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ABSTRACT

We extend Wolff’s “local smoothing” inequality [19] to a wider class of
not necessarily conical hypersurfaces of codimension 1. This class in-
cludes surfaces with nonvanishing curvature, as well as certain surfaces
with more than one flat direction. An immediate consequence is the
LP-boundedness of the corresponding Fourier multiplier operators.

The purpose of this article is to extend the “local smoothing” inequality,
proved in [19, 6] for circular cones in R, d > 2, and in [10] for more
general conical surfaces in R3, to a wider class of bounded surfaces of
codimension 1 in R, d > 3.
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294 LABA AND PRAMANIK

Recall that Wolff’s inequality [19] states that if f is a function with
Fourier transform supported in a d-neighbourhood of the segment of the
circular cone with 1 < |z| < 2, then

VedCe: ||fll, < Co™ (@ D/2Hd/p=e 1]

p,65 (1)
with d = 2 and p > 74; this was then extended in [6] to

32 8
d>3 24+ —+ d d>14 2+ —.
>3, p> +3d—77 an >4,p> +d—3

Here the norm on the right side is defined by

1/p
m=<23a*m@ ,

where =, are, roughly, cutoffs in the Fourier space corresponding to
the natural covering of the §-neighbourhood of the cone by rectangular
“plates” of thickness §. We propose to extend this inequality in two
directions. First, we will consider cones generated by more general sur-
faces of codimension 2. Second, we will also allow surfaces with more
than one flat direction, satisfying certain geometrical conditions stated
below; the simplest nontrivial examples are the “k-cones”, defined below
and described in more detail in Section 7. An immediate consequence is
the LP boundedness of Bochner-Riesz multipliers for the same classes of
surfaces and for appropriate ranges of exponents.

We now define specific classes of surfaces of interest to us. We will
always assume that S is a bounded surface of codimension 1 in R+,
smooth everywhere except for the possible boundary, with all curvatures
bounded from above uniformly by a constant.

A nondegenerate surface in R will be a surface Sy defined by an
equation of the type x;4; = F(z1,...,2;), where F is smooth with
all derivatives bounded uniformly in z, and all principal curvatures are
bounded away from zero:

/]

(D2F)u| > colul, u € R, (2)

with the lower bound ¢y uniform in w. Elliptic surfaces, such as e.g.
a sphere or a paraboloid, are clearly nondegenerate. However, we do
not require the Hessian to be positive definite, hence we also allow
surfaces with both positive and negative curvatures (e.g. hyperbolic
paraboloids). The key nondegeneracy condition (needed in Assumption
(A) below) is that if n(a) denotes the unit normal to Sy at a point a, then
[n(a) — n(b)| 2 |a — b|; this is guaranteed by (2).
A conical surface in R is defined as

S:{ta:: l‘ESQ,tE[Cl,CQH,0<Cl<CQ<OO, (3)
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where Sy is a surface of dimension I = d — 1 contained in an affine
subspace X C R%*! of dimension d which does not pass through the
origin, such that Sy viewed as a subset of X is a nondegenerate surface
if X is identified with R in the obvious way. This class includes circular
cones as well as more general homogeneous quadrics of the form

S={z: 1< |z| <2, (Az,x) =0},

where A is a symmetric (d + 1) x (d + 1) matrix of full rank; note that
we do mot assume anything about the signature of A.

A k-cone in R4 where 1 < k < d — 1, is constructed as follows.
Let Ly be a (d — k + 1)-dimensional linear subspace of RT! and let
L;=Lo+v; fori=1,... k, where vq,...,v; are linearly independent
vectors such that Lg,v1,. .., v, span R4, In each of the subspaces L;,
i =0,...,k, we fix a bounded strictly convex solid F; such that F; =
OJF; is smooth and has nonvanishing Gaussian curvature. Thus FE; is a
nondegenerate elliptic surface of dimension d — k (i.e. of codimension 1
in L;). We say that a (k + 1)-tuple of points (zo,x1,...,2x) is good if
r; € E;,1=0,...,k, and if the outward unit normal vectors to F; at x;
are the same. We then let

S = U n(zo,...,xx),

(20,---,7%) good

where n(zg,...,x;) denotes the convex hull of zg,...,z; in R4 In
Section 7 we prove that this indeed defines a surface of codimension 1
and that each point a € S belongs to n(zo, . . ., zx) for exactly one (k+1)-
tuple (xg,...,xx); we will then call n(zo,...,zr) the k-plane at a, and
denote it by n(a).

For illustration purposes, consider the simple case when & = 1 and
Lo and L, are two parallel hyperplanes. If Ey, F; are spheres of different
radii, then S is a segment of a right circular cone or a slanted circular
cone, depending on the relative location of Ey, Fy. Similarly, if Ey, F4
are spheres of equal radii, S is a segment of a (right or slanted) circular
cylinder. However, if Ey, E1 are randomly chosen ellipsoids, then S will
usually not be a cone, a cylinder, or an affine image thereof. For k > 2,
these surfaces may be more difficult to visualize; see Section 7 for more
details. It is likely that similar surfaces may be constructed if E; are
allowed to be more general surfaces of codimension 1 in L;, but since
it seems difficult to find the precise conditions on such more general F;
under which the construction works, we choose not to do this here.

What we will actually use in the statement and proof of our main
inequality is that these surfaces admit a uniform “plate covering”, anal-
ogous to that of [19, 6]. Let S be a hypersurface in R?*! of one of the
following types:

e S is a nondegenerate hypersurface as defined above. We assume
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that (2) holds, but do not require S to be elliptic. We let £k =0 in
this case.

e S is a conical surface generated by a nondegenerate hypersurface
Sp of codimension 2, as defined above. In this case, we again
assume (2) but make no assumptions on the signs of the curvatures
of Sg. Welet kK =1.

e Sisa k-cone, generated by k+1 nondegenerate surfaces Ey, .. ., Ey.
Recall that in this case Ey, ..., E} are assumed to be elliptic.

Thus, k& will always denote the number of “flat” directions of S. For
a € S, we use n(a) to denote the unit normal to S at a. We may assume
that the map  — n(x) is continuous; if S is not orientable, we restrict
our attention to an orientable subset of S. For § > 0, let S5 denote the
0-neighbourhood of S. We write A < B if A < ¢B for some constant ¢
independent of 4, and A~ B if A < B and B < A. Then S satisfies the
following conditions.

Assumption (A). For each 6 >0 and a € S, let I, 5 be a rectangular
box centered at a, of dimensions C6x C6Y/2x .. x C6'/2xCx---xC,
where the short direction is normal to S at a, the long directions are
parallel to the k-plane n(a) at a, and the mid-length directions are tangent
to S at a but perpendicular to n(a). Then:

e cll, s CSsN{x eRI*L: (2 —a) n(a) <6}, for some small c.

o (Consistency) If 0 < 6 < o and if I, 5 NIl » for some a,b € S,
then Il, s C CIl .

e Ss admits a finitely overlapping covering S5 C UaGM& 1,5, where
My C S (henceforth we fix such Mg for each d).

o (Angular separation) For any a € Ms, there are at most O(1)
distinct points b € Mg such that |n(a) — n(b)| < c5/2.

