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ABSTRACT

We consider two independent Gaussian processes that admit a representation in
terms of a stochastic integral of a deterministic kernel with respect to a standard
Wiener process. In this paper we construct two families of processes, from a
unique Poisson process, the finite dimensional distributions of which converge in
law towards the finite dimensional distributions of the two independent Gaussian
processes.

As an application of this result we obtain families of processes that converge
in law towards fractional Brownian motion and sub-fractional Brownian motion.

1. Introduction and preliminaries

Let f(t,-) and g(t,-) be functions of L2(R*) for all t € [0,T], T > 0, and consider the
processes given by

vl = {/OOO F(t,s)AW,, t € [O,T]} (1.1)

and

V9 = {/Ooog(t, )W, t € [o,T]}, (1.2)
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where W = {W,,s > 0} and W = {W,,s > 0} are independent standard Brownian
motions.

The aim of this paper is to construct two families of processes, from a unique
Poisson process, that converge, in the sense of the finite dimensional distributions,
to the processes Y/ and Y9. We will use this result later in order to prove weak
convergence results towards different kinds of processes such as fractional Brownian
motion and sub-fractional Brownian motion.

It is well known the result by Stroock (see [11]) where it is shown that the family

of processes

[a(t) = 1 /0 ()Mds, te o)),

€
defined from the kernels 0, = %(—I)NS/EZ, converges in law in C([0,7]) to a standard
Brownian motion, where N = {Ng, s > 0} is a standard Poisson process. This kind of
processes were introduced by Kac in [8] in order to write the solution of telegrapher’s
equation in terms of Poisson process.

On the other hand, Delgado and Jolis (see [6]) extend this result to processes
represented by a stochastic integral, with respect to a standard Wiener process, of a
deterministic kernel that satisfies some regularity conditions.

A generalization of Stroock’s result can be found in [1], where it is proved that
the family

{xg(t) = 2/0'5 eNoss2 s, e [O,T]} (1.3)

3

converges in law in C([0,77]) to a complex Brownian motion, for § € (0,7) U (m, 27).
Particularly, the real part and the imaginary part of (1.3) tend to independent standard
Brownian motions.

In this paper, given {Ns, s > 0} a standard Poisson process and 6 € (0, 7)U(m, 27),
we consider the following families of approximating processes

v/ = {i/ooo f(t,s)cos (0Ny e2)ds, te [O,T]} (1.4)
and
Y9 = {i/o g(t, s)sin (ONys/c2)ds, € [O,T]}. (1.5)

The main result of this paper is the proof that the finite dimensional distributions
of the processes Yef and 1759 converge in law to the finite dimensional distributions of
the processes Y/ and Y9 given by (1.1) and (1.2), respectively.

It is important to note that the processes Ygf and Y¥ are both functionally depen-
dent. Nevertheless, integrating and taking limits, we obtain two independent processes.

As an application of this result it can be obtained approximations for different
examples of centered Gaussian processes, among others, fractional Brownian motion
and sub-fractional Brownian motion.

Recall that fractional Brownian motion (fBm for short) BH = {BH(¢),t > 0} is
a centered Gaussian process with covariance function

Cov(BI, B = L (s 447 —|s —1)") (1.6)

2
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where H € (0,2). Usually fBm is defined with Hurst parameter belonging to the
interval (0, 1) with the corresponding covariance, but in order to compare it with sub-
fBm we use the stated representation with H € (0,2).

On the other hand, sub-fractional Brownian motion (sub-fBm for brevity)
SH = {SH(t),t > 0} is a centered Gaussian process with covariance function

Cov(SH, §H) = sH 4 1 — %[(s 0 4 Js— 1] (1.7)
where H € (0,2).

This process was introduced by Bojdecki et al. in 2004 (see [3]) as an intermediate
process between standard Brownian motion and fractional Brownian motion. Note that
both fBm and sub-fBm are standard Brownian motions for H = 1.

For H # 1, sub-fBm preserves some of the main properties of fBm, such as
long-range dependence, but its increments are not stationary; they are more weakly
correlated on non-overlapping intervals than fBm ones, and their covariance decays
polynomially at a higher rate as the distance between the intervals tends to infinity.
For a more detailed discussion of sub-fBm and its properties we refer the reader to [3].
Some properties of this process have also been studied in [13] and [12]. On the other
hand there is an extension of sub-fBm in [4].

