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Abstract

We give equivalent conditions for tensor product of Orlicz sequence spaces, then
we obtain a necessary and sufficient condition for a class of matrix operators
acting on Orlicz sequence spaces to be continuous and compact.

1. Introduction

Let

Φ(u) =
∫ |u|
0

φ(t)dt and Ψ(v) =
∫ |v|
0

ψ(s)ds

be a pair of complementary N−functions, i.e., φ(t) is right continuous, φ(0) = 0,
φ(t) : 0 ↗ ∞ as t : 0 ↗ ∞ and ψ is the right inverse of φ. The Orlicz sequence space

lΦ is defined to be the set {x = {xi} : ρΦ(λx) =
∞∑
i=1

Φ(λxi) <∞ for some λ > 0}. The

Luxemburg norm and the Amemyia norm are expressed as

‖x‖(Φ) = inf
{
c > 0 : ρΦ

(x
c

)
≤ 1

}
and

‖x‖Φ = inf
k>0

1
k

[1 + ρΦ(kx)] ,

respectively. To simplify notations, we write shortly l(Φ) for (lΦ, ‖ · ‖(Φ)) and lΦ for
(lΦ, ‖ · ‖Φ). In virtue of the basic inequality that: ‖x‖(Φ) ≤ ‖x‖Φ ≤ 2‖x‖(Φ) for every
x ∈ lΦ, the embedding results for the Luxemburg norm are suitable for the Amemyia
norm.
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Denote by 〈x, y〉 the series
∞∑
i=1

xiyi. Observe the following well known facts about

functionals on l(Φ) and lΦ (see [3] or [8, Theorem 1.2.12]):

‖x‖Φ = sup
{
|〈x, y〉| : y ∈ l(Ψ), ‖y‖(Ψ) ≤ 1

}
and

‖x‖(Φ) = sup
{
|〈x, y〉| : y ∈ lΨ, ‖y‖Ψ ≤ 1

}
.

They will be used in this context. The basic facts on Orlicz spaces can be found in [1]
or [7, 8].

Suppose A = (aij) is an infinite real matrix. It determines a linear operator A
from l(Φ1) into lΦ2 according to the following rule:

Ax =

 ∞∑
j=1

a1jtj ,
∞∑

j=1

a2jtj , · · ·

T

∈ lΦ2 , for any x = (t1, t2, · · · )T ∈ l(Φ1).

We call such bounded matrix operator is a member of B(l(Φ1), lΦ2), in which the set
of all compact matrix operators is denoted by Bc(l(Φ1), lΦ2). As a particular case, for
the operator from lp1 to lp2 (1 < p1, p2 < ∞), the characterization of B(lp1 , lp2) (or
Bc(lp1 , lp2)) has remained a problem (see [4, Chapter 7.§ 5, Problem 12]) and attracted
a lot of researchers (see [2, 5, 6]). [4] characterized B(lp1 , lp2) in terms of their elements
when p1 or p2 is 1 or ∞. [2] answered the question when p1 = p2 = 2. This paper is
devoted to operators on Orlicz spaces as a generalization of the case 1 < p1, p2 < ∞,
which means that the results of this paper restricted to the class of the matrix operators
between two Lebesgue sequence spaces are also new.

Let N be the set of natural numbers and Φ be an N−function. The Lebesgue
matrix space lΦ(N ×N ) is expressed as the setA = (aij) : ρ(λA) =

∞∑
i=1

∞∑
j=1

Φ(λ|aij |) <∞ for some λ > 0

 ,
and the norms on it thereby similarly defined as that of sequence spaces.

If B = (bij) ∈ lΨ(N ×N ) with Ψ being the complementary N−function of Φ, we
denote

〈A,B〉 =
∞∑
i=1

∞∑
j=1

aijbij .

Clearly, the following Hölder inequality holds:

|〈A,B〉| ≤
∞∑
i=1

∞∑
j=1

|aij ||bij | ≤ ‖A‖(Φ)‖B‖Ψ .

The tensor product l(Φ1)⊗ l(Φ2) of l(Φ1) and l(Φ2) is defined (see [7, p. 179]) as the
set of the linear span of {x⊗ y : x ∈ l(Φ1), y ∈ l(Φ2)}, where

x⊗ y := xT · y =

 t1
t2
...

 (s1, s2, · · · ) =

 t1s1 t1s2 · · ·
t2s1 t2s2 · · ·

...
...