Here and in the sequel, “finitely overlapping” means the following: if
a family of sets Ss is given for each &, any z € R%*! belongs to at most
K setsin Ss. K,C,C’,... denote constants independent of z,a,b, 9, o,
and the choice of My and M,. If R is a rectangular box, we use CR to
denote the box obtained by dilating R by a factor of C' about its center.
We call II, 5 §-sectors (note that our terminology is slightly different
from that of [19, 6]). If S is a nondegenerate hypersurface or a conical
surface generated by Sy, we may take Mg to be a maximal §'/2-separated
subset of S or Sy, respectively; the case of k-cones is discussed in Sec-
tion 7. Whenever the choice of the small parameter § is clear from the
context, we will write II, instead of II, 5. We also let My = | M;|. Note
that
5| /2 6U4R/2HL s = (d=R)/2, (4)
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Let =, be smooth functions such that ||EaH1 ~ 1 and {é\a}aeMa is
a smooth partition of unity on Ss with supp=, C II,. Note that the
latter condition anhes that =, ~ 1 on a box cll, of size about 57" +1
hence || 2,3 = ||_a||2 ~ 6 +1. We may thus choose =, to have size

approximately 6“2 *1 on a box dual to II, of volume about 6~ =" 1, so

that the LlAestimate is satisfied.
If supp f C S5, we define

1/p
s — ( 5 Ea*fnz)

aEM,

for 2 < p < oo, and

[flloc,s = sup [|Ea * flloo-
aEM,

Our main result is the following:

Theorem 0.1
Assume that (A) holds. Then for all functions f with supp f C Ss
we have the estimate

Ve3C. s |flly < (0N 4

p,0> (5)
with C¢ depending only on € and on the implicit constants in (A), pro-
vided that d, k, p satisfy at least one of the following:

8
d—2k—1’

32
3d —4k — 3~

d—1
(1')k<T,p>p1(d,k‘) =24+

3d—3
(i) k < T,p>p2(d,k) =2+

For the special case of the spherical cone in R%!, this is the result
of [6]. For nondegenerate conical surfaces with d = 2 and k = 1 (i.e.,
cones in R3 generated by plane curves of nonvanishing curvature) the
inequality (5) with p > 74 (the same exponent as in [19]) has already
been obtained by Pramanik and Seeger in [10]. The technique in their
paper was to approximate the cone in question by circular cones to which
a variant of the result of [19] could be applied. Therefore, the main new
cases of interest in the present paper are k-cones with £ > 2 and conical
surfaces with both positive and negative curvatures; such surfaces exist
in R4 only if d > 3.

Observe that (ii) gives a better range of k for all d > 2. The range
of p given in (i) is better than (ii) if and only if d > 4k + 1. The best
possible range of p for which (5) could be expected to hold is

4
p>2+7d 2 (6)
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This may be seen by considering the same example as in [19, page 1238]:
construct a function f = . M, Ja> where f; is supported in a small
cube of sidelength § contained in Il,, |f.] < 1 on a cube Q of sidelength
0=, f, is bounded from below on a smaller proportional cube ¢Q, and
decays rapidly outside of Q. Then

13~ D I fall3 ~ MslQ| = 6= @H72|q),

15 2 1F 172y Q172 2 67 (RR/4 Q).

Now plug this into the inequality (28) with o ~ 1, which will be shown
to follow from (5), and take « — 0. Using also (8) and comparing the
exponents of § on both sides, we see that (6) must hold.

If S is a conical surface in R4t! generated by a nondegenerate surface
Sp in RY, the exponent of § in (5) is —% + % — ¢ both for S and for
So. This confirms the observation of [19] that one can deduce (5) for
the nondegenerate case in R? from the conical case in R?*!, for those
exponents p for which (5) for the conical case is available. (The idea is to
extend a function supported in a d-dimensional neighbourhood of Sy to a
homogeneous degree 0 function defined near S, and then apply (5) to S.)
However, going through the entire proof with k = 0 allowed, rather than
using the shortcut just described, yields a slightly better range of p for
the nondegenerate case in R?, namely p > 2 + % as opposed to

24 min (50, 2).

An immediate corollary of Theorem 0.1 is the following result con-
cerning the boundedness of Fourier multipliers associated with S, defined
in the usual manner:

Ifa\f = ma]?a ma(g) = |dist (Evs)‘a(b(g)’

where a > 0 and ¢ € C§° is a suitable smooth cut-off function supported
in a neighbourhood of S.

Corollary 0.2

Let S be as in Theorem 0.1. Then Ty, defined as above, are bounded
on LP(RI*1) if

a>u—k+uk—%y—— (7)

and if one of the following holds:

P1 (d, k)

1
alld eltllel p p d, k (0)] < p —_——

(i) k< 42
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3d—3 p2(d, k)
4

ii k d eith d, k 1< _
(ii) < and either p > pa(d, k) or _p<p2(d,k:)71’

where p;(d, k) are as in Theorem 0.1.

The proof for p > p;(d, k) is identical to that of Corollary 2(ii) in [19],
therefore we do not reproduce it here. For p < p;(d,k)/(pi(d, k) — 1),
the result follows by duality.

The range of « in (7) is sharp for a fixed p, see e.g. [12, pp. 389-
390], or [19] for a discussion of the cases k¥ = 0,1. On the other hand,
the range of p is not sharp, and in particular it is possible to have LP-
boundedness of T, for exponents p > 2 for which (5) fails. Indeed, the
best possible range of p for (5) with k= 0is p > 2+ 2 (see (6)), but on
the other hand the spherical Bochner-Riesz multipliers with « as in (7)
are known to be bounded for p > 2 + diﬂ and p < 2 — ﬁ if d > 2 [7],
and the conjectured range is all 1 < p < co. Moreover, in dimension 2
(i.e. d=1, k =0) T, are known to be bounded for the optimal range of
exponents 4/3 < p <4, a > 0, and

<p< 0<a<1/2

3+ 2 1—2a’

(13, 4, 5)).

For the case k = 1, we recover the result of [6] for circular cones and
extend it to more general surfaces. We do not know of any earlier results
of this type for nontrivial (i.e. not cylindrical) surfaces with k > 2. For
further discussion of the existing literature on cone multipliers, we refer
the reader to e.g. [2, 9, 12, 14, 18, 19]. Wolfl’s inequality (5) for cones
has also been used to deduce a variety of other results, including an
optimal LP local smoothing result for solutions of the wave equation [19],
LP boundedness of maximal operators associated with curves in R? [10],
boundedness of Bergman projections in tube domains [1]. We plan to
explore the applications of (5) for more general surfaces in a future paper.

The proof of Theorem 0.1 essentially follows the “induction on scales”
arguments in [19, 6], with modifications which we now describe. The
inductive argument of [19, 6] (rescaled to our setting) involves an ap-
plication of (5) on scale /8, then rescaling each v/d-sector to a neigh-
bourhood of the entire cone via a Lorentz transformation, followed by
a second application of (5) on scale V4. In our more general setting, a
non-homogeneous scaling cannot be expected to map S to itself, and in
particular Lorentz transformations are usually not available. Instead, we
work directly with the two nested decompositions of S. This will require
us to prove (5) in somewhat greater generality, allowing for functions
with Fourier supports in sectors S§ = Ss NIl , for 6 < o < 1. We
do this by first dividing the o-sector in question into p-sectors, where
p = V06 is our intermediate scale, and then subdividing the latter into
d-sectors. Thus (5) for S¢ is obtained by combining (5) for S and Sj.
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This of course sounds too good to be true, and it indeed is: if imple-
mented exactly as described, the above argument would fail due to the
accumulation of the §~“-errors arising at each step of the induction.
This problem is resolved as in [19, 6]. Namely, we observe that if the p
in S7 can be replaced by a slightly bigger scale pl—c for some fixed ¢,

we gain additional factors of €0 which absorb the troublesome errors.
We then have to find conditions under which it is possible to do so. To
this end, we decompose f into standardized “wave packets”, Fourier-
localized in p-sectors and almost localized spatially in the dual plates.
The inequality (5), for large p, is a statement about the size of set of large
values of f. Fix a tiling of R¥*! by p~'*€0_cubes; then a combinatorial
argument, similar in spirit to Bourgain’s “bush” argument, shows that
if A is sufficiently large relative to the total number of wave packets, then
the sets of wave packets contributing to the parts of {|f| > A} localized
in different cubes are essentially disjoint. We can now adjust the scale by
discarding the non-contributing part of each packet (cf. the “two ends”
reduction of [17]). The rest of the proof is arranged so as to make this
step possible, and in particular this is what determines our range of p.