In [10] (see Theorem 3.3 below) the authors obtain a decomposition of the sub-
fBm in terms of fBm and another process with absolutely continuous trajectories,
X" = {XH t>0}, which is defined by Lei and Nualart in [9] by

xH :/ (1 — e )= U+E/2 qyy, (1.8)
0

where W is a standard Brownian motion. Lei and Nualart introduce this process in
order to obtain a decomposition of bifractional Brownian motion into the sum of a
transformation of X and a fBm.

The decomposition is different for H € (0,1) and H € (1,2). In the first case,
sub-fBm is obtained as a sum of two independent processes, a fBm and the process
defined by (1.8), while for H € (1,2) is fBm that is decomposed into the sum of the
process (1.8) and a sub-fBm, being these independents.

The paper is organized as follows. In Section 2 we will prove the general result of
weak convergence, in the sense of the finite dimensional distributions, towards integrals
of functions of L?(R*) with respect to two independent standard Brownian motions.
This theorem permits us to obtain, in Section 3, results of convergence in law, in
the space C([0,7]), towards fBm, the process defined in (1.8) and, finally, sub-fBm
with parameter H € (0,1) using the decomposition of this process as a sum of two
independent processes.

Positive constants, denoted by C, with possible subscripts indicating appropriate
parameters, may vary from line to line.

2. General convergence result

In this section we prove the main result of weak convergence in the sense of the fi-
nite dimensional distributions. We will use this result later in order to prove weak



194 BARDINA AND BASCOMPTE

convergence results towards fractional Brownian motion and sub-fractional Brownian
motion.

Theorem 2.1

Let f(t,-) and g(t,-) be functions of L>(RT) for allt € [0,T], T > 0, let {Ns,s > 0}
be a standard Poisson process and 6 € (0,7) U (m,27). Define the processes Y/ and
Y9, which are given by Y/ = {57 f(t, s)dWs,t €[0,T]} and Y9 = {057 g(t,s )dW,, t €
0, 7]} and where W = {W,,s > 0} and W = {W,, s > 0} are 1ndependent standard
Brownian motions. We also define the following processes

) = {i/ooo f(t,s)cos (0Ny e2)ds, te [O,T]} (2.1)
and o
Y9 = {3/0 g(t, s)sin (ONy,c2)ds, t€ [O,T]}. (2.2)

Then, the finite dimensional distributions of the processes {YZ} and {Yg } con-
verge in law to the finite dimensional distributions of the processes Y! and Y9.

Proof. Taking into account that the proof is valid for any fixed ¢ € [0,T], by abuse
of notation we will write f(s) instead of f(¢,s). Slightly modifying the [6, proof
of Theorem 1], in order to prove the weak convergence, in the sense of the finite
dimensional distributions, it suffices to show that

B[07] <o [ Pea) Bzt <o [T Rea). @y

Observe that defining
gf_yfogro2 [T iON,, .
=Y +iY] = R f(s)e" 2s/e2ds
0

we have E[Zgzéf] = IE[(Y;f)2 + (ffgf)Q] Therefore if we prove E[Z!ZJ} < C|flI3,
where ||-||2 is the L?(RT) norm, the stated convergence follows.

E[Zfo / f zGst/Ez dsZ / f —zGNQT/Eg d?“]
/ / f 25/52 N2r/s2>d8 dr:|
- 57 /0 /0 ]I{rﬁs}f(s)f(r)E [eie(NQS/EQ_NQT/62>} drds
4 00 oo —iQ(N2r/€2—NQS/52)
ta2) ) Ts<iy f(s)f(r)E [e }ds dr.

