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ABSTRACT

Let S be the group R? x R endowed with the Riemannian symmetric space
metric d and the right Haar measure p. The space (.9, d, p) is a Lie group of
exponential growth. In this paper we define an Hardy space H ' and a BM O
space in this context. We prove that the functions in BM O satisfy the John—
Nirenberg inequality and that BM O may be identified with the dual space of
H'. We then prove that singular integral operators whose kernels satisfy a
suitable integral Hormander condition are bounded from H L'to L' and from
L to BMO. We also study the real interpolation between H', BMO and
the LP spaces.

1. Introduction
Let S be the group R? x R endowed with the product
(v,a) - (2',d) = (x+aa',ad) V(z,a), (z',d') € S.

We call S an az+b-group. We endow S with the left-invariant Riemannian metric
ds? = a~?(dx? + da?). We denote by d the corresponding metric, which is that of the
(d + 1)-dimensional hyperbolic space.

The group S is nonunimodular; the right and left Haar measures are given respec-
tively by

dp(z,a) = a"tdzda and d\(z,a) = a~ D dzda.
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It is well known that the measure of the ball B, centred at the identity and of radius
r, behaves like
rdtl it r <1
P(Br) = ABr) {ed’“ ifr>1.
This shows that the space (5,d, p) is of exponential growth. Throughout this paper,
unless explicitly stated, we consider the right measure p on S and we denote by L? the
space LP(p) and by || - ||, the norm in this space, for all p in [1, oo].

Harmonic analysis on the space (S,d, p) has been the object of many investiga-
tions, mainly because it is an example of exponential growth group, where the classical
theory of singular integral operators does not hold (see [5, 8, 9, 11, 13, 19]). In this
context maximal operators, singular integrals and multiplier operators associated with
a distinguished Laplacian have been studied. In particular, in the case when d = 1,
S is the affine group of the real line, where the theory of singular integrals have been
considered by many authors.

Recently W. Hebisch and T. Steger [13] adapted the classical Calderén—Zygmund
theory to the space (S, d, p) and applied this theory to study singular integral operators
in this context. The purpose of this paper is to develop a H'-BMO theory in the space
(S,d, p), which is a natural development of the Calderén-Zygmund theory introduced
in [13] and which may be considered as an analogue of the classical theory.

The classical H'~BMO theory holds in (R", d, m), where d is the Euclidean metric
and m denotes the Lebesgue measure. In this context the spaces H' and BMO are
defined as in [6, 16, 23] and satisfy the following properties:

(i) the space BMO may be identified with the dual space of H';
(ii) the functions in BMO satisfy the so-called John—Nirenberg inequality;
(iii) the Calderén—Zygmund operators are bounded from H' to L! and from L*
to BMO;
(iv) the real interpolation spaces between H! and BMO are the LP spaces (see [6,
12, 15, 21, 22)).

We recall that there are several characterizations of the Hardy space H' in the classical
setting. In particular, an atomic definition and a maximal characterization of H' are
available. The properties (i)-(iv) involving H' were proved by using both its maximal
characterization and its atomic definition.

Extensions of the H'-BMO theory have been considered in the literature. In
particular, a theory that parallels the Euclidean theory has been developed in spaces
of homogeneous type. A space of homogeneous type is a measured metric space (X, d, 1)
where the doubling condition is satisfied, i.e., there exists a constant C such that

w(B(z,2r)) < Cp(B(z,r)) Ve X  VreRT. (1.1)

In the space (X, d, u) a Calderén—Zygmund theory [3, 23] and a H'~-BMO theory [4, 7]
have been studied. This theory is a generalization of the Euclidean one; in particular
properties (i)-(iv) are satisfied.

It is natural to ask whether it is possible to develop a H'-BMO theory in spaces
which do not satisfy the doubling condition (1.1). This was done in the space (R",d, i),
where d is the Euclidean metric and p is a (possibly nondoubling) measure, which grows



Spaces H' and BM O on ax + b-groups 279

polinomially at infinity [17, 20, 25]. A space BM O was also introduced by A. Ionescu
in symmetric spaces of the noncompact type and rank one: note that the BMO
theory developed in [14] applies to the space (S,d) endowed with the Riemannian
measure, i.e., the left Haar measure A, but does not apply to the space (.S, d, p), which
we are considering in this paper.

G. Mauceri and S. Meda [18] introduced a H'-~BM O theory in the space (R, d, ),
where d is the Euclidean metric and  is the Gauss measure, and applied this theory
to study appropriate operators related to the Ornstein-Uhlenbeck operator.

In this paper we develop a H!'-BMO theory in the space (S, d, p) defined above.
The starting point is the Calderén—Zygmund theory introduced in [13]. There exists
a family of appropriate sets in .S, which are called Calderén—Zygmund sets, which
replaces the family of balls in the classical Calderén—Zygmund theory.