Acknowledgements: We are grateful to the anonymous referee and to
Andreas Seeger for careful reading of the paper and helpful suggestions.
This work was partially supported by NSERC grant 22R80520 and by
NSF grant DMS-0245408. Shortly before this article went to press, we
learned that Garrigds and Seeger have obtained an improvement in the
range of exponents for Wolff’s inequality for elliptic cones; see their
forthcoming paper for details.

1. Notation and preliminaries

General notation:

S: a d-dimensional bounded connected surface in R%t!, C? every-
where except boundary, with all curvatures bounded, satisfying (A).
p: an exponent as in Theorem 0.1 which will remain fixed throughout
the paper.
d—k _ d—k+1
o T, 2 2
p=-2___ P _q1_Z___ £

d-k p pld—k)

0, p,o: small dyadic parameters, always satisfying 0 < § < p <o < 1.

€0,€1,€2,€3 : small positive numbers with €;,; much smaller than
¢;, depending only on d, k,p, to be fixed later. They will remain fixed
through Sections 3-6.

t: a dyadic number such that ¢ ~ (§/0).

C,C;,C’, ete.: constants which may depend on the choice of S and p,
and in particular on the implicit constants in (A), but will always be
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independent of § and of the choice of sector decomposition in (A). They
may change from line to line and may be adjusted as needed, in particular
after each application of Proposition 3.4.

A < B: A< CB for some constant C.

A~ B: ASBand BS A

AL B: A< (log})°B for some constant C.

xg: the indicator function of the set E.

|E|: the Lebesgue measure or cardinality of E, depending on the
context.

A logarithmic fraction of E: a subset of E with measure g |E|.

An [-cube is a cube of side length [ belonging to a suitable fixed
l-grid on R¥*!; thus any two [-cubes are either identical or have disjoint
interiors. If [ is fixed, for any = € R4t we let Q(x) be an I-cube such
that z € Q(x).

If R is a rectangular box (e.g. a tube or a plate), we will denote by
cR the box obtained from R by dilating it by a factor of ¢ about its
center.

If Ry is a rectangular box centered at the origin, the dual bozx to Ry
is the rectangular box

RS:{xeRdH: |z -yl <1forally € Ry},

where - denotes the usual scalar product in R¥*!, We will sometimes say
that two boxes R, R*, not centered at the origin, are dual to each other
if and only if their translates Ry, Rj centered at the origin are dual to
each other.

We let ¢(z) = (1 + |z|2)~ % with K large enough, and ¢p = ¢ o up',
where ug is an affine map taking the unit cube centered at 0 to the
rectangle R; thus ¢p is roughly an indicator function of R with “Schwartz
tails”. If R is a family of rectangular boxes (usually tubes or plates), we
write (I)R = ZRER ¢R-

We let 1(x) : R — R be a function with the following properties:

(i) ¥ = n?, where 7 is supported in a small ball centered at 0.

(ii) ¢ # 0 on a large cube centered at the origin.

(iii) >, cgat Y(z —v) = 1.

We also write ¥yp = ¥ o ugl with ugp as above. If R = Rs is the unit
cube of sidelength § centered at 0, we will write ¢5 = ¢¥r;.

If a family of functions Fjy is given for each &, we will say that the
functions in Fj are essentially orthogonal if

2
| >~ X .
feFs feFs

For example, functions with finitely overlapping supports or Fourier sup-
ports are essentially orthogonal.
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Sector decompositions:

IT, 5: d-sectors, defined in (A).

M. set of centers of d-sectors. For nondegenerate surfaces, we may
take M to be any §'/2-separated subset of S; for conical surfaces, Mg
may be a §'/2-separated subset of SN {|z| = Cy} for some fixed Cy
with C7 < Cp < Cy, where C1,Cs are as in (3). The case of k-cones is
discussed in Section 7.

Ms = | Ms].

S§(a) = Ss N1, for § < o < 1. Whenever the choice of a is
unimportant — which will be most of the time — we will write S§ instead

of S¢(a).
Mg 5: the number of d-sectors contained in S§ .
Note that
My =~ 67(‘17’“)/2, (8)
M5 ~ Ms/M, ~ (0/5)=F)/2, 9)

Indeed, the covering and finite overlap conditions in (A) imply that
M;s|I1, 5] = |Ss| ~ 9, hence (8) follows from (4). Also, by the finite
overlap and consistency conditions in (A) we have

IS5 | = Moy,s/Mas| ~ Mo,5]Ss|/Ms.

In particular, all S§ have approximately the same size, hence
58| = 951/ Mo
Comparing the last two estimates and using also (8), we get (9).

Dual plates:

We define 7§ to be the rectangular box dual to II, — a:
e ={r eR": |z (y—a)| <1, yeTl,}.

We fix a tiling of R4 by translates of w§: R = {J, ., 7f, where
is the translate of 7;' centered at b. We will refer to 7', b € A, as plates
dual to the sector II,. Thus each # = 7} has a unique sector II, to
which it is dual; we will sometimes indicate this by writing II, = II(n]).

Note that 7 have dimensions ~ §~', §~/2, 1 in the directions par-
allel to the short, medium, and long directions of II,, respectively.

2. The wave packet decomposition

Several basic properties of the norm || - ||, s will be used throughout this
paper. We first record the estimate

[flloe.s S 1 flloe S Mosll flloo,s, supp f € S5 (10)
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The first inequality in (10) follows from
[flloc,s < max [[Za * flloo < [[Zall1][flloc < I Flloo;

and the second one from the identity f = ZaeM6 Zq. * f. Note also
that the functions =, * f have finitely overlapping Fourier supports and
therefore are essentially orthogonal, so that

1F136 =D IEax£II5 = IIf15- (11)

aEM;

Lemma 2.1

For all p > 2 we have

2 1-2
1F s S IFIBPN IS (12)

Proof. Let f, = Z, * f, then

1£18 5 = D" Ifallp < max | full2? - 3 1fall
a a
-2
= 1551 7113,5-
It now suffices to combine this with (11). O

We now study the structure of functions with Fourier support in Ss.
More precisely, we want to decompose such functions into “Knapp ex-
amples”, each of which is Fourier localized in a J-sector and spatially
localized (modulo Schwartz tails) in the plate dual to the sector in ques-
tion. The definition below and the next two lemmas are identical to the
corresponding arguments in [19, 6] modulo notation and rescaling; we
include the proofs for completeness.

DEFINITION 2.2 Let 0 < 0 < o $ 1. We define 3¢ (a) to be the space of
all functions of the form f =3 _, fr, where P = P(f) is a family of

’

0-plates such that each 71';)1/ € P is dual to a sector II(7{ ) = II,s centered
at a point o’ € S¢(a), and
|fx| S ¢, (13)

supp fr C II(m). (14)

If P' C P, we say that fpr = > __p/ fr is a subfunction of f. When
the choice of a is unimportant, we will often omit a from the notation.
Note that for functions in X we have || f||c < Mo,s instead of (15). If
o ~ 1, we will sometimes write X7 = 5.
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Lemma 2.3
Let f € ¥¢. Then supp f C S7 (a) and

1lloo S Mos, (15)
1/p
1llps S (D Il) ™ for2<p < oo, (16)
TeP

Proof. The support statement is clear from the definition. Recall also
that all plates 7; with fixed a have disjoint interiors; this immediately
implies (15). It remains to prove (16). By (12), we only need to do so
for p =2 and p = oc.

We first claim that f, are essentially orthogonal. Indeed,

-] 5 (= SIS

since ), [rg is Fourier supported in II,, and the latter have finite over-
lap. It remains to prove the essential orthogonality of fra for fixed
a; this follows from an easy argument using the decay of ¢,. Since
1213 < 1613 ~ ||, this yields (16) for p = 2.

