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ABSTRACT

We characterize boundedness and compactness of Volterra composition opera-
tors acting between weighted Bergman spaces A, , and weighted Bloch type
spaces By,.

1. Introduction

Let H(D) be the set of all analytic functions on the open unit disk D of the complex
plane.

Moreover, let v and w be strictly positive bounded continuous functions (weights)
on D. Then the weighted Bergman space A, ), is defined as follows

A= { £ € HOY = ([ 150 149) " <o 1 <p <o,

where dA(z) is the area measure on D normalized so that area of D is 1. Moreover
we consider the weighted Bloch type spaces B, of functions f € H(D) satisfying
| fllB, = sup,epw(2)|f'(z)] < co. Provided we identify functions that differ by a
constant, ||.||p, becomes a norm and B,, a Banach space.

An analytic self-map ¢ of D induces the composition operator Cy defined by
Cyf = f o ¢. For an analytic map g : D — C and a map f € H(D) the Volterra type
operator or the Riemann-Stieltjes operator J,; is defined as

J,f(2) = /O CF©)d(€) de, ze D
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(see [15, 17]). In this paper we consider the Volterra composition operator which is
defined as follows
z
(o) = [ (o000 (©) de.

Recently composition operators acting on various spaces of analytic functions have
been of much interest, see e.g. [5, 4, 6, 8, 7, 13]. Also operators of type J, have been
studied by many authors, see e.g. [1, 2, 3, 15, 17]. Boundedness and compactness of
the Volterra composition operator acting between Bergman spaces weighted with the
standard weights and Bloch type spaces have been characterized by Li in [12]. In this
article we want to generalize his results for more general weighted Bergman spaces and
weighted Bloch type spaces as described above.

2. Preliminaries

In the sequel we consider the following weights. Let v be a holomorphic function on D,
non-vanishing, strictly positive on [0, 1[ and satisfying lim,_,; v(r) = 0. Then we define
the weight v as follows v(z) := v(|z|?) for every z € D.

Next, we give some illustrating examples of weights of this type:

(i) Consider v(z) = (1 — 2)* « > 1. Then the corresponding weight is the
so-called standard weight v(z) = (1 — |2|?)®.

(ii) Select v(z) = e Y/0-2% o > 1. Then we obtain the weight v(z) =
e 1/ (=2

(iii) Choose v(z) = sin(l — z) and the corresponding weight is given by
v(z) = sin(1 — |z/?).
(iv) Let v(2) = (1 —log(1 — 2))? for some 3 < 0. Then we get v(z) = (1 —log(1 —
|2%))°.
For a fixed point @ € D we introduce a function v,(2) := v(az) for every z € D.
Since v is holomorphic on D, the function v, is also holomorphic on D.
Furthermore, we need some geometric data of the open unit disk. Fix o € D
and consider the authomorphism ¢, (z) := =5, z € D, which interchanges 0 and a.
Moreover we use the fact that

/ ‘O“Z -1
=1 __ z2eD.
#al2) (1 —az)2’z <

Let us finish the preliminaries with stating a very useful lemma, which can be
easily derived from [9, Proposition 3.11].

Lemma 1

Let v and w be weights. Then the operator J, 4 : A, — By, is compact if and
only if it is bounded and for every bounded sequence ( fy,),, in A, , which converges to
zero uniformly on the compact subsets of D, J, 4 fn tends to zero in By, if n — oo.
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3. Resulis

We first need the following auxiliary result. The following lemma is well-known for
standard weights (see [10, 11]) and was given in its present form in [16], but for a
better understanding we give the full proof here.

Lemma 2

Let v be a weight as defined in the previous section (i.e. v(z) := v(|z|?) for every

z € D) such that
sup sup L@ D] o
acD zeD 'U((Pa(z))

Then
cl/p
|f(Z)| S ’U(O)l/p(l _ |Z|2)2/pU(Z)1/p ”fHU:p

forall z€ D, f € Ayp.

Proof. Let a« € D be an arbitrary point. Consider the map

To: Avp = Avp, To(f(2)) = f(@a(z))vfx(z)z/pva(wa(Z))l/p‘

Then a change of variables yields

[ Taf]

%’,p:/Dv(Z)\f(soa(Z))!”Itp;(Z)!QIva(sOa(Z))ldA(Z)

[ v(2)|valpal2))] VPl (ol (s ]
_/D v(pa(2)) | (0a(2))[Pla(2)]"0(palz)) dA(2)

Smﬁ@mmfméw%@m%w%mwwma

z€D U((pa(z)

scLMWﬂmmmm=Owwp

Now put g(z) := To(f(z)) for every z € D. By the mean-value property we obtain

v(0)[g(O)IP < /DU(Z)!g(ZNp dA(z) = |lgll7,, < CIFIE -

Hence
v(0)lg(0)P = v(0)|f(@)P(L — |af*)?v(a) < O fI5 -
e 171
<o/r op .
T O T = laP o) e
Since a was arbitrary, the claim follows. O