Since E[e?X]=¢21=¢") and E[e~#¥]=¢21=¢"") being X a Poisson random varia-



Weak convergence towards two independent Gaussian processes 195

ble of parameter A\, we obtain

6 E 52/ / ]I{r<s}f ( ) —2(s=r)(1=e")/? drds
9 (r—s)(1—e—10) /s
25 [ [T M@ e g
<5 [ [ Meeal@see e as

s 5 [T Tl ] e 200/ g
0 0

Using the inequality |f(s)f(r)| < & (f?(s) + f%(r)) and noting that, by means of a
change of variables, the last two integrals are the same we have that

Zfo < / / I[{s<r} )+ f2( )) 2(7’*8)(17COS€)/62d7’ dS

(/ £2(s )/ —2(r—s)(1-cos0)/<2 4. s
/fz / —2(r—s)(1—cos ) /<2 dsdr)
([ o i) [P0 (g )w)

BRSO
~ 1—cosf J, Kand

Then, the convergence of the finite dimensional distributions has been proved
and it remains to prove the independence of the limit processes. We begin by pro-
ving that the family {Ygf YZ} o~ is uniformly integrable. Indeed, we will prove that

SUDP.<0 E[(Ygf V#)?] < co. Using Holder’s inequality we have
- 1/2 - 1/2
supB[(v/72)?) < sup (E[(v/)1]) " (E[(72)1]) "
e>0 e>0

In order to prove that the last expression is finite, we will show that

2

B0 <o [T Pea) Bl <o [ Pea) e

Being Z{ like before, we can prove (2.4) showing that E[(Zng)Q] < Clfll5

E[(Z{Z])]
16 4 _
= 4E|:/ f(Sl) s f(84)€ 0<N251/€2+N252/62 N253/52 N254/5 )d81 L. d84:|
€ [0,00)
64
= Jgooyt Mg <<y f(51) - f(82)E[E1 + - + Egdsy - - dsg
0,00
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where

El _ 67“9 (N231/52 +N252/52 _N233/52 _N254/52)

_ e—i9 <N254/52 _N2.93/52 +2 (N2S3/52 _NQSQ/EQ ) +N252/52 _N2sl /52>

)

—i0 (st 2—Ny,, s.2+N. 2—N, 2)
o 4/¢€ 2s3/e 2s9 /e 251 /e
EQ— e )

iG(NQS /52_N2s /52_(N2s /82_N25 /62))
Es=¢ 4 3 2 1 ’

E,; = E3, Bs = By, Es = E1. To obtain the last expression note that we can arrange
$1, 82, 83, 84 in 24 different ways and due to the symmetry between s; and s and be-
tween s3 and s4 we have 6 possible different situations, Ff1, ..., Fg, each one repeated 4
times. By means of the properties of Poisson process we have

||E[E1:|H7 HE[EQ]Hv ||E[E3]H < 672(54733)(170059)/g2€—2(52751)(17cos9)/52

and we can conclude

= 384
Eﬂzgzgf]égijg Moo ) T o1)
% 6—2(54—53)(1—0059)/826—2(32—81)(1—0059)/£2d81 oo dsy
384

= 2e2

= 3(1 —ios& /Ooo () d8>2'

Then the family {st YZ}.~0 is uniformly integrable and consequently

2
(fphwwmwmw%ﬂmmwﬁmﬁ
0,00

E[lim Y/ ()Y (s)] = lim B[V (£)Y(s)].
Since Y7 and Y are centered Gaussian processes, in order to prove their independence

it suffices to show that the last limit converges to zero as ¢ tends to zero. To deal with
this limit, we observe that

~ 4 ee} o0
4 [ [ '
=5 /0 /0 £(8)g(r) Lis<y E [co8(0Nyg 2 ) sin(0 Ny, .2) | ds dr

4 o0 o0
+ ) / / f(8)g(r)T,<nE [COS(GNQS/EQ) sin(@Nzr/az)] dsdr
o Jo

— I+ 15
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Applying the formula 2sina cosb = sin(a + b) + sin(a — b) = sin(a + b) —sin(b — a) we

have
/ / f I[{s<r}

E[sm (0(Nyje2 + Nopje2)) + sin (0( Ny 2 — Ny, /52))} dsdr
= I, + I7 o,
/ / f(8)g(r) <y
E[sin (0(Nay /o2 + Noyje2)) — sin (B(Nage2 — Ny, /52))} dsdr

_ 7€ €
=1, — I3,

We proceed to show that I7 ; and I3, converges to zero as ¢ tends to zero and that I ,
and I5, have the same (finite) limit, thus obtaining the stated result. We note that

N T T L s

= Im(A4°).

To find the limit of IT; we see that ||A®[| converges to zero as ¢ tends to zero.