For each p in (1, c0], we define an atomic Hardy space HP. Atoms are functions
supported in Calderon—Zygmund sets, with vanishing integral and satisfying a certain
size condition. An important feature of the classical theory is that all the spaces H'P,
for p in (1,00], are equivalent. We shall prove that this holds also in our setting.
We define a space of functions of bounded mean oscillation BM O, whose definition
is analogue to the classical one, where balls are replaced by Calderén—Zygmund sets.
We shall prove that the John—Nirenberg inequality is satisfied and that BM O may be
identified with the dual space of H'.

Further, we show that a singular integral operator, whose kernel satisfies an in-
tegral Hérmander condition, extends to a bounded operator from H' to L' and from
L*> to BMO. As a consequence of this result, we show that spectral multipliers of a
distinguished Laplacian A extend to bounded operators from H' to L' and from L>®
to BMO.

Finally, we find the real interpolation spaces between H' and L?, L? and BMO,
H' and BMO, for p in (1,00). The interpolation results which we prove are the
analogues of the classical ones [12, 15, 21, 22], but the proofs are different. Indeed, in
the classical setting the maximal characterization of the Hardy space is used to obtain
the interpolation results, while the Hardy space H! introduced in this paper has only
an atomic definition.

Positive constants are denoted by C'; these may differ from one line to another,
and may depend on any quantifiers written, implicitly or explicitly, before the relevant
formula. Given two quantities f and g, by f ~ g we mean that there exists a constant
C such that 1/C < f/g < C.

Acknowledgement. The author would like to thank Nicolas Varopoulos for his help
and encouragement.

2. The Hardy space

In this section, we give the definition of the Hardy space on S, where the Calderén—
Zygmund sets are involved. Let us recall the definition of Calderén—Zygmund sets
which appears in [13] and implicitly in [11].

DEFINITION 2.1 A Calderén—Zygmund set is a set R = @ X [ae™ ", ae"], where @ is a
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dyadic cube in R? of side L, a € Rt, 7 > 0 and

e2ar§L<e8ar if r<1,

ae’ <L <ae® ifr>1.

Let R denote the family of all Calderén—Zygmund sets.

In [13] the authors proved that the space (S,d, p) is a Calderén—Zygmund space
with Calderén—Zygmund constant xg. More precisely, they proved that the following
hold:

(i) for every set R in R there exist a point zp and a positive number rp such
that R C B(zg,koTR);

(ii) for every set R in R its dilated set is defined as R* = {x € S : d(z,R) < rr};
its right measure satisfies the following inequality:

p(R*) < ko p(R);

(iii) for every set R in R there exist mutually disjoint sets Ry, ..., Ry in R, with
2 <k < 2¢ such that R =", R; and p(R;) = p(R)/k, for i =1,... k.

For any integrable function f and for any o > 0, f admits a Calderon—Zygmund
decomposition at level a, i.e., a decomposition f = g+, b;, where g is bounded almost
everywhere by ko o and the functions b; have vanishing integral and are supported in
Calder6n—Zygmund sets R;. The average of |f| on each set R; is comparable with o
(see [13, Definition 1.1] for the details).

Suppose that p is in (1,00]. By replacing balls with Calderén—-Zygmund sets in
the classical definition of atoms, we say that a function a is a (1, p)-atom if it satisfies
the following properties:

(i) a is supported in a Calder6n—Zygmund set R;
(it) flall, < p(R)YP7;
(i) fadp=0.
Observe that a (1,p)-atom is in L' and it is normalized in such a way that its L'-norm
does not exceed 1.

DEFINITION 2.2 The Hardy space H'P is the space of all functions h in L' such
that h = Zj Ajaj, where a; are (1,p)-atoms and A; are complex numbers such that
>; 1Al < oo. We denote by ||k g1 the infimum of 37, |A;] over such decompositions.

The space H"P endowed with the norm || - || 1., is a Banach space.

For any p in (1, cc] we denote by Hél’lp the vector space of all finite linear combi-
nations of (1, p)-atoms. Clearly, Hé;lp is dense in H'P.

It easily follows from the above definitions that H“>° C H'P, whenever p is in
(1,00). Actually the following theorem holds.

Theorem 2.3

For any p in (1,00), the spaces H'P and H'* coincide and their norms are
equivalent.
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To prove the Theorem 2.3 we follow the proof of [4, Theorem A]. We shall need
the following preliminary result.
Proposition 2.4

Suppose that p is in (1,00) and a is a (1,p)-atom. Then a is in H* and there
exists a constant C),, which depends only on p, such that

lallg10e < Cop.

