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ABSTRACT

A weighted theory for multilinear fractional integral operators and maximal
functions is presented. Sufficient conditions for the two weight inequalities of
these operators are found, including “power and logarithmic bumps” and an A,
condition. For one weight inequalities a necessary and sufficient condition is
then obtained as a consequence of the two weight inequalities. As an application,
Poincaré and Sobolev inequalities adapted to the multilinear setting are presented.

1. Introduction

As it is well-known, Muckenhoupt [15] characterized the weights w, for which the
Hardy-Littlewood maximal operator, M, is bounded on LP(w) for 1 < p < oo. He
showed that M is bounded on LP(w) if and only if w belongs to the class A,, i.e.,

1 1 - -1
[w] a, ZSICIQP (@‘/Qw dm) (@/le P dm)p < 0.

Sawyer [21] characterized the two weight inequality, showing that M : LP(v) — LP(u)
if and only if the pair (u,v) satisfies the testing condition

M(xoo)Pu dz
[u, v]s, = sup Jg M(xqo) < 00
Q

o(Q)
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where o = v!'™?". The Hardy-Littlewood maximal operator and the weighted esti-
mates it satisfies play a very important role in harmonic analysis. In particular M is
intimately related to the study of singular integral operators.

Also of importance in harmonic analysis is the study of fractional type opera-
tors and associated maximal functions. Recall the definition of the fractional integral
operator or Riesz potential,

Iaf(x):/R L‘y)dy, 0<a<n.

n |z —y|rm

and the related maximal function,
1
Mo f(z) = SUPW/ fy)l dy, 0<a<n,
Q3 Q) Q

where the supremum is taken over all cubes ) containing z. Note that the case a =0
corresponds to the Hardy-Littlewood maximal operator. A nice exposition about the
properties of the operators particularly I, can be found in the books by Stein [24] and
Grafakos [8].

Weighted estimates for I, have been studied as well. In Muckenhoupt and Whee-
den [16], characterized the one weight strong type inequality,

(/Rn(fafw)q da:)l/q < C(/Rn(fw)p dr) (1.1)

where, f > 0, 1 < p < n/a and ¢ is defined by 1/¢ = 1/p — a/n. They showed
that (1.1) holds if and only if w € A, i.e.,

1 1/q 1 / 1/p’
w|a, . = sup —/wqda: —/w*p dx < .
el Q (IQ\ Q ) <\QI Q )

These estimates are of interest on their own and they also have relevance to partial
differential equations and quantum mechanics. We refer the reader to Sawyer and
Wheeden [23], Kerman and Sawyer [13] for further information and applications.

A characterization for the two weight inequality for I, was given by Sawyer [22].
Further results for these operators and more general potential operators were obtained
by Pérez [18, 19]. Of particular interest are the results in [19] where the “power bump”
condition due to Neugebauer [17] is extended using Banach function spaces. See Cruz-
Uribe, Martell, and Pérez, [4], for further references and historical remarks.

Multilinear maximal functions appear naturally in connection with multilinear
Calderén-Zygmund theory. Lerner, Ombrosi, Pérez, Torres, and Trujillo-Gonzélez [14]
developed a weighted theory for the multi(sub)linear maximal function

M(f ) SupH ’Q‘/ | fi(ys)| dyi

312 1

)1/P

where f: (f1,---, fm). They showed that for 1 < p1,...,p, < 0o, and p given by
1p=1/p1+-+1/pm,

IMFllowny < CTT il e )
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where v, = [[I%, wf/pi if and only if @ € A i.e.,

[] —sup |Q’/Vw ml/p |Q|/ lpd>1/p<00

This lead to a development of a multilinear weighted theory for multilinear Calderén-
Zygmund operators and other operators which answered questions posed in earlier
works on the subject by Grafakos and Torres [10, 11], and Pérez and Torres [20].

Motivated by the work in [14] we consider here the multilinear fractional case.
Multilinear fractional integral operators were studied by Grafakos [7], Kenig and
Stein [12], Grafakos and Kalton [9]. These works present multilinear generalizations of
the bilinear operator,

flz+t)g(z—1)

Bo(f,9)(z) = LS dt, 0<a<n.
R™ |t]

They showed that B, maps LP* x LP? into L? where 1/q = 1/p1 + 1/p2 — a/n. As a
tool to understand B,,, the operators

Za, *(x):/ f1y1) - fn(Ym) dj  0<a<nm
rrym (|2 = yi| + -+ [ = ym])

were studied as well. We examine the one and two weight theory for these last operators
and the corresponding multi(sub)linear fractional maximal operators,

Mo f(x) = sup / fi(yi)l dy;.
anH |Q|1 a/nm | |

We obtain much of the multilinear counter part of the linear results in [19]. The
extension to the multilinear setting, however, is not immediate and new ideas are
required. We also prove the multilinear analog of the result in [16] In particular we
show that the inequality,

(/ (1Za f|( yw;))? dx) ﬁ(/ (If; [wi)P da:) 1/pi

if and only if @ = (w1, ..., wy) satisfies the Az . condition,

1 m g% /1 o\ /P
Slclgp (,Q‘/Q(Hi:lwz‘)q) qﬁl—{(@‘/Qwi pl) ! < 0.

The general organization of the paper is as follows. Section 2 contains some pre-
liminary definitions and the statements of the two weight results. Many of these are
corollaries of our main results Theorem 2.2 and Theorem 2.8. Section 3 contains the
statements of the one weight results. The proof of the two weight theorems are in
Section 4 while the proof of the one weight theorems are in Section 5. In Section 6
we present a version of Theorems 2.2 and 2.8 in the more general context of Banach
function spaces and give examples. Finally, we present in Section 7 some applications
of the theory, including Poincaré and Sobolev inequalities for products of functions.
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The work [14] has spurred several efforts by other authors in the study of mul-
tilinear fractional integrals and maximal operators. After the research presented here
was completed we were informed of recent, simultaneous, and independent results by
Xi Chen and Qingying Xue [2] and Alberto de la Torre [5]. In the one weight case,
Chen and Xue have investigated sufficient conditions for boundedness of multilinear
fractional operators, arriving to the same one we have. De la Torre has also found the
same condition we found. He has a different proof for the sufficiency of the condition
for the multilinear fractional maximal operator. We not only prove sufficiency but also
the necessity of the condition and our methods of proof are different from those in [2]
and [5].