”AEH <z / / ‘][{s<r}€ 2(r— s)(lfcosa)/526723(1fcos29)/€2d5 dr

2/ / (F2(5) + g2(r)) Wppapye 2rmeos /et 2s(cos 20—cos )/ g gy
0 0

% /oo f2(8)€2s(cos 20—cos 0) /€2 /oo 6727'(1700s49)/52dr ds

+ % > 92(7,,)6—27’(1—C050)/82 /r e?s(cos 29—0059)/£2d8 dr
€ 0
= AS + AS.
When cos 6 = cos 26 it is easy to check the convergence to zero. Otherwise, we integrate
obtaining
AS — 1 /oo f2(8)6—25(1—00529)/52d8
1721 - cosh) ’
AE — 1 /oo gQ(T)e—QT(l—COSG)/&‘2 (eQT(COSQQ—COSG)/52 o 1) dr
27 2(cos 20 — cos )
_ 1 /oo 92(7“) (e—2r(1—c0529)/52 o 6—27"(1—0056)/52) dr
2(cos 20 — cosf)
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which concludes, as the convergence to zero is easily seen by dominated convergence.
In the same manner we can see that I5,; converges to zero.
With respect to the term IT, we observe that

2 0o oo gV 1e) /e
Fo=tn(Z [ [ #6000 s ).

Since 8%(1 - e“’)e*Q(’"*“”)(1*61.6)/62 is an approximation of the identity, we have that I7 ,
converges, as € tends to zero, to Im(ﬁ fooo f(s)g(s)ds) < 00. Clearly the same result

is obtained for I5,. This finishes the proof. g

Remark 2.2 We can use this result to approximate two independent processes of
many kinds, such as processes with a Gousart kernel (see for instance [6]), the
Holmgren-Riemann-Liouville fractional integral ([6]), fractional Brownian motion and
sub-fractional Brownian motion. In the next section we study weak convergence, in
the space C([0,T7]), towards these two last processes.

3. Weak approximation of fractional and sub-fractional Brownian motion

In this section we apply the main theorem to prove weak convergence results towards
fractional Brownian motion and sub-fBm. Let us begin with fBm and later on we will
study the convergence for sub-fBm.

3.1 Weak approximation of fractional Brownian motion

We are going to prove a result of weak convergence in C([0,7]) towards fBm, applying
Theorem 2.1. In order to do so, we use the following representation of the fBm as the
integral of a deterministic kernel with respect to standard Brownian motion (see for
instance [7])

t
B = / K (t,s)dWs, (3.1)
0
where H € (0,2), K (t, s) is defined on the set {0 < s < t} and is given by

KH(t,s) = dH(t—s)(H*U/2+dH<ﬂ> /t(u_s)(H3)/2 (1_(f)(1_H)/2>du7 (3.2)

2 s U
where the normalizing constant d is

H _ HT(351) 1/2
= (somre-m)

Since in this section the domain of fBm is restricted to the interval ¢ € [0, 7], we can
rewrite the integral representation as

' T
B = /0 KU (t,5) AW, = /0 KU (t,5)dW,,
where K (t,s) = K" (t, 5) Mg 4(s).

Applying this representation, since K (t,-) € L2(R%), the following result is a
corollary of Theorem 2.1
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Corollary 3.1

Let KM (t,s) = KM (¢, s)Xjo,4(s), where KH(t,s) is defined by (3.2), let {N,, s > 0}
be a standard Poisson process and let § € (0,7) U (m,2m). Then the processes

BH = {i /OT K*(t,s)cos (9N28/52) ds, te [O,T]} (3.3)

and

T
B = {g /O K (t,5)sin 0Ny ) ds, € [O,T]} (3.4)

converge in law, in the sense of the finite dimensional distributions, towards two inde-
pendent fractional Brownian motions.

We now proceed to prove the continuity and the tightness of the families of pro-
cesses defined by (3.3) and (3.4), and consequently, proving the weak convergence in
the space C([0,T7]).

Theorem 3.2

Under the hypothesis of Corollary 3.1, if moreover one of the following conditions
is satisfied:

(1) H € (3,2),
(2) H € (0, 3] and ¢ satisfies cos((2i +1)0) # 1 for all i € N such that i < 1 [£],

then the processes B and B converge in law in C([0,T]) towards two independent
fractional Brownian motions.