Proof. Let a be a (1, p)-atom supported in the Calderén—Zygmund set R. We define
b:= p(R) a. Note that b is in LP and ||b]|, < p(R)'/P.

Let a be a positive number such that o > max{1, 2-d/p 21/(7’*1)}. We shall prove
that for all n € N there exist functions a;,, h;, and Calderén-Zygmund sets R;,, with
je € N¢, £ =0,...,n, such that

n—1
B SECCIENED SR Sy (2.1
/=0 jE .]n

where the following properties are satisfied:
(i) aj, is a (1, 00)-atom supported in the Calderén-Zygmund set R;,;
(ii) hj, is supported in R;, and [ hj, dp = 0;
1/p n/pon -n

Gi0) (s S, VP o) < 2P 2 o

) 2 g Il < 227 [0l|5;

(V) |y, (2)] < [b(a)| + 2P 2" Yz € Ry,

(Vi) 325, p(Rj,) < 290D o= ||p|Jp.

We first suppose that the decomposition (2.1) exists and we show that a lies in H %,
Set H, =3, hj,. By Holder’s inequality

(iv

1l < 3 gl < D7 p(R3) P kg,

where p’ is the conjugate exponent of p. Now by (iii) and (vi) we have
[ Hnllr < Z p(Rjn)l/p/p(Rjn)l/p gdn/p gn n
Jn
< 2d(—n+1) o~ "P Hb”g 2dn/p 9N (1

< 24(2201=PD/P o 1=P)" y(R) .

Then, since o > 274?21/ (=1 the functions H,, converge to 0 in L' when n goes
to oo.

This shows that the series Y150, 2(@(+1)/p 9f o f+1 >, P(Rj,) aj, converges to b in
L'. Moreover, by (vi) we deduce that
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D29 S () < 3 AN 41 U o
=0 Je £=0

< 2W+1)/p i (2 9(d(1=p))/p alfp)f p(R)
=0

»P(R),

because o > 24P 21/(P=1) " where C) depends only on d, p, «

It follows that bis in HY > and ||b]| 1.0 < Cpp(R). Thus a = p(R) "1 bis in HL°
and |la]| g1, < Cp, as required.

It remains to prove that the decomposition (2.1) exists. This can be done by
induction on n, following closely the proof of [4, Theorem A]. For the reader’s con-
venience we give the proof in the case n = 1, and we shall omit the details of the
inductive step.

We construct a partition P of S in Calderén—Zygmund sets which contains the
set R (see [13, Proof of 5.1]).

Step n = 1. We choose Ry = R. Since ||b]|, < p(R)'/?,
g [ e < G blgap <1 < o

We split up the set R in at most 2¢ Calderén-Zygmund subsets. If the average of |b|P
on a subset is greater than of, then we stop; otherwise we divide again the subset
until we find sets on which the average of |b|P is greater than of. We denote by C the
collection of the stopping sets. We distinguish two cases.

Case C = 0. In this case it suffices to define Ry = R, ag = 2~ %P a1 p(Ro)~ b
and h; = 0 for all 7 € N.

Case C # 0. Let C = {R; : i € N}. The average of |[b’ on each set R; is
comparable with of. Indeed, by construction we have

On the other hand, there exists a set R!, which contains R;, such that p(R;) > 2 (R)

an (R’) fR, |b]P dp < oP. Tt follows that
2d
dp < aP .
p(R7)
We define
b(x) if x ¢ U; Ri
g9(x) = :
bdp ifzeR;
0 if = ¢ R;
hi(z) = 1 | |
b(x)—mfRibdp ifxeR; VieN.
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Obviously

b=g+> hi=2"Pap(Ro)ao+ Y hi,

where ag = 24P a1 p(Ry) "1 g.
The function aq is supported in R and has vanishing integral. By Holder’s in-
equality for any x in R;

1 1 / 1/p
< ——— [ |bldp < ——p(Ry)Y? / bPd < 24P ¢ .
9@)| < e [ Wlap < s p(R) ([ birap) <2

If x is in the complement of |J; R;, then all the averages of |b|P on the sets of the
partition P which contain x are < of. Thus |g(z)| < a for almost every z in the
complement of |J; R;. Then |lag|loo < p(Ro)~}, so that ag is a (1, 00)-atom.

We now verify that the functions h; satisfy properties (ii)-(vi). Each function h;
is supported in R; and has vanishing integral. Moreover, by Hélder’s inequality

1
p(R;)

Since the sets R; are mutually disjoint, by summing estimates (2.2) over i € N, we
obtain

SR <2 3 Bl s, < 2 012,

K2 1

which proves (iv). From (2.2) we also have

1hillp < 11bll o (ro) + p(B)'P /R_ [bldp < 2|[bll Lo () - (2.2)

1 1
p(R;) p(R;)

which proves (iii). The pointwise estimate (v) of h; is an easy consequence of Holder’s
inequality, since for all z in R;
W)
bl dp
o7 Jn "

< @)l + (R~ o) ([ pirap) "

< |b(x)] + MYP2a.

