of all 27-periodic functions f € L'[0, 27] such that

ool [ )
1= s [1@) = filde <o fr= [ rieya

where the supremum is taken over all intervals I C R. We set

27
wmwyﬂﬁ F(@)dz| + | £ (1.2)

By the Spanne-Stein theorem [15, p. 207], for any function f € BMO its conjugate
function f also belongs to BMO, and || f|. < ¢ f]]«.

In [11], there were proved two-sided transplantation theorems in the spaces Re H!
and BMO betweeen ultraspherical series and trigonometric series. With the use of
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Mehler’s integral representation of ultraspherical polynomials, the proofs were reduced
to representation of a special integral operator as fractional Weyl’s integral.

In this paper we show that the approach developed in [11] can be extended to
Jacobi polynomials. We shall give a brief description of our main results.

Let f € L'[0, 7] and «, 8 > —1/2. The Fourier-Jacobi coefficients of f are defined
by

™
) = [ Fee N )y (13)
We will apply a Mehler type formula for Jacobi polynomials, to obtain that

aleP)(f) =t / " Kop(fiz)cos(n +)ade (3= (a+ 8 +1)/2),
0

where

Kop(fiz) = / Tf(y)Jaﬂ(I,y)dy (| < ) (1.4)

and J, g(x,y) is a special kernel. In the case a = [ this kernel has a comparatively
simple form,

sin 1/2-a
y ) , 0<ex<y<m.

Ja,a ((L’, y) = <

We show explicitly that under quite weak conditions on a function space X, the

transplantation from Jacobi polynomials to the trigonometric system in X can be

immediately derived from representation of the operator (1.4) as fractional Weyl’s
integral (see Theorem 3.1).

It is clear that if supp f C [0, 27/3], then the value of 5 does not have an essential

influence on the behaviour of aﬁ?ﬁ )( f)- Roughly speaking, one can expect that in this

case the Jacobi coefficients a{™” )( f) behave as ultraspherical coefficients a%a’a)( f).
We give a quantitative form of this phenomenon in terms of J, g(x,y). Namely, we
prove that for 0 < = < y < 27/3 the ultraspherical kernel J, o(z,y) gives a good
approximation of the Jacobi kernel J, g(x,y) (see Proposition 2.3 below).

We show that these results and representations of the operator (1.4) (with o = )
proved in [11] readily yield transplantation theorems in Re H! and BMO for Jacobi

polynomials in the range o, § € (—1/2,1/2) (see Theorems 4.6 and 4.7 below).

COST — COSY

2. Dirichlet-Mehler type formula and Jacobi kernels

We will use a Dirichlet—Mehler type integral representation for Jacobi polynomials.
This representation was first found in [7].
Let F(a,b;c; z) be the Gauss hypergeometric function (see [14, Chapter 4]),

F(a,b;c;z)zl—i—z(azz)(b)ni, (2.1)
n=1 n '

where (p)n, = p(pp+1) -+ (u+n —1). Note that for g > 0 and n € N we have

(1)n = W and T'(n+ u) =T(n)[n* 4+ OnF 1) (2.2)
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Lemma 2.1

For a > —1/2, > —1 and 0 < y < m, we have the integral representation

(a,8) (a+B+1)/2 Yy
Py (cosy) 2 MNa+1) _ /
= 1-— @ 1)/2
P ) T2 (a1 1/2) (1 —cosy) ; cos(n+ (a+ B +1)/2)x
(cosx—cosy)afl/zF a+pB+1 a—i—ﬁ'a 1 cosx —cosy i
(1 + cosz)(@th)/2 2 72 2" 1+cosx '
Note that (see [14, (4.1.1), p. 58])
P,(La’ﬁ)(l) _ (n +Oé) '

n

Thus, the functions (1.1) can be written as

v 1
o) =t [N staoos (n+ 0 (2.3
0
where
siny 1/2-a
= —"7 < 2.4
Ins(o) = (o) Goslo) el <lyl < (24)
o s(,1) 14 cosy a+ﬁ/2F a+B+1 a+p 1 cosx —cosy
z,y)=|—-"" a4 - —————=
B\ Y 1+ cosx 2 2 2" 1+cosx
and
1P = ¢o gntY2 4 O(n=1?2), (2.5)

If « = 3, denote A = a + 1/2. In this case (2.3) is the Mehler formula for
ultraspherical polynomials (see [5, p. 177]). We set for A > 0,

siny

1—X
UM%MZ( ) L el <yl < (2.6)

It follows from (2.1) that Gaa(2,y) = 1 and Joa(2,y) = Usy1/2(2,y).
In what follows we denote

Q={(z,y):0<z<y<2r/3}.