The author would like to thank Carlos Pérez for his suggestions, and fruitful
interaction. The author would also like to thank Rodolfo Torres for his advice and
support.

2. Two weight results

We recall some standard notation. Throughout this paper we consider cubes, usually
denoted @, with sides parallel to the axes. The side length of a cube @ is denoted ¢(Q),
and a@, a > 0, denotes the cube concentric with @ and side length af(Q). The set of
dyadic cubes in R, denoted D(]Rd) or simply D when the dimension is evident, is the
set of all half open cubes of the form Q,, ; = 2¥(m + [0,1)?) where k € Z and m € Z<.
For convinience if Q € D we will say £(Q) = 2* for some k € Z. In this article a weight
is simply a non-negative measurable function w.

Given a measurable set FE, w(F) will denoted the weighted measure of E, i.e.,
w(E) = [pw dz. Occasionally we will use the notation 7' : X — Y to mean T
is a bounded operator from X to Y, i.e. |Tz|y < Clz|x for all z in X. The
multilinear version, 7" : X1 X --- X X, — Y means, [|[T(z1,...,zn)|ly < CI;||zi||x,
for all (x1,...,2m,) in X3 X -+ x X,,. For each 1 < g < o0, ¢’ will denote the dual
exponent of g, i.e., ¢ = q/(¢ — 1) with the usual modifications 1’ = oo and oo’ = 1.
Finally, given a set of m exponents 1 < p1,...,pm, < 00, P will denote the m-tuple,
(p1,...,Pm), and p will often denote the number defined by the Holder relationship

1 1 1

=44

p P Pm
DEFINITION 2.1 Let o be a number such that 0 < o < mn and f = (f1,---, fm) be
a collection of m functions on R™. We define the multilinear fractional integral as

. B fl(yl)"'fm(ym) 7
Zaf(z) = /(R")m (Jz—y1|+--+ |z — ym’)mn_ad

9

where the integral is convergent if f eES X+ x8.
Our main result about Z, is the following.

Theorem 2.2

Suppose that 0 < o < nm, 1 < p1,...,pm < 00 and q is a number that satisfies
1/m < p < q < oco. Suppose that one of the following two conditions holds.
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i) ¢ > 1 and (u, ¥) are weights that satisfy
1 gr % 1 / 1/pjr
sup £(Q)*|Q|Y/a-1/p —/ ul dx —/ v, P dx < 00 (2.1)
Q (\Q! Q ) El (\Q! Q )

for some r > 1.
ii) ¢ <1 and (u,v) are weights that satisfy

1/p}r

Supﬂ( Q| l/p ’/uq dm /q |Q|/vl_prdx < 0 (2.2)

for some r > 1.
Then the inequality,

(/TL(\I flu)? dx) ﬁ (/ (filoi)P dw)l/pi

holds for all f € LP! (V') x -+ x LPm(vPm).

Remark 2.3 We notice that conditions (2.1) and (2.2) are two sided and one sided

conditions respectively. For q > 1 we must require a stronger norm i.e., a power

bump” for u? and the v; P: i’s. However for g < 1 we only need to power bump the v, P

weights. This is similar to the condition for the operator M, below.

Corollary 2.4

Suppose that 0 < a < nm, 1 < p1,...,pm < 00 and q is such that 1/m < p <

q < oo. Further suppose that u, vy, . . ., vy, are weights with u9, vl_pll, e ,vm_p/m € Ao,
that satisfy,

o _ 1 1/q 5
sup (Q)*1Q1' (o /Q ut dr)

=1

1 / 1/p;
(—/ v; Pi da:) 8 < 00.
Q1 Je
Then,

(/ (1Za flu)? dx) 1:‘1(/ (filoo) dx) 1/pi

holds for all f € LP'(vP*) x -+ x LPm(vPm).

The above corollary is a direct consequence of the fact that A, weights satisfy the
reverse Holder condition. We give the proof of Theorem 2.2 in full detail in Section 4.
We stated the above results and proofs in the LP context for clarity in the presentation
and because it is what is needed for the one weight theory. There is however a better
result that we obtain using Banach function spaces. In particular we have the following.

Theorem 2.5

Suppose that 0 < o < nm, 1 < p1,...,pm < 00 and q is a number that satisfies
1/m < p < q < co. Suppose that one of the following two conditions holds.
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i) ¢ > 1 and (u, ¥) are weights that satisfy
SlépE(Q)a|Q|1/q71/p||uHLq(1ogL)q—1+6(Q,dx/|Q\)

8 HH”’ | 0 1745 (Quaaiay < (2:3)

=1

for some 6 > 0.
ii) ¢ <1 and (u,v) are weights that satisfy

1
00Ol 1/p 7/ qd - B 2.4
st @PIQP 9 (1 [0 ) " TL i iy <2 9

for some ¢ > 0.
Then the inequality,

(/Rn(\Iaﬂu)q dx>1/q < C.l:[ (/ (If: v )P da:> 1/pi

holds for all f € LP'(vP*) x -+ x LPm(vPm).

We describe in Section 6 how to modify the proof of Theorem 2.2 so that it applies
to the more abstract setting of Banach function spaces. Also see Section 6 for pertinent
definitions in the above theorem.

We now turn our attention to the fractional multi(sub)linear maximal operater.

DEFINITION 2.6 For 0 < o < nm and f = (fi,..., fm) € L, x - x LL_, we define
the multi(sub)linear maximal operator M, by

upH |Q‘ / ‘fz Yi ‘ dy;.