/\hi|pdp§2p /|b\Pdng2pap,
Rz‘ Ri

[hi ()] < [b(x)] +

It remains to prove property (vi):
S o(R) <o Y [ b < a7 bl

This concludes the proof of the first step in the case when C # ().
Inductive step. Suppose that

n—1

bh— Z o(d(e+1))/p 9t 1 Z p(Rje)aje + Z P
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where the functions aj,, hj, and the sets Rj, satisfy properties (i)-(vi). We shall prove
that a similar decomposition of b holds with (n + 1) in place of n. To do so, we
decompose each function hj, by following the same construction used in the case when
n = 1 and the proof of [4, Theorem A]. We omit the details.

This concludes the proof of the proposition. O

Theorem 2.3 is an easy consequence of Proposition 2.4.
In the sequel, we denote by H' the space HY* and by || - || g1 the norm || - || g1.00.

3. The space BMO
In this section, we introduce the space of functions of bounded mean oscillation and

we investigate its properties. For every locally integrable function f and every set R
we denote by fr the average of f on R, i.e., fr = ﬁ Jr fdp.

DEFINITION 3.1 The space BMO is the space of all functions in LllOC such that

1
s%pp(m/R!f—fR\dp<oo,

where the supremum is taken over all Calderén—Zygmund sets in the family R. The
space BMO is the quotient of BMQO module constant functions. It is a Banach space
endowed with the norm

1
x = SUp 9§ ——=¢ — dp: ReR;.
10 = sup {—czs |17 = frlap !
We now prove that the functions in BM O satisfy the John—Nirenberg inequality.

Theorem 3.2 (John—Nirenberg inequality)
There exist two positive constants n and A such that for any f in BMO

1 n
0 5 e (g7 = Sl ao < 4.
Proof. We first take f in L*°. Let Ry be a fixed Calderéon—Zygmund set.

Note that ﬁ Jro |f = frol dp < 2| f|l«. We split up Ry in at most 24 Calderén—
Zygmund sets. If the average of |f — fg,| on a subset is > 2| f]|«, then we stop.
Otherwise we go on by splitting the sets that we obtain, until we find Calderén—
Zygmund sets contained in Ry where the average of |f — fr,|is > 2| f]|«. Let {R;}:
be the collection of the stopping sets. We have that:

() [(f = fro)xRo| < 2/l om (UiR:)%;

.. . I(f=fro)xrollt _ p(Ro) IIflls _ p(Ro).
(i) p(Uili) < === < S = T2
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(iv) for each set R; there exists a Calderén—Zygmund set R, which contains R;,
whose measure is < 2¢ p(R;) and such that ﬁRD fR; |f = fRolXRo dp < 2| f]]+-
Thus

[fR; = fRol < |fR: = fRI| + |fR; = fRol
1

1
< R /RZ_ |f—fR;|dp+p(R;)/R;|f_fRO,dp

2d
< Jo 1~ Tl dp 21

<2+ 2) [If].

For any positive t we define
1 t
F(t) =Sup7/ exp (= = frl) dp,
r p(R) Jr (Hfll* )

which is finite, since we are assuming that f is bounded. From (i)-(iv) above we obtain
that

1
p(Ro) /RO P (Hft||*|f - fRo!) dp

1 o |
S ,O(RO) /P\EOU»L'RZ' ¢ dp * IO(RO) ; ‘/R«z
X exp (H;H(!f — il + [ = frol)) dp

1 d t
<e? 4 / (272}t exp|——|f — fr.|)d
o) 2 I, (g~ m) e

1 p(Ro)
< o 4 (22 F(t).
B p(Ro) 2 ©

By taking the supremum over all Calderén—Zygmund sets Ry we deduce that
F(t)(1 — o421 /) < o2t

This implies that there exists a sufficiently small positive n such that F'(n) < C.
This proves the theorem for all bounded functions. Now let f be in BMO and
for k € N define fr : S — C by

flx) if|f(@)] <k

Je@) =1, K@it | f(a)] > b

Then || fx|loo < k and || fx|l« < C'||f|l«. Moreover |fi — f| tends monotonically to zero
when k tends to co. We have that



286 VALLARINO

1 U 1 n
p(m/ReXp(HfH*‘f_fR’) dp < P(R)/Rexp(HfH*’f_fk’) dp

1 n
+ gy e (i e — Gl do

1
+p(R)/ReXP (ﬁ‘(fk)R_fR‘) dp

1 n
<Ct o /Rexp (7o e = (al) o

<A,
if k is sufficiently large. Thus the theorem is proved for all functions in BMO. U

A standard consequence of the John—Nirenberg inequality is the following.