COST — COS Y

Set also

Dog(@,y) = Jag(@,y) = Ustrpo(z,y), |z| <|y| < (2.7)
Our main result in this section is that the derivatives of D, g(x,y) with respect to «
in Q are comparatively small. First we prove the following lemma.

Lemma 2.2

Let XA > 0 and let v be the least integer such that v > \. Set

Y(z,y) = (cosz — cosy)Msiny) ™, (z,9) € Q.

Then

"y
ox”
for any (z,y) € Q and 0 <r <.

@wﬁscw@—xV* (2.8)
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Proof. We have that
-z A +x A
Y(z,y) =2 <sin Y 5 ) <sin Y 5 ) (siny) .

For r = 0, (2.8) is obvious. Set w(t) = (sint)*. Then

w(t) =M1+ g(t)*,

where
e t2k
9(t) = ;(_ i cTEt
It is clear that g € C'*°[0, 27/3]. Moreover,
1+g(t):S1—zltZi, ogtg%”.
It follows easily that
d;w(t)' <t 0<t<2m/3, (2.9)

for any 1 < r <w. Applying (2.9) and the Leibniz formula, we obtain

o v - -
o @) <ot Y () =) Ky
k=0

<2eyt My -2y +a)t < dyly — o)
for any (z,y) € Q and any 1 <r <w. O

Let D, g(x,y) be defined by (2.7).

Proposition 2.3
Let o, 8 > —1/2. Suppose that v is the least integer such that v > a+1/2. Then

‘(TDW;

p (w,y)’ < Cap yly — ) "2 (2.10)

for any 0 <r < v and (z,y) € Q.

Proof. The functions (1 — z)(@+#)/2 and

1 1
Fa,ﬁ(Z)=F<a+§+ ,Q;B;a+2;2>

are both analytic in |2] < 1. Set g(z) = (1 — 2)(®*#)/2F, 5(2). Then

g(z) =1+ Z’yk(a, B)zk, (2.11)
k=1
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where the series at the right hand side has radius of convergence at least 1. Thus, by
the Cauchy-Hadamard formula,

k@@ Y (e, B)] < 1. (2.12)

Denote
coSx — COS Y
) = 77 ) e Q'
C(z,y) T+ oosz (z,9)
Then 5

Further, we have Gy g(z,y) = g(¢(z,y)). Thus, by (2.11) and (2.13), for any (z,y) € Q2

Ga,ﬁ(x7y) =1+ Z'}/k(aa B)C(wv y)k

k=1

Now, we get
Da,ﬂ(x7 y) = Ua+1/2(m7 y)(Ga,g(J?, y) - 1)

- a+1/2(x7 y) ZPYk(aa B)Ck(x7 y)
k=1

= (siny) ">~ *(cos & — cos y) T/ ?®y p(,y),

where

o0
Oop(,y) = (1+cosz)™ > yp(a, B)CFH(x,y).
k=1
It is obvious that
T
‘MC(:L"?/)‘ S Cu, (Iﬂ,y) € Qa
for any 1 < r < v, where ¢, depends only on v. It easily follows from this estimate
that

a’f‘
’aﬂc’%w‘ <d, (z,9)€Q,

for any 1 < k < v, and

a?"
ox"

<k<x,y>] < AR T, (ny) e,
for any k > v, where 1 < r < w. Thus, applying (2.12) and (2.13), we obtain that
r
‘W(I)O"ﬁ(w’y)‘ < Ca,B3, (x7y) € Q7

for any 0 < r < v. Using this estimate and Lemma 2.2, we get (2.10). O
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3. Weyl fractional integrals

We recall the definition of Weyl fractional integrals. Let 0 < A < 1. Set

(ik) = k| exp <)\;rz sign k‘) (keZ,k+#0).