Q3z ;4

We will refer to this as the multilinear maximal function. Notice that the case o = 0
corresponds to the multi(sub)linear maximal function M studied in [14]. In [14] it is
shown that, for 1 < py,...,pm < oo the weak inequality

IMFll ooy < C TT il o)
=1

holds if and only if (u, V) satisfies the condition,

slép (@/@ud 1/p |Q’/v,1 Pi dx)/ < o0. (2.5)

1

When p; = 1, (ﬁ Jo vt P} dx) %5 is understood as (infgvj)~'. There is a corres-

ponding weak characterization for M,,.
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Theorem 2.7

Suppose that 0 < a < nm, 1 < p1,...,pym < o0 and q is a number satisfying
1/m < p < q < co. Then the inequality,

IMafllacewy < CTT il e oo
i=1

holds if and only if the weights (u, V) satisfy,
1 1/q 1/p;
sup £(Q)%|Q|/a~1/p —/ u d / vt P da < 00.
Q (IQ! Q IQI )

Here (Iﬁl\ Jo vjlfp;' dx) YP) is understood as (infg vj)~! when p; = 1.

We now state the main theorem for M. For the next results, we preform the
normalization u — u? and v; — o!". This simplifies matters for the extensions to
Banach function spaces in Section 6 and makes computations in the one weight case
easier.

Theorem 2.8

Suppose 0 < o < nm, 1 < p1,...,pm < 00, and q is a number such that 1/m <
p < q < oo. If (u,¥) are weights that satisfy

/ / 1/7‘ ;
upl(Q)° QHa1r( /uq ar) "] |Q|/ oo, (26)

for some r > 1, then

( / (Mafu)! dg:) f:[( / (it da) 1pi

holds for all f € LP1(vP*) x -+ x LPm(vPm).

Remark 2.9 As before this is a one-sided condition and the previous remarks can be

adapted to the multilinear fractional maximal function, i.e., we may assume that v, Pi
are A, weights and the same conclusion holds.
Once again we obtain a better result using Banach function spaces.

Theorem 2.10

Suppose 0 < o < nm, 1 < p1,...,pm < 00, and q is a number such that 1/m <
p < q < oo. If (u, V) are weights that satisfy

1 1/q I
aln|l/a—1/p q ~1y ,
sup €Q)* Q1 (1 | it ar) I s g 45 apin <% @)

for some ¢ > 0, then

([, oo ) lnj ([ sty az) "

holds for all f € LP'(vP*) x -+ x LPm(vPm).
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Remark 2.11 For a = 0 and p = g, Theorems 2.8 and 2.10 give new results for the
operator, M, studied in [14]. As already mentioned, in [14] necessary and sufficient
conditions for two weight weak bounds of M were found, while Theorems 2.8 and 2.10
give sufficient conditions for the strong boundedness. We note, however, that the two
weight conditions in [14] are not sufficient for the strong boundedness of M. See Re-
mark 7.3 in Section 7.

3. One weight theory

We now turn our attention to the multi-linear one vector weight case. As in the linear
case we also have that M, is a smaller operator that Z,, more specifically, M, f <
CT, f for f; > 0. However we also have the reverse inequality in norm. We obtain the
following theorem relating 7, and M, as an application of the extrapolation theorem
of Cruz-Uribe, Pérez, and Martell [3].

Theorem 3.1
Suppose that 0 < a < mn, then for every w € Ay, and all 0 < ¢ < oo, we have,

/ m#%m%dﬂdng/‘WMﬂ@%M@dx
R" R®

for all functions fWith fi bounded with compact support.

If we assume, say v; P € A, then the two weight characterization for the frac-
tional maximal function becomes,

(/H(Ma( Fu)d dx> fj(/ (1fslvs)? d:n) 1/pi

if and only if

1 1/q 1/p
Sgp |Q|a/n+1/q—1/l’(mg|/Qu ’Q| / v; Pi < 0. (3.1)
Notice that when we have the Sobolev relationship,
1 1 «
¢ p n

we obtain from (3.1)

/ 1/q / 1/p;
sup v~ z < 00.
1Q] IQ!

In this situation, the Lesbegue differentiation theorem gives then

m
u < CHvi.
i=1

With this motivation we define a one weight condition as follows.
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DEFINITION 3.2 Let 1 < pi,...,pm < o0 and ¢ be a number 1/m < p < ¢ < co. We
say that a vector of weights @ = (wy,...,w,,) is in the class A or that it satisfies
the A Pa condition, if

1 1/q 1/p;
sup —/ I w; )9 /w, i < 00.
Q <lQl ! !QI

= 1

Pg

Remark 3.3 If p; < ¢; and 1/q = 1/q1 + -+ 4+ 1/gm then by Hélder’s inequality we

have,
l/q / 1/p}
{Wj q w; Z
!Q\/ ) bl !Q\

1 @ 1/(12 / v, 1/])
2-1_[ |/sz ) ‘Q| w; )

and hence

U H Apzqu' - Aﬁ,q’ (3.2)

q1,.-,qm 1=1

where the union is over all ¢; > p; that satisfy 1/¢g =1/q1 + -+ + 1/¢m. We will show
that this containment is strict. See Remark 7.5.

We examine the properties of the weights in the class Az . We have the follow
theorem which is a variant of Theorem 3.6 in [14].

Theorem 3.4
Suppose, 1 < p1,...,pm < 00, and W € Aﬁq, then

!
(Hﬁlwi)q € Amq and w; Pi € Amp;

We now state the main theorem for these weights. In the one weight situation we
obtain necessary and sufficent conditions for the boundedness of Z, and M,,.

Theorem 3.5

Suppose that 0 < o < nm and 1 < py,...,p, < 00 are exponents with 1/m <
p < n/a and q is the exponent defined by 1/q = 1/p — a/n. Then the inequality

(f, iz @) < T ( [ oo )

holds for every f € L (wh*) x -+« x LPm(wPm) if and only if w satisfies the Ap,
condition.