Proof. We first observe that the processes B and Bf are continuous. In fact, BY
and BH are continuous for all H € (0,2) and absolutely continuous if H € (1,2), since
it can be proved that (see [2, Lemma 2.1])

B (t) — B (s)| < Cy(t — s)((HFD/2N

and ~ )
\BHE(t) — BE(s)| < Oy (t — s)(HFD/AL,

It only remains to prove the tightness of the families of processes defined by (3.3)
and (3.4). Since BX(0) = 0, using Billingsley’s criterion (see for instance [5]) it is
enough to check that for some m > 0 and o > 1

E[|BI (1) — B (s)|™] < C(F(t) = F(s))",

where F' is a nondecreasing continuous function.
On the other hand, it is known that

T
/ (K (t,r) — K" (s,0)) 2 dr = E [(BY — B)?] = (t — s)",
0
and then it is sufficient to show that

Bl < cu( [ £0a)™ sla <ol [ Poa)” 6
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holds for some m satisfying the condition Hm/2 > 1, where

fr) =K%t r) - K (s,r), y/ == /f 1) cos(6 Ny, /2) dr

and
gl = / f(r) sin(0Ny, /e2) dr.

Then, in the case (1), it is sufficient to prove (3.5) for m = 4, which can be seen
proving that E[(zgzg) ] < C|fll3, where ||-||2 is the L?[0, T] norm and =yl vigl 1
we extend f to R for zeros, i.e., if we consider F(r) := f(r)Xj r)(r), we have proved
in Theorem 2.1 that

_ 4 o 2
Then,

E[(:{2])’] = E[(2'Z.)’]

= 3(1 —ios@ /OOOF2(S)dS>2 - 3(1 —ios@ /OTf2(S) d5>2'

To prove the result under the hypothesis (2) we can show that (3.5) is satisfied
for some even m such that £ > 1. If we proceed in the same way as in case (1) we
obtain an expression that depends on 1 — cos((2i + 1)0) for all i = 0,1,..., [5] and

the constant Cy, depends on max; —0,1,[5] m. O

3.2 Convergence towards sub-fractional Brownian motion

In order to obtain the convergence to sub-fractional Brownian motion, we will apply
a decomposition result due to Ruiz de Chavez and Tudor in [10]. In this paper, they
use the process X introduced by Lei and Nualart in [9] and defined in (1.8) by the
equation

XtH _ /oo(1 _ e_rt)r—(l—i—H)/Q dw,,
0

where W is a standard Brownian motion. It can be proved (see [9, 10]) that its
covariance function is

U [ (] € (),

I'(2—H)

Cov(XH, xHy =
' o [+ )T =t =M if H e (1,2),

(3.6)

and that X has a version with absolutely continuous trajectories on [0, o0).
The decomposition result can be stated and proved as follows:

Theorem 3.3 (Decomposition of sub-fBm)

Let B be a fBm, S a sub-fBm and W = {W,,t > 0} a standard Brownian
motion. Let X be the process given by (1.8). If for H € (0,1) we suppose that
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BH and W are independents, then the processes {Y,l = C1XH + BH,t > 0} and
{SH t > 0} have the same law, where C} = ,/ﬁ_m. If for H € (1,2) we suppose
that S and W are independents, then the processes {Y,!l = CoX + SH t >0} and

{BH t > 0} have the same law, where Cy = %

Proof. Tt is clear that the process Y is centered and Gaussian in both cases. For
H € (0,1), from (1.6), (3.6) and using the independence of X and B we have

Cov(¥;, Y1) = C2Cov[X[, X ] + Cov[B}, B

1
:3H+tH—§[(s+t)H+\s—t\H],

which completes the proof in this case, and for H € (1,2), from (1.7), (3.6) and using
the independence of X and S we have

Cov(Y, YH) = C2Cov[XH, X 1] + Cov[SH, SH]

S
1
:§(SH+tH—\s—t\H),

which completes the proof. O

In order to apply the main theorem to prove weak convergence to sub-fBm, we
have to prove weak convergence to fBm and the process X introduced by Lei and
Nualart. Then, applying the decomposition theorem and the independence of the limit
laws, we can state the weak convergence to sub-fBm for H € (0,1).

So, it just remains to prove for the process X defined by (1.8) the same results
we have obtained for fBm.