Further, denote

no= Y = gy stk = AT/2) (3.1)

These series converge for all ¢ € (0,27) and ¥y € L'[0, 27]; moreover,
A0 < altL o< <, (3.2)

(see [16, Chapter 12, §8]).
Let ¢ € L'[0,27] be a 2mperiodic function. The Weyl fractional integral of order
A > 0 of the function ¢ is defined by the equality

2
Iol) = — /0 i (x — B)p(t) di.

T om

The last integral converges absolutely for almost all z. Moreover, if ¢ € LP[0,27] (1 <
p < 00), then by (3.2) and Minkowski inequality,

1xellzr < cllollze-

It follows from (3.1) that

D(Iup) = Dppp - (A, > 0). (33)

Let X be a linear normed space of 2r—periodic functions. In what follows we
assume that X satisfies the following conditions:

(i) X C L[0,27] and there exists a constant cx such that
fllr < ex|lfllx forany feX;

(i) if f € X and g(x) = f(—=x), then g € X and ||g||x < ex||fl|x;
(iii) if v = {Yn }nen is a bounded sequence, and

o0

Z(an cosnx + by, sinnx) (3.4)

n=1

is the Fourier series of a function f € X, then the series

[ee]
Z " (an cos nx + by, sin nw) (3.5)
n=1

3|2
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is the Fourier series of some function g € X, and ||g||x < ¢||f||x, where ¢ depends
only on X and ~.

We observe that the spaces LP[0,27] (1 < p < 00), Re H!, BMO satisfy these
conditions. Indeed, properties (i) and (ii) are obvious. Further, let ||y||ze = sup,, |-
If f e LP[0,27] (1 <p < 2),and (3.4) is the Fourier series of f, then

- 2 2 ’YQ i
@+ < b=l

n=1

Thus, (3.5) is the Fourier series of some function g € L2[0,27] and ||g||2 <
Yllze<||f]|z1- In particular, this implies that ||g||re 1 < ¢||7||zee]|f||p1. Further, if
f € LP[0,27] (2 < p < 00), then

—

o0

> (lanl + ba]) 2 = < dhlle=lfllz2 < izl fllr-

n=1

Hence, (3.5) is the Fourier series of some function g € L*|[0,27] and ||g||p~ <
cl|vllLee||f|lze- This implies also that ||g]leo < ||| ||f]|BMO-

For any 27 —periodic function f € L'[—, 7] we henceforth denote

1 (" 1 (7
an(f) = — f(z)cosnzdx, b,(f)=— f(z)sinnz dx
™) _r T J—n
(n=0,1,...).
For A > 0, we denote by L*(X) the class of all functions f € L'[0,27] that can
be represented a.e. in the form

fz) =

aoéf) + Dap(z),

where ¢ € X and ag(p) = 0. The function ¢ is defined uniquely. We denote ¢ = D*f.
Set also
_ Jao()]

£ lzrx) 5

If X = LP[—7m,7] (1 <p<o0), then we write LA (X) = Ll/}.
The following theorem shows that transplantation theorems follow directly from

representation of the operator (1.4) as Weyl’s integral. We use notations (1.3)
and (2.4).

+lellx-

Theorem 3.1

Let a, 8> —1/2, a+1/2 ¢ N, and let v = (a + 8+ 1)/2. Let a space X satisty
the conditions (i) - (iii). Let f € X. Set

F(r) = f( Vap(@,y)dy  (Jz] <),

||

Fi(z) = F(z)cosvyx, Fy(x)=F(x)sinyx (—7m<z<m)
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and extend Fy and F5 to the whole line with the period 2w. Assume that F; and F,
belong to L**1/2(X). Then the series

Zafﬁ"ﬁ)(f) cosnr and Zagf"ﬁ)(f) sin nx (3.6)

n=1 n=1

are the Fourier series of some functions @1, p2 € X such that
leillx +lle2llx < e(ID*TV2R|x + ||D* T2 F[x).

Proof. From (1.3) and (2.3), for any n € N,

a;a’ﬁ)(f) — t;aﬁ) /7r F(x)cos(n + ~v)x dx (3.7)
0
= gt;‘”ﬁ) [an(F1) = bn(F2)].