In light of Theorem 3.4 and Corollary 2.4 the sufficiency of the Az = condition
follows from the two weight case with v = Il;w; and v; = w;. The necessmy of the A Py
condition follows from Theorem 2.7 and the fact that Z, is a bigger operator than M,.
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Theorem 3.6

Suppose that 0 < o < nm and 1 < py,...,py, < 00 are exponents with 1/m <
p < n/a and q is the exponent defined by 1/q = 1/p — a/n. Then the inequality

(/n (Ma( _’)(HﬂUz'))q daf;) < CH (/ (Ifi|w;)Pi dw) 1/pi

holds for every f € LP (wh*) x -+« x LPm(wPm) if and only if W satisfies the Ap,
condition.

Once again the sufficiency of the A y condition follows from the two weight case
Theorem 2.8 and the necessity follows from the weak characterization in Theorem 2.8.
We do note, however, that Theorem 3.6 combined with Theorems 3.1 and 3.4 gives a
different proof of the sufficiency of the Aﬁ’q condition in Theorem 3.5. When o = 0
(so p = q) we recover the result from [14].

4. Proof of the two weight theorems

Proof of Theorem 2.2 We first treat the case ¢ > 1. We wish to show that

(/n (|Iaf(37)|u(3f))q dx) <C H (/ (1f:(x) v (x ))pl dm’) 1/171"

Equivalently, since Z,, is a positive operator, it is enough to show that

/Rn Iaf(x)u<q:)g(x) dr < C(/Rn g(;(;)q’ dx)l/q' ﬁ (/Rn (‘fz(l')’vz(Qj‘))pl d.’IJ)l/pi

i=1

for all g € LY (R™), with ¢ > 0, and all f; > 0, bounded with compact support. We
apply a discretization technique similar to that used in [18] for the operator Z,,.

For a fixed € R™ and | € Z there is a unique dyadic cube of side length 2¢ that
contains x. Hence we have

Z/Q Ji(w) - fn(Ym) a7

s S 1< femwl<er (|2 =l 4o+ |z — ym|)Pm 7

Silyr) -+ fm(ym) -
= §: E : d
VEZ QeD®RM) xal2) /Z(Q)/2<Zi o—yil<e(@) (|z =y 4+ + [z —ym|)" Y
L(Q)=2v
HQ)” .
< C e fo(ym) d
- QG;Rn Qfm /Zilm—mse(@) fig) - Imlym) 47 Xa(®)
Q)" .
C oo Fn(ym) d ]
- Qe;Rn @ /SuPixyi|<£(Q) frlgn) - Fm(tim) 47 X()

<O [ A fnlm) 47 o)
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Let g be a non-negative function in Lq, (R™), then

L flwyu()g(e) de < C Y ,3Q|m /3@,” filon) -~ o) 45 [ w()g(a) da:

Rn QED
Further, define

./\/lgpf_ix = sup / i(yi)| dyi,
()= s, 1. 113@\ )

to be the maximal function with the basis of triples of dyadic cubes. Notice that
Mspf < Mf. Let ||[M|| be the constant from the L' x --- x L' — LY/™ inequality
for M, a > 6"|| M|| and

D, = {x S Rd : Mgpf(x) > ak} .

If D;, is non-empty we can find a dyadic cube @ with x € (Q and

; ... — k
Q™ /(3Q)m Fi(1) -+ fnlym) dij > a".

Since f; is bounded with compact support we can find a dyadic cube that satisfies this
condition and is maximal with respect to inclusion. Thus, we get Dy = UJ; Q. ; where,
for each k the cubes @ ; are maximal, disjoint, dyadic cubes that satisfy

1 hrd nm
k 7171/ Fil) -+ fnlym)dG < 27™ak
3Qk,;|™ J3a )™

Fix Qg j, we compute the part of @y ; covered by Dyiq1. We have,
Qkj N Di1 = {7 € Qr; : Mapf(w) > a**'}.
Since x € @, ; the supremum in

- 1 -
Mopfla) = swp o [ fi(yn) - fnlm) d > o
zepep [3P™ Japym

is taken over all dyadic cubes that contain () ; or are contained in )y ;. But the
maximality of @y ; implies

1
19 Dlm o Im\Ym dy < k VP D .
|3P|m /(3P)m filgn) - fm{ym) df < a 2 Cnj

—

It now follows that if z € Q. j and M3sp f(x) > a1, then Map(fi1X3Qu,» -+ fmX3qQu,) () >
a1, We have,

|Qrj N Dips1| = [{z € Quj : Mapf(x) > a1}
< |{z € Quj : Msp(fiXsq@u,s---» fmX3Qp,) (@) > aFT1}]
< HxERn : (f1X3ij"'"me3Qk,j)($) >ak+1}|

HMH /m
s | H/ dyz

M1 / NV
(W BT Sy 1100+ Fnlm) 47) " 13Q
6 M

< W@k,ﬂ-



224 MOEN

Thus,
|Qk,j N Dit1] < BlQr,j

for some 0 < 3 < 1. If E}, j = Qp;\Dy+1 then {E}, ;}1 ; is a disjoint family of sets that
satisfy

|Qk.i| < ClEk
for some C > 0. Let,
-iQeDidts |3Q12|m /(3Q)m i)+ ) < a1
Then,
/nIa Flz)u(z)g(z) dx
Q)" .
¢y \SQ!m /(3Q)m Fia) =Sy | w()g(a) da
<C — filya) - fo(ym)dy | uw(@)g(z) do
% 3 5 o J
§C'Zak+lz Z 0Q / x)g(x) dx
kEZ JEZ Qeck
QCQk,j
<Cad a ZE Qrj)" / u(z)g(x) du.
keZ — jel Qk.j
NETAY LICTAY ]
< C%£(3Qk7] H |3de /SQk,j fz(yz)vz(y)vz (yz)dyz
1
o] Lo, M) i)

Using now Holder’s inequality repeatedly and replacing @ ; with the disjoint £}, ; we
have,

m , 1/(7“p v, 1/rp}
<C)» /(3 / V) pl) / i dx
% (k)" ]';'[ |3Qk9| 3Qk,; f ) |3Q1w| ng )
1 1/qr 1 /(ar)’
X ul” dx — g7 d |Qkj]
<!3ij| 3Qk; ) (!3Qk,j| 3Qh ) ’
’ 1/( 7')’
glar) dm) !