To complete the proof for p = oo and therefore for all p, it suffices to
verify that ||f * Z4llec S 1 for each Z,. We have f*Z, = Y fr * =y,
where the only non-zero terms are those corresponding to m whose dual
plates II intersect II,. Since the number of such IT is bounded, and since
the plates 7w corresponding to each II are disjoint, it follows that the
plates contributing to f * =, have finite overlap. Hence

1 *Zalloo S max || fr*Zalloo S max || frloo S 1. m

~

Lemma 2.4

Assume that supp f C S and || f||ls.s < 0o. Then there are f\ € £3,
with dyadic A satisfying

A S S llso,s (17)
and with corresponding plate families P, such that
FaY A (18)
A
DAY SIS s (19)
A TEP

for each fixed p € [2,00).

Proof. We may assume that f is supported in some d-sector I, so that
[fllp.s = Ifllp- Let ¢y = ¢hza; observe that [ fllcc S | flloc.s = [Iflloc-
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For A as in (17), we let Py = {mf : A < || f|loc < 2A} and

A= 3 AR

T, EPA

To see that fy € X, it suffices to verify that each f, := A712f
satisfies (13), (14). Indeed, (13) is immediate from the definition; also,

fo = 1/)5 * ]? and wg is supported in a translate of cIl, centered at 0 for
some ¢ < 1, hence (14) follows.
We have

DAM=D wf and 1) WS ) v =1,
A j b b
so that (18) follows. Moreover, by Bernstein’s inequality

N & |l flI% < Mallgnfllf = lm |~ ln 15,

S S ml < sl < U1
A b

by €Px

hence

as required. O

3. Proof of Theorem 0.1

Let p be as in Theorem 0.1. In the inductive argument that follows,
we will need a variant of our main estimate for functions with Fourier
support in sectors S§. In this setting, our main inequality may be stated

as follows: suppose that supp J?C S¢ and

1fllps <1, (20)

then .
A5 S o M (21)

for any € > 0, where we recall that

2 2
rzlfifm. (22)

Observe that (21) becomes (5) when o = 1.
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Proposition 3.1

For any € > 0, we have the estimate
A1 < 6= M5 F13, (23)

for all f with ||f|lse.s < 1 and supp f C S9.

Assuming Proposition 3.1, let us complete the proof of (21). Pick f
with supp f C S¢ and obeying (20), then by Lemma 2.4 we have

f~ > A hess.

A< fllo

From (19) and Lemma 2.3 we have || fa]lco,s S 1 and

123 3" (a2 N £l1B 5 = Ml A3, (24)
TEPA

which together with (23) yields (21) for Afy.

The conclusion follows by summing over A if we can show that the
summation can be restricted to the logarithmically many values of A in
[6%,6=K] for some K, K'. Indeed, for any C we have 3, csx Afx < 0
if K is large enough, hence (21) holds for this part. It remains to prove
that || flee <6 K. Let f, = Z, % f, then

falloo S Mal*?llfallp < Ial*’?,

by Bernstein’s inequality and (20). The desired bound follows on sum-
ming over a. U

Proposition 3.1 is an immediate consequence of Proposition 3.3 and
Corollary 3.5 below. The main inductive argument is given in Proposi-
tion 3.4, the proof of which will occupy Sections 4-6.

DEFINITION 3.2 We say that P(p, a,€) holds if for all functions f such
that supp f C S and || f]|co,s < 1 we have

H{IF1> A S AP0 M £113 (25)

for all 0 < § < o < 1, provided that ¢ is small enough.



Wolff’s inequality for hypersurfaces 307

Proposition 3.3
P(p,a,¢€) holds for all a,e > 0.

Proof. We will assume that f is as in Definition 3.2. Observe that (25)
follows automatically from Chebyshev’s inequality if

NP2 STEMIET, (26)

~

. . —2 _ .
it suffices if M2,% <6~ <M!%" or in other words

By (10), we may assume that A < || f]lec < My.s. Thus for (26) to hold,

M[]f);Q—rp—a _ Mj/g(dfk)foz 5 5
This has two consequences of interest to us:

2
1. (25) holds for all a > 0if 67 2 M ;" =~ o/ (the last equality
comes from (9)),
2. P(p,a,€) holds for any € > 0 if a > ﬁ7 since then M;_y?ia <1
The main inductive step is contained in the following proposition.

Proposition 3.4

Fix p > py and 0 < €2 < €. Suppose that P(p,«,¢€) holds, and let
€0 > 0 be sufficiently small (depending only on p,d, k). Then (25) holds
with  and € replaced by (1 — ¢ )a and 4e, respectively, provided that
o/d 2 6.

Assuming Proposition 3.4 for the moment, let us finish the proof of
Proposition 3.3. Fix a, e > 0. Fix also ag > 2/(d — k), sufficiently small
positive numbers €1, €5 (depending on d, k, p), and a large integer mg so
that |

o log(a/an)
log(1 — €o/6)
By 2. above, P(p, ap, €1) holds.

Assume that we know P(p, (1—e€p/6)™ g, 4™€;) for some integer m >

0. We claim that this implies P(p, (1 — €0/6)" g, 4™ ep). Indeed, if

, €1 <47, €9 < €. (27)

_gm+1
o/6S6 <,

then (25) follows from 1. above. Otherwise, we must have

o/5> 54"
in which case the claim follows from Proposition 3.4. After mq it-
erations, we obtain P(p, (1 — €y/6)™ap,4™%€1). From (27) we have
(1—€9/6)™ ap < avand 4™0¢; < €, hence P(p, o, €) follows as required. O

€1 Z 6—61 Z 5—627
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Corollary 3.5

Assume that P(p, o, €) holds. Then for all f with supp f C S¢ and
|| flloo,s S 1 we have

11y S 6~ M1 £113- (28)

Proof. Write |f| = >y Ax{|fj~a} With dyadic A\. Then [ fll S Mos

by (10); also, (28) is trivial if || f|lecc < 0™ for n large enough. The lemma
follows by summing (25) over dyadic A with 0" <A < M, 6. O

4. A substitute for scaling

In this section we develop the geometrical arguments which will replace
the scaling arguments of [19, 6]. Instead of rescaling S by powers of ¢, we
keep S fixed and consider its p-neighbourhoods for intermediate values
of p between d and 1. We then need a mechanism for efficient conversion
of functions with Fourier support in Ss to functions with Fourier support
roughly equal to S,. This is done as follows. Take a function f with
supp f C Ss, and let fo = g f, where Q is a p~!-cube. This localizes f
spatially in @, modulo Schwartz tails, and (since fg = ¥¢g * f) extends
its Fourier support to S,. It is instructive to examine what happens
to a function f = f, satisfying (13), (14). If p < V/§ (which we will
assume in all applications of the lemma), fq is essentially obtained from
f by shortening the supporting plate 7 to length about p~! in the long
direction; to compensate for it, the thickness of the Fourier support II
increases to p.

Lemma 4.1
Assume that supp ]?C S¢, and let Q be a p~'-cube for some § < p <
o. Let fg =vqf. Then supp fo C S7 and

1-2 2 1-2
1fallpp S (/o) /2D > PIFI3PIF IS S " (29)
for all p > 2.

Proof. Observe that 1222 is supported in a p-cube centered at 0, and has
—d—1 T

—

size about p on a proportional cube. We have fg = g * ]? The
support statement follows immediately as discussed above. By (12), it
suffices to prove (29) for p = 2 and p = co. We have

fo=1vof =) tq(Eax f).
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If we convolute this with a function whose Fourier transform is supported
in a p-sector, the only contributing d-sectors will be those that intersect
the p-neighbourhood of the p-sector in question, hence the L* bound
follows. For p = 2, we write

~

Fal€) = g+ F(€) = [ Balé ~ mxs,(n Flndn,
and use Schur’s test. We have

/ o (€ — n)lxss (n)dn < 6/p and / Tol(€ — n)xs, (n)de < 1.