Let A\ = o + 1/2. By our assumption, there exist functions g1, g2 € X such that

27
Fi(a)= @0 L | wsa-on@a,
27
Fy(z) = 2177/0 Uy (2 — £)got) dt,

and ag(g1) = ap(g2) = 0.
Since Fj is even, from (3.1) we obtain that

1 an(F1) = an(g1) cos(Am/2) — by(g1) sin(Ar/2)

and
bn(g1) cos(AT/2) + an(g1) sin(Ar/2) = 0.
Thus,
an(g1)
W(F) = ——mdy N.
an(F1) n? cos( A /2) "e
Similarly, since F5 is odd, we have that
an(g2)
by (Fy) = —n92) N.
(F2) n? sin(Ar/2) me

Set

cos(Am/2) sin(Am/2)

Then gg is an even function and ay(go) = 0,

go(z) = 5

; (gl(x)+g1(—a:) 92(90)+92(—33)>_

an(go) = n* [an(F1) — bu(F)], neN.
Moreover, by the property (ii), go € X and

gollx < e(|lgrllx + |lg2llx)- (3.8)
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By (3.7) and (2.5),

™

GRS

tﬁf"ﬁ)n_’\an(go) = (Caﬁ + %) an(g90), m €N,

where {v,} is a bounded sequence. Applying property (iii) and (3.8), we obtain that
the first series in (3.6) is the Fourier series of a function ¢; € X such that

lerllx < e(llgrllx + [lg2]]x)-
Similarly, using the equalities

_ bn(91)
n?sin(Ar/2)’

bn(92)

)= " eos (/)

bn(F2) = ne Na

we obtain that the second series in (3.6) is the Fourier series of a function p9 € X for
which

lo2llx < c(llg1llx + llg2lx)- O

Remark 3.2 The statement of Theorem 3.1 may fail if «+1/2 € N. However, it remains
true if we assume, in addition, that the conjugate function operator is bounded in X.
Lemma 3.3

Let 0 <o < 1,1 <p<qg<oo,and 0 < 1/p—1/q < 1— 0. Assume that
f € LP[—n, 7] and set
dy

ly —xlo’

h(z) = f) x € [—m,m|.
Then h € LY[—m, ] and
HhHLq < CHfHLp.

This lemma is well known and follows immediately from the Young inequality for
convolutions.

The definition of the fractional integral immediately implies that if ¢ is a
2m—periodic absolutely continuous function, then

ao(¥)
2

Y(x) = + LY (z). (3.9)

Let D, g(z,y) be defined by (2.7) (note that D, g(z,y) is even in each of vari-
ables ,y).

Lemma 3.4

Let —1/2 < a < 1/2 and B > —1/2. Assume that f € L'[—n, 7| is a 27 —periodic
function such that
f(z)=0 for 2n/3 <|z|<m.

Set

™

H(z)= [ f(y)Dagl(z,y)dy, |z|<m.

|z
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Suppose that n is a 2w —periodic function, differentiable in (—m, ), and
In(z)| <1, |n'(z)| <1 forall z¢€ (—m,n). (3.10)

Set 1 = nH and extend ¢ with the period 27 to the whole line. Then:

(1) if fe LP[-m,m] (1 <p<o0),p<qg<oo,and 1/p—1/q <1, then ¢ € L?H/Q,
and
1D 24| o < el £l 1o (3.11)

(2) ¢ € L*T1/2(Re H'), and
D 24| g g < el £l (3.12)
(3) if f € BMO, then ¢ € LE?, and

1D 24| < e fllsyo- (3.13)
Proof. Denote A = a + 1/2; then 0 < A < 1. By virtue of Proposition 2.3,
oD
Dasteai < and |20 )| < cly - 0 (3.14)
x

for (z,y) € Q. This implies that H is absolutely continuous on [—7,7]. We have also
that H(x) = 0 if 27/3 < |z| < 7. Thus, taking into account (3.10), we obtain that
is absolutely continuous on [—m, 7]. By Proposition 2.3, D, g(x,z) = 0 for |z| < 27/3.

Hence,
V(@) = @) H (@) + (@) sian | 10) 225 (@, y) dy

||

for almost all x € [—7, ]. By (3.10) and (3.14), we get

Wal<e | fw)—2

— 7 <. 3.15
2| (y — |z ol < (3.15)

Further, by (3.9) and (3.3)

ao(¢)

5 = Ly =T, where ¢=TL_¢" (ao(p)=0).

w_

Thus, we have ¢ = Dt1/24),
Assume that f € LP[—m, 7] (1 < p < 00). Let 0 < 1/p —1/q < 1. Choose such
r € [p,q] that 1/p—1/r <Xand 1/r —1/q¢ <1 —\. By (3.15) and Lemma 3.3,

[z < ell £l e (3.16)
Further, by (3.2),

e(@)l = s < [ " ()~

- |y—l’|)‘
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Thus, applying Lemma 3.3 and (3.16), we get

lellze < el¥'ller < Il fll e
This implies (3.11).