,CZ (I3Q1w! 3Qu.;
11

1\’ 1/(7‘1);)/ ’
F0) P dy |Ek’.‘1/p+1/q
1 (|3Qk,] /3Qk,j( ) ) !

1=

?'/(q r
(@) 4 E p/q>
g z | k.l
( !3Qm\ 3Qk.; )

(4.1)



Weighted inequalities for multilinear fractional integral operators 225

>

k,j i=1

gt
<o B

5J

1 ! 1/p;
INCAY pi/ (D)) ‘
% A% i) dx E
izl( <13Qk,]| 3%“ ) ) | g
/Pi
/ H Z/ My ()@ @)
=1

cr(X
cK( / @ ar)" I / Mgy ()@ do) """

p/(Tp e
)P g E
Ui T
’3Qk,j| 3ng<f ) ) ‘ ky]|>

¢ f(ar)’ e
g dx) !Ezw-l)

3Qk 27

| /\

where K is the constant in (2.1) and M, is the operator M,f = M(|f|*)'/*. Notice
that since r > 1 we have, have

Mgy : L7 (R") — LY (R")
My : LM (R?) — LPH(R") (42)
My, + LPm (R") — LPm (R™)

Hence using these boundedness properties above we obtain
o , 1/q¢" m 1/pi
| Taf@putyg@) do< 0 ([ g ar) " TL( [ (h@lu@) do)
i=1 )

which concludes the case ¢ > 1.
Now suppose 1/m < p < ¢ < 1, then we work directly with the norm ||Z, fw||rq.
Using the same discritization technique as above, and ¢ < 1 we obtain

Z <‘3Q|m/ fiyr) - fn(ym) dg)qXQ(x).

QeD

Multiplying by u? and integrating,

([ Gyt ar) ™

1/q
< e IBQrm/ o F100) - Fanly) ) | ey dw) |

Performing the same decomposition as above we obtain {Qy ;}x ; and construct {Ey ;}
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satisfying the same properties. Thus,

UQ*™ q Ha
(C > (W /(3Q)m i) - frn(ym) d?]') /Qu(m)q dx)

QEeD
1/
<o(ey a0y Y 1 | ey dr)
keZ JEZ qQeck
QCQkJ
1/q
£(3Qr, ;)™
<C s qu fi(yi)vi(yi)vy (yi)dyi ) |Qr.j .
(kz,] |3Qk,j’ 3ij H(|3Qk,j‘ 3Qk] ( ) ( ) ( ) )’ kd‘

(4.3)

Using Holder’s inequality and condition (2.2),

1/q
'AY / )/
< CKZ (H ( (fivi)P) dl‘)q " |Qk,j ’q/p> :

i=1 ’3Qk7]| 3Qk]

Using p < g, replacing the Q) ;’s with Ej, ;’s and multilinear Holder’s inequality again
we have,

1/p
m 7\ p/(rp

<C fivi (rp;) dx Ey )

K3 @ Ko 3ij< o da)” "
/pz

m N\’ pi/(Tp;)/

< (five) " da |Ek,’>
z:]:E ( kg |3Qk 3Qk] ) ’
n 1/pi

<C My (fivi)P* d

< o ][ L Moy (i) do)
m i 1/pi

< ek [T ( [ (hwotwr du) "
i=1

This concludes the proof of Theorem 2.2. O

Remark 4.1 A close examination of the above proof yeilds that the operator norm
denoted ||Z,|| has the dependence,

[ Zall < CK

where C' is a dimensional constant and K is the constant from (2.1).

Proof of Theorem 2.7 The proof is similar to that of the weak inequality given in [14].
We only present the case where p1,...,p, > 1 as a the case when some p; = 1 is a
minor modification of the linear case. Suppose that M, is weakly bounded i.e.

ul{e € B Mafla) > ) < (5 H||leml>)
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for all A > 0. Let f; > 0 and fix a cube Q with II;|Q|*/™"~! fQ fi > 0. Notice that for
x € @ we have

m a/m
Hence, if A < II;|Q|*/mm—1 Jo fi £ Ma(fixqs---, fmXxq)(x) we have

Q C {$ eR™: Ma(leQa . 7meQ)(:E) > >‘} .

Thus,
n C m . l/p’L 1

Since this holds for all A < II;|Q|*/™~1|Q)| Jo fi it follows that

o/n—m /m UL .\ L/Pi
el ) =efl )™

If we set f; = v;1 P we get

a/n—m r ! i _\1/pi
QI u<@>“qg(/¢2vf )< eII( [

i=1 7@
which gives the A» condition. Conversely, suppose that (u,?) € A Py and assume
for the moment that for all 1 <i < m ||fillzri(v,) = 1. We will also use the centered
fractional multilinear maximal function M¢, where the supremum is taken over all

cubes centered at x. Clearly M, ~ M.
Given z fix a cube, @), centered at x. Then Holder’s inequality yeilds

IQI /'fz| = QI mH/ o /Pi 1
< |Q/" mH /’fz\plvz /pl /Qvilpi)l/pg
-t ) o e
)1/ ﬁ (/Q |fi|pivi>1/m'
=1

i:1

Now, since we are assuming that || f||zri(v,) = 1, we have

m

II (/Q \fi\pivi)l/pi <1.