Hence . R
Ifallz = lIfall2 < (6/0) 2 fll2 = (6/0)" 211 /112 (30)
as required. O

We also need a substitute for the Lorentz transformations used in
[19, 6, 10]. The key geometrical observation turns out to be the following.

Suppose that f is supported only in a small part of S5, say in S§ for some
0 S o < 1. Compared to Ss, S¢ is quite flat. We may therefore convolute

f with the characteristic function of a box R whose dimensions in these
“flat” directions are larger than p, and still stay in a p-neighbourhood of
S¢. For 0 < 1, this box can be quite a bit larger than a p-cube; in the
special case when o = p = 6, it will be a d-sector as opposed to a J-cube.
This will result in a considerable gain in (33) below. The reader may
be interested to verify that replacing |R| by |Q| = p~¢~! in (33) would
have disastrous consequences at the end of the proof of Theorem 0.1%.

Lemma 4.2

Let § < p < o < 1, and assume that ¢ < 6%/2. Let f satisfy
supp f C S§(a). We define

R = po (I, — a). (31)

We also let Ry be the box dual to R centered at 0. Fix a translate R of
Ry, and let fr = ¢rf. Then

|R| = |R|7! = p @ lg(dHh)/2) (32)

and:
(i) supp fr C S‘C’?p(a),

Tt would generate additional negative powers of o in (65), making it unusable for
our purposes when o < 1.
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(ii) fr obeys (29) with p = oo, i.e. || frllooc.co S Mpsl[flloo.55
(iii) if p < Voo, we have the estimate

1/2
Irll2 S M2 IRIY2||flloo.s- (33)

Note that if p ~ v/od, then R has dimensions (¢6)~1/2,6=1/2 (0/8)'/2,
and (32) becomes
|R| ~ o B=D/25= (@412 (34)

Proof. We first claim that for all b € SN 1l, g,
II,, + R C Cll, . (35)

Indeed, from the consistency condition we have

Iy, C Cll,, C C'll,p,
hence

I+ R =1, 4 po (e —a) CH,y + po~ ' (Ily, — b)
CIH,,+C(Il,, —b) C CII, 4.

At the last step we used that pa‘lﬂg’b C C1l,, which is seen by com-
paring sidelengths and using that p < o.

We now prove (i)-(ii). We have ]/”E = 721\3 * ]?and supp%\% CR. As
in the proof of Lemma 4.1, (i) follows from

S§(a)+ R C S5(a), (36)

which is an immediate consequence of (35). For (ii), it suffices to verify
that if b € SN S§(a), then there are at most M, 5 d-sectors ILs, b’ €
M, which intersect II, , + R. By (35), any such sectors would have to
intersect CII, 3, hence (by the consistency condition in Assumption (A))
they would be contained in CII, ; for some C. The cardinality assertion
now follows from the finite overlap property.

It remains to prove (iii). If p < V0, the same argument as in the
proof of (35) shows that b+ R is contained in the box B, obtained from
Clls,, by thickening its shortest sidelength to C'p. Hence the functions
on the right-hand side of the identity fr = > ..\ ¥r - (Ep * f) are
essentially orthogonal since their Fourier supports have finite overlap. It
follows that

1F2l3 S D or- Eox HIE S D IF 126 10rI3 S Mos|RI s
b b

as claimed. O
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5. The localization property

Throughout this section we will assume that o/§ 2 §~2, where €3 > 0
was fixed in Section 3.

DEFINITION 5.1 Let f € X§. We say that f localizes at A if there

are subfunctions f% of f, where @Q runs over td~'-cubes (recall that
t = (§/0)), such that

STIPUN £ P (37)
Q
and
{171 = A1 5 S 1R N {19 2 M. (38)
Q

Our task is now to find conditions under which f localizes.

Lemma 5.2

Let P be a family of plates, and let W C R*!. Then there is a
relation ~ between plates in P and t6~!-cubes Q) such that

HQ: m~Q} S 1 forallmeP, (39)

I, St WP, (40)

Ib:/w Z Xr(T) = Z HxeWnm: Q(x) # w}.

TEP,mAQ(x) TeP

Proof. We may assume that W C {|z| < §71}. For each 7 € P, we let
Q(7) be the t6~!-cube with maximal |W N Q N | (if there is more than
one, pick one arbitrarily). We then say that 7 ~ Q if Q N 10Q(w) #
(). Clearly, the number of such cubes (for a fixed 7) is < 1. We now
prove (40).

By dyadic pigeonholing, there are v and P’ C P such that |I| < v|P’|
and

HreWnn: 7 Q(x)} ~v for each m € P'.

Thus for each m € P’ there is a cube Q'(7w) such that 7 £ @Q'(7) and
[WNQ'(r)Nx| 2 tv. But then |[WNQ(w)N7| 2 tv, by the definition of
Q(7). The total number of cubes covering W is < ¢~971 hence we may



312 LABA AND PRAMANIK

choose Q, Q' so that Q = Q(7) and Q' = Q'(w) for at least t24+2|P’|
plates m € P’. Let
A= > Wn@nx|-[WnQ nal,
TEP’
then for Q, Q' as above we have
A Z t2d+2|7)/| . (tl/)2 _ t2d+41/2|77/|,

But on the other hand,

A = /WnQ /WQQ, Z X (2)Xr (2 )dx' dx

TePpP’

= / / HreP': 2 € n}|deda’.
wnQ Jwne/

We claim that the integrand is bounded by ¢~¢. Indeed, let z € Q,
' € Q' then |v — 2| 2 t5~1. If z,2’ € 7. then the angle between
x—a' and n(a) is < t7162; but by (A), |n(a) —n(a’)| > §'/2 for a # o/,
hence there are at most < ¢~¢ distinct a’s as above. Thus

ASCNWAQ- W Q| S W

From this and the lower bound just stated, we have? v < t=¢|W| |P’|~1/2,
so that
(L] S vIP'| S WP < oW [P

as required. O

In the sequel, we will use a version of Lemma 5.2 with “Schwartz
tails”. The proof follows word-for-word the standard argument given in
detail in [19, 6], and we see no reason to reproduce it here.

Lemma 5.3

Let W C R be measurable, and let P be a family of plates. Fix
a large constant M. Then, if the constant K in the definition of ¢ has
been chosen large enough, there is a relation ~ between t6~'-cubes Q
and plates in P satisfying (39) and such that

| #b seeprew+ e (41)
w
where

)= Y onla) (42)

TEP,m¥Q(x)

2We could keep track of the exact powers of ¢ but will have no need to do so.
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Lemma 5.4
Let f € X9, with plate family P. Assume that

|P| S t2(1+2)\2 (43)
with ¢ as in (41). Then f localizes at A.

Proof. Let W = {|f| > A}, and let ~ be the relation defined in 5.3. For
each Q, let fQ = ZWNQ fr- By (39), (37) holds. Also, we have

[ @ s eeipw) S g,
w

Hence we must have ®% (z) < tA on some set W* C W with proportional
measure. Let x € W* N Q, then

@) = 2@ = | Y fale)] S @) S 01
TAQ

Hence |f%(x)] 2 A on W*NQ as claimed. Observe that the assumption
that §/0 < 6% is needed here to ensure that the logarithmic factors in
< are dominated by ¢t = (§/0) < §<0°2. O

Lemma 5.5
Let f € ¥¢(a), with plate family P. Fix a tiling {R} of Rt by
translates of the rectangular box Ry defined in Lemma 4.2, with p ~

Vad. Then either f localizes at A, or else there is a subfunction f* of f
such that |f*| Z X on a logarithmic fraction of {|f| > A} and

R f13 St CN2(0/6) "2 M, 4| R||P). (44)
for each R.