Corollary 3.3
The following hold:

(i) there exist two positive constants n and A such that for any t > 0
p({r € R: |f(x) — ful > t]fI.}) < Ae " p(R)  VRER,Vf € BMO;

(ii) for any q in (1,00) there exists a constant Cy, which depends only on q, such that

1 1/q
<p(R)/R‘f B fR’qdp) <Cylfl« VYReR,YfeBMO.

Proof. Let f bein BMO, R be a Calderén—Zygmund set and take ¢ > 0.
To prove (i) we observe that by Theorem 3.2

p({lz € R+ |f(z) — frl > t]Ifll}) = p({g; CR: exp (ﬁﬁ(w) - fR|) N ent})
- [rexp (;Illn‘{ - fR|) dp
< Ae " p(R),

where 1 and A are the constants which appear in Theorem 3.2.
We now prove (ii). If g is in (1,00), then there exists C' such that 27 < Ce*
for x > 0. It clearly follows that

!f—lequSAeXp( n ‘f_fR])dngp(R).

r £ 1f 11+
Thus ) )
q
- _ Qd < C s
(o o\~ fitan) < il
where C, only depends on g. O

For any ¢ in [1,00) and for every function f in L{ . define

1 1/q
o )
1Fllae = sup (= [ 1F = Frl"dp)
and BMO, ={f € LL.: ||fllgsx < 0o} . Note that BM Oy = BMO and |-

loc

Lo = [l
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By Corollary 3.3(ii), if f is in BMO, then f € BMO, and || f||q« < Cq | fll«, for
any ¢ in (1,00).
Conversely, for any ¢ in (1, 00), if f is in BM Oy, then trivially f is in BMO and

11l < 1Nl
This means that all the spaces BM Oy, with ¢ in (1, 00), are equivalent to BMO.

We now prove that the dual space of H'? may be identified with BMOs.

Theorem 3.4 (duality theorem)
The following hold:
(i) for any f in BMOs the functional ¢ defined on Héf by

ﬁ(g):/fgdp Vg e Hy?,

extends to a bounded functional on H2. Furthermore, there exists a constant C
such that

1€l rrr2ye < CIfll2 s

(ii) there exists a constant C such that for any bounded linear functional £ on H%?
there exists a function f¢ in BMOy such that || f|2. < C 121l (fr1.2)= and £(g) =

[ ftgdp for any g in Héf.

Proof. The proof of (i) follows the proof of the analogue result in the classical set-
ting [4, 23]. We omit the details.

We now prove (ii). For any n € N let R, be the Calderén—Zygmund set
Qn x [e7",e"], where Q, is a dyadic cube in RY centred at 0 of side L,, such that
e’ < L, < e, Obviously, U, R, = S.

For any n € N let X,, be the space LZ(R,) of all functions in L? which are
supported in R, and have vanishing integral. The space (X,,| - ||2) is a Banach
space. We denote by X the space LZO(S) of all functions in L? with compact sup-
port and vanishing integral, interpreted as the strict inductive limit of the spaces X,
(see [2, II, p. 33] for the definition of the strict inductive limit topology). Observe that
Héf and X agree as vector spaces.

For any g in X,, the function p(R,)~'/?||g|l3' g is a (1,2)-atom, so that g is in
HY? and ||g||g1.2 < p(Rn)Y?||gll2. Hence X ¢ HY? and the inclusion is continuous.

Now take a bounded linear functional ¢ on H'2. Since X C H'2, /¢ lies in the
dual of X, i.e, the quotient space L120c /C. Then there exists a function f¢ in L120c such
that

ﬁ(g):/fégdp Vge X.

It remains to show that f¢ is in BMOs. Let R be a Calderén-Zygmund set. For any
function g in X which is supported in R the function ||g|j3* p(R)~'/2 g is a (1, 2)-atom.
Thus

gl p(R)?.

| [ £ 9d0| =160} < [l ey
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1/2
It easily follows that (fR ‘fﬁ _ f}ép dp) < MH(HM)* IO(R)l/Q7 ie., fg is in BMO,
and H]MH?* < HKH(ng)*. 0

k=

Since we already proved that the space H' is equivalent to H'? and the space
BMO is equivalent to BM O3, the Theorem 3.4 means that BMO may be identified
with the dual space of H'.

4. H'-L'-boundedness of integral operators

We now prove that integral operators whose kernels satisfy a suitable integral Hormander
condition are bounded from H! to L' and from L™ to BMO. Note that the integral
Hoérmander condition which we require below is weaker than the integral conditions in
the hypothesis of [13, Theorem 1.2].