=1
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Moreover, since p/ g <1 we have

1 - N\ Ups
11 ‘Q| /|fz < Cu(Q)1/qi1;[(/Q|fi|plvi) ’

p/q

(
_ C(ﬁ / P u) /m) p/a
(]

IN
Q
jemERT
5,

(1filPivi fu) (z )1/172-)
Hence,
M (o) < 0T MEQAP o fu) )Y
Using a weak-type Holder’s inequali::;lw@ have,
IMG oy < CHALMESIP /) 7P/ o
= CITME( v /) P i

. /
o _H I (L filPioif ) poecey)

IN

/
- (H WM filP o ) )

( H I filPivi/u Hl/pl )P/q

= (Il =c.
=1

For general f; the result follows if we replace f; — fi/|fillLvi (,)- O

IN

Proof of Theorem 2.8 We first prove the boundedness for the dyadic version,

Mdf = Sup H / | fi (yi)|dy;.

QEIDZ’EQl 1 ‘Q’

Let a be a constant satisfying a > 2" and let
Dy ={z € R": M2 f(x) > a*}.

If Dy is non-empty then we can write Dy = Uj Qr,; where each Qi ; is a maximal
dyadic cube satisfying

a < H ‘Qk,ﬂa/ nm) / fz yz)dyz < 2mne aak < 2™M7q k
=1
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Also, each Dyy1 C Dy and each Q41 is contained in @y ; for some j by properties
of dyadic cubes and we have

2n
|Qk,j N D] < W‘Qk,ﬂ-
Hence the sets Ej ; = Qg j\(Qk,; N Di+1) are disjoint and satisfy
|Qk,jl < BlEk,]

for some 8 > 1. Thus, we have

([ M Fwputa))? ar) "

= (2, it 02) ™
(Zk:a(k+1)q /D k () dm)l/q

1/q

IN

T A(Qry) ™ Y /e
< a(Z (H |§T o0 filyi)vi(yi)vi(ys) ldyi) /Qk,j ul(z) dx) .

This equation is the same as (4.3) in the proof of Theorem 2.2 and the dyadic version
of the theorem follows. The non-dyadic version follows from the inequality

Ry Ca n =\ ()
M flayt < T [ (o ML o A (a) d (4.4
k
for all z € R™ and f; > 0. Where B, = [—28+2 2F2] AE 'is the maximal function

with the supremum taken over cubes of side length less than 2%, mg(x) = g(z — t),
%’tf: (1¢f1y -+ 7efm). The inequality (4.4) holds for all 0 < ¢ < oo, and a proof for the
linear case can be found in [6, p. 431] and the multilinear case is a slight modification.
From (4.4) it follows that

IMafullze < sup || o M o 7 ful a.
Noe that if (u, ) satisfy condition (2.6), then (ru,7:¥) satisfy the condition (2.6)
independent of ¢. By the dyadic case we have,

(7=t 0 M2 0 %) ful| 1o = (M o 7) freu 1a

< C 1T Imefimville: = C T fill oo (v

i=1 i=1
where the constant C' is independent of ¢. It now follows that,

m
[Mafulla < ngp I7e 0 M& 0 7i full Lo < C T |l fivil i
=1
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5. Proof of the one weight theorems

Proof of Theorem 3.1 In light of the extrapolation theorem in [3] we just need to show
that the result holds for ¢ = 1 and all w € A,,. Using the same decomposition as in
Theorem 2.2 with g = 1 we have,

[ zfwar <] ot [ (@)

k,j =1

Since w € Ay and |Qy, ;| < C|Ey ;| we have,

w(Qk,;) < Cw(Ey ;).

Hence,

o (3Qk.5)
Iofwde < C S LA / fi(yi)dyiw(Ey ;)
Rn kXJ:’Lr[l ’3Qk7]‘ 3Qk,j ’

< Cz Ma]?w dx
B
< ./\/lafw dz.
R”

O

Proof of Theorem 3.4 We use techniques similar to those in [14]. Since p < ¢, if we let
qi = qpi/p then, ¢; > p; and 1/¢g =1/q1 + -+ + 1/qy,. Further, we have

1 1 1
a1 dm q

and hence Holders inequality with 7, = (m — 1/q)¢; can be applied to get

(‘égy/Q(Hiwi)Q>1/mfI(‘22’/(Hiwi)_q/(mq_l))(mlI—l)/mq
: 1 H/ma 1/q
< Gy o)™ (LG )

We now use Holder’s with p)/q. > 1 to get

(@/ ) T \@/ w)

This shows that II;w;? € A,,,. Now to show that wi_p’i € A, for this fix 1 <i < m,
then the A,,, condition is,

Mﬁ@/ Wm\m/w”mwwm BT
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If we set

ri=p<m—1+*>=p(m—7) and ;= B 1<izi<m
Di D pi—1p p

Then notice 1 < r; < oo and

i 7(1+ > H)=1

j=1 T 1<j#i<m p]

Further

(L / w‘p;/<mp;—1>>(mp3‘”/m”§ _ (L / w ') ri/mp
1 1
QI Jo \Q!
_ P/ & w /T ri/mp
= ‘Q’/ Hm lw] I 4w ; ) .
We use Holder’s inequality with exponents 71,..., 7, to get

—p/p\ Ti/MP
/ H wj p/rln‘j#z Jp/n)

!Q\

1 1/r; N1/ ri/mp
< gapo | ) T ()"

J#i

1 T o)
= W,((/@(ijj) ) H(/ij ’) )

i

1 p 1 v, L/m
- ((@/Q(ijj)p> / s \Q|/ / )

1 q 1/p, 1/m
= ((Mlg‘/Q (ijj)q) : o !Q\ / wj J " ) :

The second to last inequality follows since

T 1 1 1
i:m——lzf—i— Z —

and the last inequality follows from Holder’s with g/p. Thus we arrive at the inequality,

(@ /Q w; pg)l/mpg(ml?’ /Q wz-p;/(mp;ﬂ))(’"”?‘”/m”;

: <(|22\/ H (i fy )™ )Um

This shows that w; " € Ay - O
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6. Banach function spaces

Suppose X is a Banach function space over R™ with respect to Lebesgue measure. We
refer the reader to [1] for a detailed account of Banach functions spaces. X has an
associate Banach function space X’ for which the generalized Holder inequality,

|1 @g()] dz < 7l

holds. Examples of Banach function spaces are the Lebesgue L spaces, Lorentz spaces,
and Orlicz spaces which we shall describe next. The Orlicz space L? = LB(R") is
defined by a Young function B (see [19]) with and consists of all measurable functions f

such that
/n B(‘f(f)b dy < 00

for some A > 0. The space is then equipped with a norm given by

1flls = inf{)\ >0z [ B(‘f()\y)) dy < 1}.