Proof. For each m = 7Tg/ € P welet Té’, be a rectangular box containing Wf)’,
with the same dimensions except that all short sidelengths are extended
from 1 to y/o/d. From this family of boxes, we choose a maximal subset
7 with the property that 7/ ¢ Cr for any 7/,7 € 7 and for a suitable
large constant C, and let 7 = {207 : 7 € T}. Abusing the notation
and standard terminology, we will refer to the boxes in 7 as tubes and
continue to denote them by 7. Each m € P is then contained in some
7(m) € T (if there is more than such 7, we choose one arbitrarily).
Observe that the largest angle between two line segments of length ~ 61

contained in a tube 7 is bounded by d/c/d < V3, hence the angle
separation condition in (A) implies that

be Ms: w), C 7 for some b'}| < 1. 45
b
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We let 7;, be the set of those 7 € T with [{w € P : 7(m) = 7}|
between m and 2m. Let also P, = {m € P : 7(w) € T,,}. Then for
some m we have

(W1 Z {If] = A},
where W = {z: |f(z)| > A, |fp,,(z)] & A}. Fix this value of m, then
Tin| & [Prml/m.
‘We now consider two cases.

Case 1: If X > t=(|P,,|/m)'/2, f localizes. The proof is similar to
that of Lemma 5.4: we first construct a relation ~ between t§~!-cubes
and tubes in 7, such that (39) holds, and

m o~

| @ seCm e+ s (46)
w
where M is a large constant and
o (1))=Y, (@) (47)
TET,T#Q(x)
The construction is identical to that in Lemma 5.3, therefore we omit it.
Since |7,,| S |Pm|m ™!, it follows that

Voo Pul\2
[ ot s () i g o

Hence (I)bTm < tA on a subset W* C W with proportional measure. We
write 7 ~ Q if 7(7) ~ Q, and let

=" fa
T~Q
Then (37) follows from (39), and for z € W* N Q we have
@) = 1@ = | 3 folw)| S @, (2) S 10
Q
so that |f¢] > X\ on W* N Q as required. O

Case 2: Assume now that A < t=C(|P,,|/m)"/?; we will show that
fp,, satisfies (44). Fix R. It is easy to see (cf. the proof of Lemma 4.2)
that g fr are essentially orthogonal, hence

ontp, B~ Y vrflf s [ X UsPors [@p,0n.
TEPm TEPm

where at the last step we used (45).
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Recall that if p = Voo then R has dimensions (0d)~'/2, §71/2,
(0/5)*/2. The main geometrical observation is that if a plate 7 = 77,
intersects CR at all, then a piece of 7(r) of length ~ (06)~'/? is entirely
contained in C'R for a suitable choice of C’. Indeed, let B; be the box
defined in the proof of Lemma 4.2, and recall the inclusion R + b C B,.
Thus the converse inclusion holds for the dual boxes. Hence if 7 inter-
sects C'R, then a piece of 7 of length ~ (¢6)~'/2 (which is dual to By)
is entirely contained in C’R. Since all dimensions of R are > (0 /8)'/?,
we may increase C’ (if necessary) to obtain the same inclusion for 7.

The corresponding Schwartz tails estimate is

/R ST e smle/) [ 6 (48)
T (m)=T7

C'R

for all R and 7 € 7. Namely, let T be the infinite tube extending 7 in
the direction of its longest axis. If RN CT # (), (48) follows from the

above observation and from the fact that |7| = (¢/8)*/2|x|. Otherwise,
we have the pointwise bound

S 6ale) S mlo/6) 20, (),

() =T

which again yields (48).
Summing (48) over all 7 € 7, we obtain

/chpm gm(a/a)*’fﬂ/ dr

C'R

for all R. By an easy covering argument,

/@Pm@% < (0/6)_k/2m/q)T¢C'R-

Fix a point =, then the number of tubes with = € 7 is bounded by C M, 5.
We convert this to a Schwartz tails bound ®7,, < M, s, and deduce that

m o~

[ #ron S mio/s) 200 [ bcn S mio/5) M2 M sl
Recall also that m < t~¢|P,,|A\~2. Therefore

TN RS / Bp, dn <1 CIPIN2(0/8) H2M,5R. O
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6. Proof of Proposition 3.4

In this section we complete the inductive argument. The outline of the
proof is as follows. Let supp f C S7; we want to estimate || f||, in terms

of || f|lp.s- To this end, we introduce an intermediate scale p = v/od and
first break up S¢ into smaller pieces S§, then decompose these further
into d-sectors. On each S§ we apply the inductive assumption P(p, o €).
We would now like to complete the proof by applying P(p, «, €) on S, to
deal with the coarse decomposition. This, however, would not decrease
the value of «; therefore at this point we want to change scales from p to
p'~¢, which will ensure the desired gain. We will see that this is possible
if f localizes. Hence the coarse-scale decomposition in Lemma 6.1 is
designed so as to allow localization, either on scale p or on a second
intermediate scale between p and o.
We continue to assume that

o)6 > 57, (49)

where we recall that e; was chosen in Section 3 so that €5 < €. Fix also
a small positive number e3 with €3 < €3.

Lemma 6.1

Assume that P(p,«,¢€) is known for some p and «. Assume that
suppfc S¢ and that || f|leos S 1. Let p= Voé. Let also R, Ry be the
boxes defined in Lemma 4.2, and fix a tiling { R} of R¥*t! by translates
of Ry. Let A > 1. Then for any ¢ > 0 we may find a A\, and functions
fr € X9, with respective plate families Pg, such that a logarithmic

fraction of {|f| > A} is contained in |Ji{|fr| > A\«} and

FOAM, 5 S A S Mo, (50)
e (A2
> Inl <67 (5) Ivnfl3 (51)
TEPR
>\* p —e—Ce s «
S X Il < (5) e (52)
R wePr

Proof. We write f =" ¥rf. Using (10) and the Schwartz decay of 1,
it is easy to prove that

{11 = A} € (JIwrfl = A} (53)
R

By Lemma 4.2, suppim C 87 and [[Yrfllco,p S Mps. Lemma 2.4
now yields a decomposition



Wolff’s inequality for hypersurfaces 317

Yrf~» hgf,
h

where gjf € £9 and h < M, 5.

Since we assume that A > 1, there are logarithmically many relevant
dyadic values of h. We may therefore choose h = h(R) so that a logarith-
mic fraction of {|¢gf| > 6*A} is contained in the set {|hgf| > §2<\}.
Finally, we pigeonhole to get a value of h so that a logarithmic fraction
of {|f| > A} is contained in |y {|hgf| > 6% A}

Let A\, = 0%Ah~! and fr = g, with this value of h. The lower
bound in (50) follows from the bound on h just stated; for the upper
bound, we use that

Ao = 09T < |gitlloo S Mo

~

Let Pgr be the plate family for fr. From (19) we have

S x| S hPlYrAG . (54)

TEPR

Letting p = 2 and recalling the definition of \,, we deduce (51).
It remains to prove (52). By (54), it suffices to show that

> llrfllb, < 67 MIE £, (55)
R
We first claim that
S enf I, S 1l = 32 1190 5 £, (56)
R b

where {W;} is the partition of unity defining || - ||, ,. Indeed, observe
that ¥r(Zy * f) is Fourier supported in IT, + R. As shown in the proof
of Lemma 4.2, the latter set is contained in a Cp-neighbourhood of II,.
Hence the number of & such that Zy * (g - (Ep* f)) # 0 is bounded by a
constant independent of ¢ and b, and similarly with b and b’ interchanged.