Since ||¢l|re g1 < ¢||p]lq for any ¢ > 1, we obtain also (3.12).
Finally, if f € BMO, then f € LP for any p < oo, and

I fllze < ¢l fllBMO

(see [6, p. 226]). Let 1 < p < oo. Then, by (3.11),

lellzee < cl|fllze < | fllBMO-

This estimate implies (3.13). O

4. Transplantation theorems

In this section we obtain transplantation theorems for Jacobi polynomials in Re H' and
BMO . We derive these theorems using the approach applied in [11] to ultraspherical
polynomials. The core of this approach is made up of the following lemmas proved
therein.

Lemma 4.1
Let f e ReH', 0 < A < 1, and

Gl = /| ") (“’)Ady 2] <. (4.1)

2| COST — COS Y
Suppose that n is a 2r—periodic function, differentiable in (—m, ), and
In(z)| <1, |n'(z)| <1 forall z¢€ (—m,n). (4.2)
Then the function x = nG belongs to L*(Re H') and

ID*X|Re 211 < || f|Re 11

Lemma 4.2

Let f € BMO be an odd function such that
f(z)=0 for 27/3 <|z|<m.

Let 0 < A < 1 and let G be defined by (4.1). Suppose that 7 is a 2w —periodic function,
differentiable in (—m, ) and satisfying (4.2). Then the function x = nG belongs to
L*BMO) and

1D x| < €| £
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We observe that even for A < 1 the proofs of Lemmas 4.1 and 4.2 are rather long

and complicated. Using these lemmas, we shall extend the results obtained in [11]

for ultraspherical polynomials to the Jacobi polynomials 907(104,5 ) for the values a,f €

(—=1/2,1/2).
Asin [11], we first prove one-sided transplantation inequalities in Re H! and BMO.
We use the notation (1.3) for Jacobi coefficients.

Proposition 4.3
Let f € ReH! and o, 3 € (—1/2,1/2). Then the series

> " al*P(f) cosna (4.3)
n=1

is the Fourier series of some function ¢ € Re H' such that

llollre gt < [l fllRe 2

Proof. Let £(z) be a continuous 2r—periodic function defined in [—7, 7] as follows:

1 if |z| <7/3,
Ex)=40 if 2n/3 <|z| <, (4.4)
linear in [r/3,27/3] and [—27/3,—7/3].

Then 5
6() — €] < Zla’ - o, (45)

Let u(z) = f(z)&(x). Then u(x) = 0 for 2r/3 < |z| < 7. Furthermore, for the conjugate
function @, we have

Té(x+t)f(x+1)

Stan(t)2)

< 2 [ I+ 0lde+ €@IF@) < Sl + 1)

—T

This implies that v € Re H' and

|ullre gt < 3I|flRe 1r1- (4.6)

Setting
ﬂmz/u@aﬂaw@<ﬂsﬂ,

x|
we have that F' = G + H, where

T

G(x):/|7ru(y)Ua+1/2(1:,y)dy and H(w):/ w(y)Da,p(x,y) dy

z| ||
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(see (2.4), (2.6), and (2.7)). Further, let v = (o + 8 + 1)/2. Denote
x(x) = G(x)cosyr and Y(z)= H(x)cosyr (—7m <z <m).
By Lemma 4.1, x € L*T'/2(Re H') and

D2 X [ge it < ellullre s < 3¢l|fllRe a1

(see (4.6)). Further, by Lemma 3.4, ¢» € L**/2(Re H') and
D2 [pe i1 < el [ullpe s < 3¢||fllre a1

Using these inequalities, we obtain that the function Fj(x) = F(x)cos~yz belongs to
Lot1/2(Re H') and
1D F[pe s < el|fllRe -

Similarly, setting Fy(z) = F(x)sin~yz, we have that Fy € L**/2(Re H') and
1D By|[pe < el|fllpe -