Corollary 3.4

Let X be the process defined by (1.8), let {N,,s > 0} be a standard Poisson
process and let § € (0,7) U (m,2m). Then the processes

2 [
XH — {5/0 (1= =5~ /2 o5 (0N, .2) ds, te [o,T]} (3.7)
and
) 0 [ .
XEH:{S/O (1= e5t)s~ U+ i (9N, ) ds, t € [O,T]} (3.8)

converge in law, in the sense of the finite dimensional distributions, towards two inde-
pendent processes with the same law that X .

Theorem 3.5

Under the hypothesis of Corollary 3.4 the processes defined by (3.7) and (3.8)
converge in law, in C([0,T]), towards two independent processes with the same law
that the process defined by (1.8).
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Proof. We first need to show that the processes X1 and X are continuous. In fact,
they are absolutely continuous. Let us consider for all » > 0 the process

2 o0
Y, = Z / sUH)/2675T ¢ og (HNQS/EQ) ds.
0

This integral exists because, using inequality (2.3), we have
o
E[Y;?] < C(/ sl_He_erds) =Cri7’r(2 - H).
0
On the other hand,

t t t
E[/ \Yr\dr} < / (E[YV2])Y2dr < C'/ rH=2/24r < o
0 0 0

since H € (0,2).
Let us now observe that X = f(f Y,dr. Indeed, applying Fubini’s theorem,

t 2 o] t
/ Y dr = - / s(U—=H)/2 (/ e_s’"dr> cos (0N2S/52) ds
0 €Jo 0

2 [e.9]
= / s~ HD/2(1 — =5 cos (GNQS/Ez)ds

€ Jo
_ vH
=X

The same proof shows that the process X’f is continuous.

Next, we prove the convergence only for (3.7). For (3.8) the result is proved
similarly.

It suffices to prove the tightness of the family {X”}.. Since X/ (0) = 0, using
Billingsley’s criterion we only need to prove that

E[IX(t) - X (s)['] < |[F(1) - F(s)”

where F' is a continuous, non-decreasing function. We observe that

2 4

E [\XgH(t) - Xf(s)ﬂ =E L /000 (<I>H(t, ) — @H(s,r)) COS(HNQT/E2)d’I“:|

where @7 (t,7) = (1 — e ")~ (HH)/2 ¢ L2(RT),
Since & ¢ L2(R*), applying the bound (2.4), which is proved in Theorem 2.1,
we obtain

E[|X2(t) - XH(s)|Y < c(/ooo (@ (t,7) — d (s,1))? dr>2

_ C</OO ((1 _ efrt)ZTf(lJrH) + (1 _ 677"3)2r7(1+H)
0

2
—2(1 —e ") (1 — ers)r(HH))dr) .
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Using (3.6) and assuming s < ¢ we obtain for H € (0, 1)

E[IX2(t) - XX (s)['] < C (20t + ) — @20)T — (25)7)°
< (20" - (29)1)°,

since s +t < 2t. In the same way, if H € (1,2),

E[|X2(t) - XX (s)["] < C (207 + (25)7 = 2(t + )7’

< (@2t - (25)1)%,
since s +t > 2s. In both cases we have proved the result with F(z) = (2x)%. O

Finally, we obtain the result of weak convergence to sub-fractional Brownian mo-
tion, as a direct conclusion of the previous results.

Theorem 3.6
Let H € (0,1), let {XH(t),t € [0,T]} be the family of processes defined by (3.7),

let {BH(t),t € [0,T]} be the family of processes defined by (3.4) and C} = , /ﬁ.
Let us assume 6 € (0, 7)U(m, 27) and, for H € (0, ], that 6 is such that cos((2i+1)6) #
1 for all i € N such that i < [4]. Then, {YF(t) = C1X2(t)+ BH(t),t € [0,T]}
weakly converges in C([0,T]) to a sub-fractional Brownian motion.

Proof. Applying Theorems 3.2 and 3.5 we know that, respectively, the processes Bf
and X converge in law in C([0,T]) towards a fBm and the process defined by (1.8).
Moreover, applying Theorem 2.1, we know that the limit laws are independent. Hence,
we are under the hypothesis of Theorem 3.3, which proves the stated result. O

Remark 3.7 Obviously we can also obtain the same result using the families of pro-
cesses defined by (3.8) and (3.3).
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