We thus have
ZR:IIwallp,p ZR:Zb:HEb*wa)”g
;%bz I1Zs * (YR - (Ew = ))IID
;Zb; R - Sy * )2
212 115,

A A Il

2\
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as required.
Note that supp Uy, * f C SZs. We also have

[0y % flloo,s = max [|Zq # Wy x flloo S max|[Wp[[1][Za* flloo S [ fllocs S 1-

Applying the inductive assumption P(p, ) in the form (28) to ¥y, * f,
we see that
[y I S 67 MET |0y * £3.

Combining this with (56) and using the essential orthogonality of Uy f,
we obtain (55) as claimed. O

Lemma 6.2
Assume that P(p, «,€) holds, and that f € X§ localizes at \. Let P

be the plate family for f. Then for any 8 > (1 — e¢g)a we have

{1 > M S AP~ MBS . (57)
TeP

Proof. Let W = {| Jg > A}. The localization assumption means that
f has subfunctions f@, where Q ranges over t§~!-cubes, such that (37)

holds and
Wl g UWel,
Q
where Wo = Q N {|fol & A}
Let gg = ¢QfQ. By Lemma 4.1, suppgg C Sg’/t and l9q|loc.s/t S
Msi.5. Applying the inductive hypothesis (25) to My, /t 59Q, With § re-
placed by 6/t and A replaced by (log )~ CMé/t s\, we obtain

{lgel 2 M £ (My) s 77(8/0) M5 1My 1 590013

2 r «@ €
S ATPME M8/ 9ol
7,

By (30), (16), and (37), we have

ZIIQQH% StZIIfQH% Sty D> gty Inl

Q meP(fQ) weP
Hence
WD Wol £ Hlgel 2 A
Q Q
— € 2 r @
é p((s/t) Mg/f(s ()'pé—"/_ftz |7T‘
TeP
S NP TMES ] - e,

TeP
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where at the last step we used that My, sM, s/ = My 5. Recall that

p—2—rp= -2 and t = (§/0)®. Using also (8), we get

tMp72frp7a _ tMQ/(d_k)_O‘ ~t- (t*(d*k)/2)2/(d*k)70‘

5/t,6 5/t,6
~ pld—R)a/2 ((%>—(d—k)/z>’€°°‘ ~ M,
which yields (57) as required. O

Lemma 6.3

Assume that we have P(p,a,¢€), and that f € ¥ with plate family
P satisfies

|7)| 5 tC>\4<6/0_)(3d+1)/4—k. (58)
Then for any v > (1 — 9 )a we have
{11 > A S A6 O MIEEY S . (59)
TeP

Proof. Apply Lemma 5.5 to f. If f localizes at A, then we are done
by Lemma 6.2. Otherwise, pick a subfunction f* as in Lemma 5.5, and
apply Lemma 6.1 to it. We obtain fr € X7 and a value of A, as in (50)

so that
{1712 A USR] = A0
R
and N
> Inl <679 (55) Ivas I3, (60)
TEPR
—e—Cle )‘* P orpta *
PODBILES mal G T A Pl (61)
R wePgr

From Lemma 5.5 and (60) we have

d—k)/2— o A2 o\ k2
Prlp™ @2 % 37 n 679055 (5) T MoslRIP.
TEPR

Plugging in (9) and (34), we obtain after some algebra that

A2 /o (Bd+1)/4—k
< §—Ces % (2
PrlS 07705 (5)

Combining this with (58), we see that

P|.

|Pr| < 67 Ct9)2.
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By Lemma 5.4 and (49), fr localize at A.. Applying Lemma 6.2 we see
that

{Ifal = A3 S 67 APMEEP S ] (62)

TEPR

for any 8 with 8 > (1 — €p)a. Hence
{If1=2 = ZHlle > A}
§TENT erp+ﬁZ Z |7

TEPR

5 2e— Ceg)\ erp+ﬁM7‘p+a||f ”2

§2e— ng)\ pM;ZZSJr(aJr,B /2 Z |7T|’
TeP

IN

IN

IN

where we also used (61) and Lemma 2.3 with p = 2. O

Proof of Proposition 3.4. Assume that Suppr S¢ and

[flloc,s < 1. (63)

We observed at the beginning of the proof of Proposition 3.3 that (25)
follows from Chebyshev’s inequality if (26) holds. In particular, it holds

for any c,e > 0if A < M;%/(pﬂ). We may therefore assume that
A> M@, (64)

Recall also that the assumptions of Proposition 3.4 include (49).
Choose fr € X7 as in in Lemma 6.1, with p = vod. Suppose that we

can prove that fr obey (59), with § and A replaced by p and \.. Then,
using also (52) and (9), we obtain

¢

{IA=M = D HIfal = A
R
AFoTECaMET Y Dy Il

R m€ePr
AR5 e T A

<
S ATPEICEM p )3

A

for any 6 > (o + v)/2, as required.
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It thus remain to find conditions under which fr obey the assump-
tions of either Lemma 6.2 or 6.3. From (51), (33), (63) we have

[Prlp™ @A~ N x|
TEPR

570 (52 em 13

< 570 (5) MoglRI

N

Plugging in the expression (34) for |R|, we obtain after minor simplifi-
cations

A 2 o\ (d+1)/4

< —Cles * e
Pr| <6 (7 ) MU,(;((S) . (65)
Assume first that d > 2k + 1 and p > p1(d, k) := 2+ ——. From

(65) and (64) we have

‘PR| 5 §—Ces )\iM;E(ZTP)/(P*Q)

(g)(d+l)/4.

Recalling (22), we see that 1— 5:1; =-14+ m. We now also plug

in (9) for M, 5. After some algebra, this yields

o —(d—2k—1)/4+2/(p—2)
5) '

Recall that ¢t = (§/0)%. If we assume that € is sufficiently small de-
pending on p,d, k, and if €3 is small enough compared to the e in (49),
then our assumption that p > pi(d,k) implies that |[Pr| < t“A\2. By
Lemma 5.4 fg localize, hence Lemma 6.2 applies.

Assume now that p > pa(d, k) := 2 + 32— in this case we will
see that (58) holds, with A and ¢ replaced by A. and p. It suffices to

3dtl_p

check that the right side of (65) is < t“A%(p/o)™1 ~F. After some
simplifications, this is equivalent to

Prl 5 57 02(

(5d+3—4k)/8
NN 2 67000 5(3) .

By (64) and (50), we have
)\2/\2 > 5Ces )‘4Mp_,§ > §Ces Mﬁ;p/(p%)Mlj ~ §Ces ]\/A,';l’rép/(pﬂ)*l7
where at the last step we used (9). It thus suffices to prove that

(5d+3—4k)/8
M;l;p/(p—m—l > 5_C€3t_CMJ,5(%) .
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Using again (9) and (22), we see after some algebra that this is equivalent
to (0 (3d—4k—3)/8—4/(p—2)
5)

But if p > pa(d, k), then the exponent on the left is positive, hence the
last estimate follows if €y was chosen small enough and if €3 is small
enough compared to €3 in (49). O

> §Cey=C,

7. Properties of k-cones

We first recall the construction of k-cones described in the introduction.
In this section, we will use superscripts to denote Cartesian coordinates
in R+ eg = (2!,... 2%,

Let Ly be a (d — k + 1)-dimensional linear subspace of R%! and
let L; = Lo+ v; for i = 1,...,k, where vy,...,v; are linearly inde-
pendent vectors such that L, vy, ..., v, span R4 Applying an affine
transformation if necessary, we may assume that

Lo={(0,...,0, 2" . zdthy . ghtl  pd+tl c R},

and that for i =1,...,k,

vi= (v}, vt wl =1, v = 0if i # .
If £ = (2!,...,2%") € R we will also use the notation z = (z*, zl),
where 2t = (z!,...,2%) and 2!l = (z**!,... 2%*+!) denote the compo-

nents orthogonal to Ly and parallel to it, respectively.