As in [19], for a function f € X and a cube Q C R™ we define the X average of f
over () to be

1 flx.@ = [10e0) (fxQ)llx,
where for a > 0, §,f(x) = f(ax). Observe that if X = L" then

Iflxa = (g [, 17 d) "

and if X = LB then,

HfHB,Q—mf{»o:@/QB(Wj)') dy < 1}.

We define the maximal operator associated to the Banach function space X to be

Mx f(x) = sup | | x,q-
Q>z

When X is the Orlicz space L we denote My by Mp. Notice that if M is the Hardy-
Littlewood maximal operator, then M;1 = M and M- f(z) = M.f = M(f")V/". If
Yi,...,Y,, are Banach function spaces we define the multi(sub)linear maximal function
to be

m
My f(z) = sup [T I fillvi -
@3z =1
Notice that /\/l?f(x) < [TIi%; My, fi(x). Hence if 1 < py,...,pm < oo and My, : LPi —
LPi then by Hoélder’s inequality
M}-;:Lpl X ooo X [P — [P,

We have have the following generalized version of Theorem 2.2.
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Theorem 6.1
Suppose 0 < a < nm, 1 < p1,...,pm < 00, with 1/p = 1/p1 + -+ + 1/pm, and
Yi,...,Y,, are Banach function spaces over R™ such that
Mg, LPLR™) x - x LPm(R™) — LP(R™) (6.1)
where My, is the multilinear maximal function associated to YY,...,Y,, . Let q be

an exponent satisfying 1/m < p < q < oo. Suppose that one of the following two
conditions holds.

i) ¢ > 1, X is a Banach function space that satisfing
My : LY (R™) — L7 (R"), (6.2)
and (u, V) are weights that satisfy
m
Sgpf(Q)alQ\I/H/”HUle,Q Il lvig < oo
i=1

ii) ¢ <1 and (u,v) are weights that satisfy

_ 1 g%
sup £(@)°1Q 7 (1 [t dw) T o v < oo
Q ’Q| Q i=1

Then the inequality

(/Rn(\faﬂu)q da:) < C’H (/ (Ifi|vn)P da:) 1/p;

holds for all f € LP! (V1) x - x LPm(vPm).

Remark 6.2 Theorem 2.2 is the specific case of Theorem 6.1 when X = L% and

Y, = L' for some r > 1. In this case the boundedness of the maximal functions
n (6.1) and (6.2) are automatic.

The proof of Theorem 6.1 is very similar to the proof Theorem 2.2. The main in-
gredients are the generalized Holder inequality which is used in place of equation (4.1)
and the assumed boundedness of the maximal functions My, in (6.1) and Mx in (6.2)
are used in place of (4.2). For the Orlicz spaces, LB, the boundedness of the corre-
sponding maximal functions Mp has been developed by Pérez [19]. He showed that

Mp:L°— L?
if and only if there exists ¢ > 0 such that
/OO B(t) dt
— < 0
c (SN

Thus we have the following theorem.
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Theorem 6.3

Suppose 0 < v < nm, 1 < p1,...,pm < oo, with1/p=1/p1 + -+ 1/pm, q is an
exponent with 1/m < p < q < oo and U, ®4,..., D, are Young functions that satisfy

o W(t) dt
/ Wt (6.3)
e t1 ot
and % ®;(t) dt
/ ’(,)—<oo, i=1,...,m (6.4)
c tPi t

for some ¢ > 0. Let q be an exponent satisfying 1/m < p < q < oo and assume that

m
SgpE(Q)"‘\Qll/q_””IIUIqu,@ I lvi ™ le,.@ < oo
=1

Then the inequality
- 1/q i 1/pi
Zoflw)? dx <C / i|vi)P dx
([ (7fluy dz) IL( [, o de)
holds for all f € LP1(vP) x - -+ x LPm (vPm).

We notice that the functions W(t) = t¢(log(1 + ))9'+% and ®; = #¥i(log(1
£))Pi~119 satisfy (6.3) and (6.4) respectively if § > 0. From here we obtain Theorem 2.5.
Similary we extend Theorem 2.8.

Theorem 6.4

Suppose 0 < a <nm, 1 <pi,...,pm < oo, withl/p=1/p1+---+1/pm, and q is
an exponent satisfying 1/m < p < q < oo, and Y1, ...,Y,, are are translation invariant
Banach function spaces with

Mg, o LPH(R™) x - - x LPm(R™) — LP(R™).
If (u, V) are weights that satisfy
sup £Q)1QI (5 [t @) T o~ g < oc
Q |Q‘ Q i1 "

then the inequality

(i) < (s )™

holds for all f € LM (V') x - x LPm(vPm).

Remark 6.5 Once again the proof Theorem 6.4 is almost identical to the proof of
Theorem 2.8 using the generalized Holder inequality and the boundedness of My,

the right places. The translation invariance is used to pass from the dyadic version via
equation (4.4). Theorem 2.8 is also a particular case of Theorem 6.4 where Y; = LP;.