Theorem 4.1

Let T be a linear operator which is bounded on L? and admits a locally integrable
kernel K off the diagonal which satisfies the condition

sup sup / |K (z,y) — K(x,2)| dp(z) < co. (4.1)
ReRy,zeRJ(R*)°

Then T extends to a bounded operator from H' to L'.
If the kernel K satisfies the condition

sup sup / |K(y,2z) — K(z,2)| dp(z) < o0, (4.2)
ReRy,zeRJ(R*)°

then T extends to a bounded operator from L* to BMO.

Proof. Suppose that (4.1) is satisfied. We first show that there exists a constant C
such that for any (1,2)-atom a

|Tal, <C. (4.3)

Let a be a (1,2)-atom supported in the Calderén—Zygmund set R. Recall that R C
B(xpg,koTR), for some xpr in S and rg > 0, and that R* denotes the dilated set
{reS: d(z,R) <rg}.

We estimate the integral of T'a on R* by the Cauchy—Schwarz inequality:

], 1Taldp < [ Talla ()2
1/2
< kg * |1 T2 llall2 p(R)"?

1/2
< kg > I T2 (4.4)
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We consider the integral of |T'a| on the complement of R*:

/ [Tal dp S/
*C (R*)c
N /(R )

* R
< / K (2,y) — K(2,28)| |a(y)| dp(y) dp(z)
(R*)¢JR
= [ ([ 1K)~ K am)ldp(@)) doty)

< lallsup [ K (w.y) ~ K(o,2n)|dp(a)
yeR J(R*)*

<C. (4.5)

/R K (2,y) a(y) dp(y)| dp(x)

[ Ky~ K(won)]a(y) dply)| dp(a)

By (4.4) and (4.5), the inequality (4.3) follows.

We shall deduce from (4.3) that T is bounded from H' to L!. Indeed, by
[13, Remark 1.4] T is bounded from L' to the Lorentz space L'*. Now take a
function f in H' and suppose that f = > 521 Ajaj is an atomic decomposition of f
with 32 [Aj| ~ [[fl|g1. Define fy = Z;-V:l Aja;. Since fy converges to f in L,
Tfy = Zé-v:l M\jTa; converges to T'f in L. On the other hand, by (4.3)

o) [e.e] o
|7iv = ATa| < X IlITgh < > Inl,
j=1 j=N+1 j=N+1

so that T'fy converges to >332 A\;jTa; in L'. This implies that Tf = Y21 AjTaj € L'
and | Tf|l1 < C||f|lg , i-e., T is bounded from H! to L.

Suppose now that (4.2) is satisfied. By arguing as before, we may prove that the
adjoint operator T” of T is bounded from H' to L'. By duality it follows that T is
bounded from L* to BMO. (]

We can apply the previous results to the multipliers of a distinguished Laplacian
Aon S. Let

onaaa Xz-:a(?xi i:l,...,d

be a basis of left-invariant vector fields of the Lie algebra of S and A = — Y% | X?
be the corresponding left-invariant Laplacian, which is essentially self-adjoint on L?.
In [13] the authors studied a class of multipliers of A. More precisely, let ¥ be a
function in C°(R™), supported in [1/4, 4], such that

dw(277A) =1 VAeR'.
JEZ

Let m be a bounded measurable function on R*. We say that m satisfies a mized
Mihlin-Hérmander condition of order (so, Seo) if

sup [[m(t-) ()l goomy <00 and  sup [[m(t:) ()l gaoe (r) < 00,
t<1 t>1
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where H*(R) denotes the L2-Sobolev space of order s on R. By [13, Theorem 2.4]
if m satisfies a mixed Mihlin-Hérmander condition of order (sg, ss), with so > 3/2
and so, > max{3/2, (d + 1)/2}, then the operator m(A) is bounded from L! to L1:>
and bounded on LP, for p in (1,00). We now prove a boundedness result for the same
multipliers.

Proposition 4.2

Suppose that sg > 3/2 and so > max{3/2,(d + 1)/2}. If m satisfies a mixed
Mihlin—-Hérmander condition of order (sg,S~), then the operator m(A) is bounded
from H' to L' and from L> to BMO.

Proof. The kernel of the operator m(A) satisfies the conditions (4.1) and (4.2) [13,
Theorem 2.4]. By Theorem 4.1 the result follows. O

5. Real interpolation

In this section, we study the real interpolation of H', BMO and the LP spaces. We
first recall some notation of the real interpolation of normed spaces, focusing on the
K-method. For the details see [1].

Given two compatible normed spaces Xy and X, for any ¢ > 0 and for any
r € Xog + X1 we define

K(t,z; X0, X1) = inf {||zo|x, + tl|lz1l|x, : =20+ 21, mi € Xi}.