Calculations show that the examples (i)-(iv) which were listed up above satisfy
the assumptions of the previous lemma.
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Theorem 3

Let w be a weight and v be a weight as in Lemma 2 with

M := sup sup U(f)
a€D zeD ’V(a'z)‘

Then the operator Jg ¢ : Ay p — B, is bounded if and only if

w(z)|¢'(2)llg'(¢(2)

sup < 0.

zeD (1 —|¢(2)[2)?/Pv(p(2))1/P

Proof. We start with assuming that the operator J; 4 is bounded. Fix a point a € D
and set

/ 2/p
fa(z) == fgg;l/p for every z € D.

Then

N RCAC N
112, = [ HEaheu(z) dA)

< sup 22 /D (=) dA(2)

zeD [v(az)]

< sup U(f) <M,
zeD |v(@z)|

and the constant M is independent of the choice of the point a. Hence we can find a
constant C* > 0 such that

w(a)|¢'(a)llg'(¢(a))]
(1= [¢(a)?)*/Pv(¢(a))

75 = | fo(@ (@(a)|w(a)lg' ((a))|¢'(a)]

= (Jgofo() (@)lw(a) < C*[|Tgollll fo(a)

v,p

Conversely, we suppose that

sup w(z)|¢'(2)lg'(¢(2)
eb (1= |6(2)]2)2/Pu(¢(2)) /P

An application of Lemma 2 yields for f € A,

< 00.

sup |(Jy ) (2)w(2) = sup | F(6(2)lg (6(:)) 1/ (2) o(2)
< sup CPP 1 (@) lg' @)1 )]
= 28D w01 = 6(2) E)2Tru(6(2) 7

Hence the claim follows. O
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Theorem 4

Let w be a weight and v be a weight as in Theorem 3. Then the operator Jg 4 :
Ay p — By is compact if and only if

sup w(2)g'(¢(2))[1¢(2)] < oo (0.1)

zeD

and
L eGSR
[6(2)l=1 (1 = [¢(2)[2)*Pv(g(2)) /P
Proof. Assume that the operator J, 4 : A, — By, is compact. Then obviously J; 4

is bounded. Taking f = 1, we get (0.1). To show (0.2) let (zy), be a sequence with
|¢(zn)| — 1 and put

(0.2)

_ S0;5(216)(2)2/})

fk(z) : V(mz)l/p

for every z € D and every k € N.

Analogously to the proof of Theorem 3 we can show that (fy,), is a bounded sequence
which tends to zero uniformly on the compact subsets of D. Since J, 4 is compact, by
Lemma 1

g0 fnllBo — 0 if n — oco.
Thus,

w(zn)|¢' (2n)[lg' (9(2n)]
(1 — |p(20)]2)2/Pv((2,)) /P’

1g.6 fnll B =

and condition (0.2) follows.

Conversely, suppose that (0.1) and (0.2) are satisfied. Let (f,), be a bounded
sequence in A, , such that || fy|l,p, < M; < oo for every n € N and such that (fy)n
converges uniformly to zero on the compact subsets of D if n — co. For a fixed ¢ > 0
we can find 0 < ro < 1 such that if |¢(z)| > rg, then

W GEDF ] _ o)
(1 —|p(2)|2)2/Pu(p(2))/P ~ 2CY/PMy -

Moreover, we can find My > 0 such that

sup - w(2)|g'(6(2))l¢' ()] < M.
l¢(2)|<ro

There is ng € N such that

€

sup[fa(0(2))] < 5

for every n > ng.
lo(2)[<ro 2

Furthermore, from (0.2) we can easily derive that

ap NIl (6(2)
2eD (1 —|0(2)[2)2/Pu(g(2))1/P

< 00.
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Thus, the operator J, 4 must be bounded. We obtain applying Lemma 2

sup [ (Jg,pfn) (2)|w(z) = supw(2)|fn(¢(2))llg'(¢(2))ll¢' ()|

zeD zeD

< sup w(2)|fulo(2))llg (4(2)]16'(2)]
lp(2)|<ro

+ sup  w(2)[fal(0(2)llg'(¢(2))]16'(2)]
[¢(2)|>r0

< sup |fu(0(2)] sup  w(z)|g(6(2))]1¢(2)]
[6(2)|<ro lp(2)|<ro

+ o CUllo e OGN )
16(2)|>r0 V(0)V/P(1 — |6(2)[2)2/Pu(¢(2)) /P

< g

and the claim follows. U
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