In the context of Orlicz space we have the following theorem for M,,.
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Theorem 6.6
Suppose 0 < v < nm, 1 < p1,...,pm < oo, with1/p=1/p1 + -+ 1/pm, q is an
exponent with 1/m < p < ¢ < oo and ®1,...,P,, are Young functions that satisfy
© O, (t) dt
/ Z(,)—<oo, i=1,...,m (6.5)
c thi ¢t

for some ¢ > 0. Let q be an exponent satisfying 1/m < p < q < oo.

_ 1 g %0
sup £(@)°1QY 7 (o [t dw) " T oo < ox.
Q |Q’ Q i=1
Then the inequality

(Lo i) =TT ([ G ae)™

i=1
holds for all f € LP'(vP*) x -+ x LPm(vPm).
Again setting ®;(t) = t7i (log(1 + t))?i~'*% for some § > 0 we obtain Theorem 2.10.

7. Applications and examples

With the multi-linear fractional integral operator we have some Poincaré and Sobolev
type inequalities for products of functions. We do the estimates with two functions
but the interested reader may generalize these inequalites to m functions.

Theorem 7.1

Suppose that 1 < r,s < oo with 1/p = 1/r+1/s and 1/2 < p <n. If1/q =
1/p—1/n and (u,v) € A4 4 With v = uv, then there exists a constant C > 0 such
that

1favllLe < CUV Hullcrllgolies + || fullr[(Vg)vllLs)
for all f,g € C(R™).
Proof. Given yy,ys € R" Denote if € R?" by i/ = (y1,y2) = Y115 Y1ins Y21, Y2.n)-
and Vo, = (01,1, ,01,n,021,-..,02,) be the gradient in R?". Since f, g have com-
pact support and are smooth we have, see Stein [24, p. 125] we have

Voo f(x —y1)g(x — y2)|
|71

[f(x)g(x)] < C

IA

dy
R2n
CT(V gD (@) + Ta(( f], [Vg)(2),

where V f and Vg are the gradients of f and g in R™. It now follows that,

[fgvliee < CAUTAV I lghvlie + 12 (1 f], [VaDvl La)
< CUIVHullzrllgvllzs + | Fullzr[(Vg)vlLe)-

IN

O

For x € R" let A = >, 8822 denote the Laplacian operator in R™ and for
i

T = (z1,20) € R let Ay, = 2, >t % denote the Laplacian operator in R?".
QY
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Theorem 7.2

Suppose that n > 1 and 1 <r,s < oo with 1/p=1/r+1/s and 1/2 < p < n/2.
Then if1/q = 1/p—2/n and (u,v) € A5 4 With v = uv there exists a constant C' > 0
such that

Ifgvlize < CUIASullLrllgvllzs + 11 f 1|z [[(Ag)vllzs)
for all f,g € CX(R™).

Proof. Since f,g € C°(R?*") we can write

Aon f(y1)9(y2) -
fgle) = € [ ey

Notice we are restricting the integral to a set of measure zero, however this is ligitimate
since it is an absolutely convergent integral. Then we have

Ao f
f(z)g(z) = C’/RQ" o= y1|22+ ’iyl_)zg;))(zn—mﬂ

_ gy2)Af(y) + f(y1)Ag(y2) .
a C/R% (| — >+ |z — yzl2)(2"—2>/2dy'

dy

Thus we have

[f(@)g(2)] < CL([Af], |g)(x) + CTa(| f], [Agl) ().

Using the boundedness of Zo we obtain,

Ifgvlie < CUZ(AF IgDvllLe + 1Z2(1f1, |AgD)vll L)
C(I(AN)ullz-llgvllzs + | fullrl[(Ag)vlle)-

IN

Remark 7.3 Condition (2.5) is not sufficient for the strong boundedness of M.

This uses an arguement similar to the linear case. We require the following lemma
which us a multilinear version of the fact w € A, implies wl? e A, in the linear
situation.

Lemma 7.4

Given 1 < p1,...,pm < oo and (u,v1,...,vy) that satisfy (2.5). If we set P =
(pt,-..,pm'), and ¢ = p/(pm — 1) so

1 1 1 1
PR o
q p b1 Pm
Then the weights
(U;q/pl .. .U;Lq/pmjulfpl” e ulfpm’)

satisfy (2.5) with respect to P
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o e — — —m! _ ’ .
Proof. The condition for (v, alpr -vmq/pm,ul R A BT

1 ~a/p1 —a/p /q / 1-p}y1— 1p;
sup —/v e WP dg PP gy < 0
Q <\Q| Q! ) \Q| )

Using Holder’s inequality,

=a/PL . ,=a/pm g /q / 1—- p 1=pi 4 1/,
U, x x
IQI / ) IQI )

ﬁ (1 7" aa) " !Q\/ )"

Thus the lemma follows from this inequality. ([

Now notice that (u, Mu, ..., Mu) satisfy condition 2.5. By the lemma with ¢ =
_9 ’ /
p/(mp — 1) we have (Mu »,u!"Pr ... u'~Pm") satisfying condition 2.5 with respect
to P'. If condition 2.5 were sufficient then we would have

/ M(fry- s fn)IMu™s dx) ﬁ(/ | filPrut P dx)l/pi/.

But setting f1 = -+ = f,, = u, and using the fact that M(u,...,u) = (Mu)™ we have

( [ Mo da) §C’(/nudaz),

which is a clear contradiction.

Remark 7.5 In general we have strict containment in (3.2), i.e

U H o & A

q1,---,qm 1=1

Take for example, n = 1, m = 2, p; = ps = 2, and ¢ = 3/2. We use a similar
example to the one given in [14] let

() ]x—l]_l/Q x € 10,2]
wi(x) =
! 1 otherwise

and wo(z) = |z|~/2. Then (wiws)? is in A; and infg(wiws)? ~ (infgw)(infgwd)
but for any power r > 2 wl' ¢ L} . and hence cannot be in A, o for any such r.
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