Take ¢ in [1,00] and € in (0,1). The real interpolation space [Xo, X1], , 15 defined as
the set of the elements x € Xy + X7 such that 7

[z

1/
(fooo [t_e K(t,x;Xo,Xl)]q%) ! if g €[1,00)
0,9 =

Ht_eK(tvx;XOaXl)Hoo lfqzoo,

is finite. The space [X, Xﬂ@,q endowed with the norm || - ||g , is an exact interpolation
space of exponent 6.

We refer the reader to [15] for an overview of the real interpolation results which
hold in the classical setting. Our aim is to prove the same results in our context. Note
that in our case a maximal characterization of the Hardy space is not available, so that
we cannot follow the classical proofs but we shall only use the atomic definition of H'!
to prove the results.

We shall first estimate the K functional of LP-functions with respect to the couple
of spaces (H', LP'), with p; in (1, cc].
Lemma 5.1

Suppose that 1 < p < p; < oo and 1% =1-0+ p%, with 6 in (0,1). Let f be in
LP. The following hold:

(i) for every A > 0 there exists a decomposition f = ¢+ b in LP* + H' such that
(a) g} < CON;
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(b) if p1 < oo, then [|gY|[Bt < C AP | f1B;
(©) 1Ml < C AP
(ii) for any t > 0, K(t, f; H', LP*) < Ct% || f|»;
(iii) f € [H', LP]p,00 and || fllg,00 < C'||fllp-

Proof. Let f be in LP. We first prove (i). Given a positive A, let {R;} be the collection
of sets associated with the Calder6n—Zygmund decomposition of |f|P corresponding to
the value \P. We write

F=g"+0 ="+ >0 ="+ (f - fr;)) xr,
j j

We then have

1
A
9 oo S C AN, 7/ fIPdp ~ AP and fr;| < CA
llg™l (1) Rj\l | /R,
If p; < o0, then
MH<2JN@W@+ Lf o
(UR)
<O p(Rj) + LFPP P dp
Z 7 JUmyye
SC)\pl Hpr + \P1 PHfHP
<o prllZ-

We now prove that b is in H%P. For any j, b’\ is supported in R;, has vanishing integral
and

1/p
(183 dn) ™ < € ol V7 3 = O play) )7
This shows that b/\ € H'? = H! and ||b)‘||H1 < CAp(R;). Since b* = > bg\, b is in
H! and

||f ||p
1M S CAD p(Rj) < CA=E
J
as required.
We now prove (ii). Fix t > 0. For any positive A, let f = ¢* + b* be the
decomposition of f in LP! + H! given by (i). Thus

K(t, £ B ) =i {follm + 1 fillp - = fo+ fr, fo € HY, fi € 171}
< inf (1M + 1)

< i 1-p P 1-p/p1 »/p1
< C inf (AR A 1F15/7)

i 1- 1-1 1—
<CFIRP inf (AP [0 e api

= C|fIlp/™ inf G(t,),
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where G(t,\) = \7P ||f||§(1_1/p1) + t \17P/P1 We now compute the infimum of the
function G with respect to the variable A\. Note that

OAG(EA) = (1= AP 1) 4+ (1= pfpr)e A/
= AP[(1 = p) IS + (1 p/p)e AP

If p1 < o0, then
. _ _ p1(p—1)
inf G(t,)) = G(t, Col| fllp tPH/PPPY) = G || f||57P/P1 £2G1=D)

If p1 = o0, then

inf G(t,2) = Gt Gl fllpt™/7) = Gy | fllp #7177

Hence,
K(t, f; H', L") < Gy || fllpt?

which proves (ii). This implies that |[t=¢ K (¢, f; H', LP)||o < Cp | fllp, so that f €

[HY, LPVg oo and || f]lg.c0 < Cpl| fllp, as required in (iii). O
Theorem 5.2
Suppose that 1 < p < p; < oo and ;1) =1-60+ p%, with 0 in (0,1). Then

[H, L], = LP.

Proof. Since H' C L', we have that [Hl,Lpl]ep

.

c [LYIn], = I [1, Theo-

rem 5.2.1]. It remains to prove the converse inclusion.
To do so, we choose 1, s, 0y, #1 such that 1 <r <p < s < p1, % = 1—6’0+%‘i and

1_ 1—91—1—%. By Lemma 5.1

S
L' CH Mg and  L°CI[H" LMy .
. 1 _ 1—
Choose 7 in (0,1) such that 5 = == + 1. Then by [1, Theorem 5.2.1]

LP =L, LS]TLP - [[Hl, Lp1]907007 [Hlv Lpl]ehoo]mp :
It is easy to show that § = (1 — n) 6y + 16, so that by the reiteration theorem [1,
Theorem 3.5.3]

[H", L 6g 00, [H', Loy 0], , = [H' L7 g -

n’p
Thus LP C [H*, LP']y , as required. O

We shall apply the duality theorem [1, Theorem 3.7.1] to deduce a corresponding
interpolation result involving BM O and the LP spaces. To do so, we shall need the
following technical lemma.