Welet E; C L;, i =0,...,k, be surfaces of dimension d — k such that
FE; is the boundary of a strictly convex solid in L;, is smooth, and has
nonvanishing Gaussian curvature. Thus for each unit vector n € 4+,
each E; contains exactly one point x; such that n is the outward unit
normal vector to F; in L; at ;. We will then write n = n;(z;). Since E;
is smooth, the mapping x; — n;(z;) is a smooth diffeomorphism from
FE; to Sd—k,

We say that a (k + 1)-tuple of points (zq,1,...,7x), 7; € R is
good if x; € E;, 1 = 0,...,k, and if the outward unit normal vectors to
E; in L; at x; are the same (i.e. ng(zg) = --- = ng(zx)). We then let

S = U n(xo, ..., Tk),

(zo,...,xK) good

where n(xg, ..., xx) denotes the k-dimensional convex hull of x, ...,z
in R4+

We first verify that n(zo,...,zy) is indeed k-dimensional. Indeed, if
n(xo, ..., 2x) had dimension less than k, then the dimension of the affine
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space spanned by n(zg, . ..,xx) and Ly would be less than d + 1. But on
the other hand, this affine space contains both Ly and vy, ...,v) (since
v;—x; € Lg), hence must be equal to all of R**!, which proves our claim.

Let T;(x;) be the d — k-dimensional affine space tangent to E; in L;
at x;. Note that if (xq,...,z,) are good, then T;(z;), ¢ = 0,...,k, are
parallel. The above argument shows that Tj(z;), n;(x;), L; span Rt
In fact, we can say slightly more. Let D be a closed disc in S¢~*, and
let

Ez"D = {{EZ IS nz(xz) S D},
S|p U n(zo, ..., xL).

(%0,-..,zk) good, ni(x;)€D

We may then choose orthonormal bases

Fll(wg) = {u1(w0), - -, ua—k(w0)}, (66)
F(20) = {ta—p+1(20), - . -, ua(zo)}, (67)
for To(xo) and n(xo,...,zx), respectively, so that each u;(zo) depends

smoothly on zy € Ep|p. (For FIl| this is clear from smoothness of Ey;
for '+, it can be done by applying Gram-Schmidt orthonormalization
to x1 — o, - .., Tk —xo.) Let V(zg) denote the volume of a parallelepiped
spanned by Fll(zo), F(z0), no(xo). From the above considerations we
have V(zg) # 0. But also V(x¢) is a continuous function of xg, hence

V(xo) > co >0, 0 € Eo|p. (68)

As noted above, n(zo, . . ., ) depend smoothly on (zo, . .., zk). Thus

to show that S is a smooth surface of codimension 1 in R%*1, it suffices
to prove that it is nonsingular, i.e. the different 7n(zo,...,2zx) do not

intersect. This follows from the lemma below.

Lemma 7.1

Let L be a (d— k+ 1)-dimensional affine subspace parallel to Lg. If S
intersects L, then the cross-section E := SN L is a closed smooth d — k-
dimensional surface with nonvanishing Gaussian curvature, bounding a
strictly convex body in L. Moreover, each n(xg,...,xy) intersects L at
a unique point © € E Nn(xg,...,zr). The mapping xy — x is smooth,
and the unit outward normal vector to E in L at = is equal to ng(xo).

Proof. Suppose that z = (z%,..., 29" € LNn(zo,...,2:), and that
z & {20,...,2}. Since z belongs to the convex hull of z, ..., 2k, taking
the first k£ coordinates we may write

2zt =ap(0,...,0) +ai(1,0,...,0) + - + a(0,...,0,1),
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with all o; > 0, Z?:o aj = 1, and at least one a; > 0. Since along

n(z0,.--,2,) each 27, j > k, is a linear function of z%,... z¥

in fact have

, we must

Z =020+ + Q2.

Similarly, if = is any other point in LS with € L Nn(xo,...,xx), then
zt =21, so that
T = Qoo + - + ATk,

with the same «y, ..., a. This shows that x depends smoothly on zg.
Next, we show that the mapping xy — « is one-to-one. Suppose to
the contrary that € L Nn(zg,...,xx) Nn(yo,..-,yx). Then

zl = ozoa:i)l 4t akxi = aoy(l)‘ 44 aky,lcl. (69)

Consider, however, the scalar product

no(7o) - (vowy + -+ + akwl‘g')v (70)
where (wy, . .., wy) ranges over all good k-tuples. By the strict convexity
of each E;, (70) is maximized when (wo, ..., wy) = (2o, ..., xx), and only

there. But this contradicts the second equality in (69).

Interpreting (70) as the distance from the point w € LNn(wy, ..., wg)
to the plane {y € L : ng(xo) - (y! — 2!l) = 0, and observing that it is a
smooth function of wg, we see that E is indeed a smooth surface in the
neighbourhood of xy. The argument in the last paragraph now shows
that ng(z) is indeed the unit outward normal vector to E in L at . O

We now define a covering of S5, § > 0, by d-sectors as follows. We
may assume that S is contained in a large cube of sidelength Cy. Fix a
81/2_separated subset A" of the unit sphere S, For i = 0,1,...,k, let
M, be the set of points in F; where the outward unit normal vectors in
L; belong to A/. We then define M to be the set of the centers of mass
of n(xzo,...,xx), x; € M;. We also define the corresponding J-sectors
to be rectangular boxes II, centered at a € M such that if a is the
center of mass of n(zo,...,xx), then II, has sidelengths C' x -+ x C in
the directions parallel to n(zo, . .., xx), C6/? x --- x C§/? in directions
tangent to S at a but perpendicular to n(zo,...,x), and C§ in the
direction parallel to n(a), the normal vector to S at a. Here C is a large
constant with C' > 2CY, to be fixed later.

First, let 119 = II,NLg. Then I1Y is a rectangular box, centered at zo,
of dimensions at least C'6'/2 x - -- x C§'/2 x C'§, where the long axes are
tangent to Ey at xg. We claim that the dimensions of this box cannot
exceed C'6Y/2x. .. xC'§Y/2x ("5, for some other constant C’. To this end
it suffices to prove that the maximal number of disjoint translates of the
box spanned by (dng(zg),0u1(zg),...,0uq—r(xo)) (recall that u; were
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defined in (66)) that can be placed inside TI9 is bounded by < 6~ (@=+)/2,
But consider the corresponding translates of the box spanned by

(6n0(x0), (5u1(x0), ceey 5’U,d_k($0), ud_k+1(x0), e ,ud(l‘o)).

They are also disjoint, each one has volume > §?=**! (by (68)), and

they are all contained in II, which has volume =~ 5“7 +1. Thus the
claim follows by comparing volumes.

This shows that {I1} e, 18, if C is large enough, a standard finitely
overlapping covering of the d-neighbourhood of Ey in Ly by rectangular
boxes of dimensions roughly C§'/2 x . x C§Y/2 x C§, with centers in
a 6'/2-separated set M. The same argument can now be repeated for
FE4, ..., Eg. In particular, this implies the finite overlap property.

It remains to prove the angular separation property. We may re-
strict our attention to a small segment S|p as defined earlier such that
no(xo) # —no(yo) for any xo,yo € Eo|p. We then want to prove that if
z,y € M, x #y, then |n(x) — n(y)| = §*/2. Tt suffices to prove that

n(@) = n(y)| 2 2.

But if € n(zo,...,7x), ¥ € (Yo, yx), then n(z)l = c(x¢)no(zo)
(since both vectors are orthogonal to Tp(x)), and similarly n(y)l =
¢(yo)no(yo). By the nonvanishing curvature assumption for Ey, the angle
between ng(zo) and no(yo) is at least 6'/2; hence it suffices to prove
that ¢(xo),c(yo) 2 1. But on the other hand, we have ¢(xg) = V(xo),
where V' (z9) is the volume of the parallelepiped defined before (68), and
similarly for yg. Thus the claim follows from (68).
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