Thus, by Theorem 3.1, the series
[o@)
Z al®P) (u) cos na
n=1

is the Fourier series of a function y € Re H' such that
lillge < (D2 Fil[pe g1 + 11D Pollpe 1) < |1 f e -
Set now v(z) = f(z) — u(x). By (4.6),
[vl[Re 1 < 4[|f[|Re 211
Let 7(x) = v(m — x). Clearly, ||9]|ge g1 = ||v||Re g1 Observe also that
v(z) =0 for 27/3 <|z|<m. (4.7)

Further, we have
P (- x) = (=1)"o ) ()
(see (1.1) and [14, (4.1.3)]). Thus,
) (0) = (-1 ) @), (48)

Taking into account (4.7) and applying the same reasonings as above, we obtain that
there exists a function 7 € Re H' such that ||7||ge g1 < ¢||f||ge g2 and

an(@) = alP¥@) (neN), ay(@)=0. (4.9)

Set v(z) =v(m — z). Then ||v||lgre g1 < || f||re m1- Since a,(v) = (—1)"a,(7), by (4.8)
and (4.9), we have
an(v) =al®? () (neN), ay(v)=0.

Finally, set ¢ = p+v. Then ||¢||re g1 < ¢||f||Re g1- We have f = u+v and a%a’ﬁ)(f) =

a%a’ﬁ)(u) +al™? (v). Thus, series (4.3) is the Fourier series of .

O
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Proposition 4.4

Let f € BMO be an odd function and o, f € (—1/2,1/2). Then the series (4.3) is
the Fourier series of some function ¢ € BMO such that

el < el £l

Proof. The proof is the same as in Proposition 4.3. We need only a few additional
remarks. Let £ be defined by (4.4) and set u = f€. Since & is even, u is odd. Thus, we
have that

[ullBpo = [[ull« (4.10)

(see (1.2)). Further,
[lull« < e[| f]]+ (4.11)

Indeed, let I be an interval, |I| < 27. Then, using (4.5), we have

‘} /I () — g de < ul, /I /I () — u(y)| dady

1
< /I /I (@) — f(y)| dedy
1
+ 7 /I /I FW)IIE@) — £(y)] dedy

§2||f!|*+/ F@)ldy < 20m + D|If]]s

—T

(we have used the condition that f is odd). This implies (4.11).
Taking into account (4.10) and (4.11), and applying Lemmas 4.2 and 3.4, one can
complete the proof exactly as in Proposition 4.3. O

Remark 4.5 The proofs of Propositions 4.3 and 4.4 are based on the use of Lemmas 4.1,
4.2, and 3.4. It is easy to extend Lemma 3.4 on the values « > 1/2. However, the
extension of Lemmas 4.1 and 4.2 to all A > 0 is an open problem which may require
complicated techniques.

Applying Propositions 4.3 and 4.4, and using duality arguments, we obtain the
following theorems.

Theorem 4.6

Let o, 8 € (—1/2,1/2). Then:
(i) if f € Re H', then the series

Z al\@B)(f) cosna:

n=1

is the Fourier series of some function ¢ € Re H' such that

llollre ot < [l fllre m1s
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(ii) if ¢ € Re H! and

o0
Z an () cos nx
n=1
is its Fourier series, then there exists an odd function f € Re H' such that

i P (f) = anlp) (n€N)

and

[ fllge 5 < cll@l|re -

Theorem 4.7
Let o, 8 € (=1/2,1/2). Then:
(i) if f € BMO is an odd function, then the series

o0

Z al@B)(f) cosna
n=1

is the Fourier series of some function ¢ € BMO such that

[lplls < ell £l
(ii) if ¢ € BMO and

o0
Z an () cosnx
n=1
is the Fourier series of ¢, then there exists an odd function f € BMO such that

ai? P (f) = anlp) (n€N)

and
1f1]« < ellel]«

We omit the proofs of Theorems 4.6 and 4.7 because they are exactly the same
as ones given in [11, Section 5] for ultraspherical polynomials.

We emphasize that the statement (i) in Theorem 4.7 fails if f is not odd. Indeed,
failure of this statement for even functions was proved in [11] for the case a = f8
(see [11], Section 5, Remark 5; observe that it should be written there that the function
f — f1is equal to cu(()/\), where ¢ is a constant). In the general case the proof is the
same.
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