Lemma 5.3

For any py in (1,00), H' N LP! is dense in H' and in LP*.
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Proof. Since Hﬁln is contained in H! N LP* and Hﬁln is dense in H', it is obvious that
H'N L' is dense in H'.

It remains to prove that H' N LP' is dense in LP!.

Let LgG denote the space of all functions in L> with compact support and inte-
gral 0. If f is in LZG, then f is in LP' and f is a multiple of a (1, 00)-atom, so that
f € H'. Thus Ly C H'N LP. Tt is easy to see that

(i) L% is dense in Lg© with respect to the LP'-norm;
(if) L is dense in LP', since LY° contains C. which is dense in LP'.

Thus LZ5 is dense in LP'. This implies that H 1N LP1 is dense in LP!, as required. [J

Corollary 5.4

Suppose that 1 < q; < ¢ < co and % = lq;le, with 6 in (0,1). Then

[qu,BMO}eq =L7.
Proof. Let p and p; be the conjugate exponents of ¢ and ¢;, respectively. Then
l<p<p <ooand%:9+1p—_19. By Theorem 5.2

[Hl’Lpl]l—G,p = LP.

Since by Lemma 5.3 H' N LP! is dense in H' and in LP', we can apply the duality
theorem [1, Theorem 3.7.1] and conclude that

! 1 / 1
L4 =[P = [H 7Lp1]1_0,p — [(H )/, (Lpl)/h—e,p’ — [BMO’Lq1]1—0,q'
By [1, Theorem 3.4.1] it follows that
[quaBMO]e,q = [BMO’qu]pe,q =17,
as required. O
Note that Theorem 5.2 also concerns the limit case p; = oo, showing that

[H', L>=]y, = LP, where 1/p =1 — 6. The Corollary 5.4 does not give a result for the
limit case q; = 1, since it is not possible to deduce it by applying [1, Theorem 3.7.1].
To find the interpolation space [L', BM O]y 4, where 1/q = 1 — 6, we shall apply the
reiteration theorem by T. Wolff. To do so we shall need the following technical lemma.

Lemma 5.5
For any p in (1,00), L' " BMO is contained in LP.
Proof. Let p’ denote the conjugate exponent of p. For any f in L¥, by applying
Lemma 5.1(i) with A = || f||,/, we may decompose f into a sum f = g + b such that
gl < Cp I f|lpr and [[b]l g1 < Gy || fllr- Thus f € L + H' and
[fl[peerrn < Cp |l flly -

This proves that LV ¢ L™ + H'. By duality we deduce that LP O (L + Hl),. It

is easy to show that (L™ + Hl)/ O L' N BMO, which concludes the proof of the
lemma. O

We can now apply the reiteration theorem by T. Wolff [26, Theorem 1] to study
the real interpolation between L' and BMO.
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Proposition 5.6
Suppose that 1 < g < oo and % =1—1), with ¢ in (0,1). Then

1 —J4
(L', BMO], =L
Proof. We choose r in (1,¢q). By [1, Theorem 5.2.1] and Corollary 5.4

(L', L9, =L" and  [L,BMO], =L°,

where 1 =1 — ¢+% and % =120 By Lemma 5.5, L' " BMO C L" N LY; then we can

T

apply the reiteration theorem [26, Theorem 1] to conclude that

[Ll,BMO]nq:Lq,

where ¢ = ﬁ. It is easy to verify that % =1 — 1), as required. ([
We easily deduce a real interpolation result for H' and BMO.

Corollary 5.7
Suppose that 1 < g < oo and % =1—1, with ¢ in (0,1). Then

[H',BMO],, = L.

Proof. Since H' C L', [H',BMO], C [L',BMO], = L% On the other hand,
since L>° C BMO, ’ ’

_ 1 1
L'=[H',1*], C[H'BMO],_,

)

as required. O

By applying the reiteration theorem we may also deduce some real interpolation
results involving Lorentz spaces. For the definition of the Lorentz spaces L4 we refer
the reader to [24, Chapter V].

Corollary 5.8
The following hold:
(i) ifl<p<p <o0,1<q, q <o0,0€(0,1) and%zl—@%—p%, then

[Hl’Lphql]@q — Lpﬂq;

)

(i) if 1 <s,81<o00,1<q1 <g<oo,0€(0,1) andézlq;f, then
(L9t BMO], = L%*;
(iii) if1 < g < o0, 6 € (0,1) andl%zl—ﬂ, then

[H',BMO], = LP9.
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