. . .


for x = (t1, t2, · · · , tn, · · · ) and y = (s1, s2, · · · , sn, · · · ).
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2. Main results

Let us first give a characterization of the Orlicz sequence space l(Φ). The following
theorem is parallel to [7, Theorem 5.4.2] which dealt with the tensor product of Orlicz
functions spaces (spaces on diffuse measure) but left the result on sequence spaces
unknown.

Theorem 1

Let Φ1,Φ2 and Φ beN -functions. Then the following conditions are equivalent:

(i) Φ(αuv) ≤ Φ1(u) · Φ2(v) for some α > 0 and 0 < u, v ≤ u0;
(ii) There is a constant 0 < C <∞ such that

‖x⊗ y‖(Φ) ≤ C‖x‖(Φ1)‖‖y‖(Φ2);

(iii) l(Φ1) ⊗ l(Φ2) ⊂ l(Φ)(N ×N ).

Proof. (i)⇒ (ii): Let 0 6= x = (t1, t2, · · · ) ∈ l(Φ1) and 0 6= y = (s1, s2, · · · ) ∈ l(Φ2). Then

ρΦ1

(
x

‖x‖(Φ1)

)
=

∞∑
i=1

Φ1

(
ti

‖x‖(Φ1)

)
≤ 1

and

ρΦ2

(
y

‖y‖(Φ2)

)
=

∞∑
j=1

Φ2

(
sj

‖y‖(Φ2)

)
≤ 1.

Therefore, ti/‖x‖(Φ1) ≤ Φ−1
1 (1) and sj/‖y‖(Φ2) ≤ Φ−1

2 (1). Letting c1 = max(Φ−1
1 (1)/u0, 1)

and c2 = max(Φ−1
2 (1)/u0, 1), we have

ρΦ

(
α(x⊗ y)

c1c2‖x‖(Φ1)‖y‖(Φ2)

)
=

∞∑
i=1

∞∑
j=1

Φ

[
α

(
|ti|

c1‖x‖(Φ1)

)(
|sj |

c2‖y‖(Φ2)

)]

≤
∞∑
i=1

Φ1

(
|ti|

c1‖x‖(Φ1)

)
·
∞∑

j=1

Φ2

(
|sj |

c2‖y‖(Φ2)

)

≤
∞∑
i=1

Φ1

(
|ti|

‖x‖(Φ1)

)
·
∞∑

j=1

Φ2

(
|sj |

‖y‖(Φ2)

)
≤ 1 .

Therefore,

ρΦ

(
α(x⊗ y)

c1c2‖x‖(Φ1)‖y‖(Φ2)

)
≤ ρΦ

(
α(x⊗ y)

c1c2‖x‖(Φ1)‖y‖(Φ2)

)
≤ 1 ,

whence
‖x⊗ y‖(Φ) ≤

c1c2
α
‖x‖(Φ1)‖y‖(Φ2).

Consequently, (ii) holds by putting C = c1c2/α.
(ii)⇒ (iii): This follows by the fact that x⊗ y ∈ l(Φ) iff ‖x⊗ y‖(Φ) <∞.
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(iii)⇒ (i): In fact, if (i) is false, then there exist an ↘ 0, bn ↘ 0 such that

Φ
(
anbn
n4n

)
> Φ1(an) · Φ2(bn), n ≥ 1 .

Using the convexity of Φ we have

Φ1(an) · Φ2(bn) <
1
4n

Φ
(
anbn
n

)
, n ≥ 1 .

Since Φ1(an) · Φ2(bn) ↘ 0, we may assume that Φ1(an) ≤ 1/2n,Φ2(bn) ≤ 1/2n for
n ≥ 1. Then choose integers Kn and Jn such that

1
2n+1

< KnΦ1(an) ≤ 1
2n
,

1
2n+1

< JnΦ2(bn) ≤ 1
2n
.

Let x0 and y0 be defined as:

x0 =
( K1︷ ︸︸ ︷
a1, a1, · · · , a1, · · · · · · ,

Kn︷ ︸︸ ︷
an, an, · · · , an, · · · · · ·

)
,

y0 =
( J1︷ ︸︸ ︷
b1, b1, · · · , b1, · · · · · · ,

Jn︷ ︸︸ ︷
bn, bn, · · · , bn, · · · · · ·

)
.

Then

ρΦ1(x0) =
∞∑

n=1

KnΦ1(an) ≤
∞∑

n=1

1
2n

= 1 ,

ρΦ1(y0) =
∞∑

n=1

JnΦ2(bn) ≤
∞∑

n=1

1
2n

= 1 .

Therefore, x0 ∈ l(Φ1), y0 ∈ l(Φ2). On the other hand, observe that

x0 ⊗ y0 =



J1︷ ︸︸ ︷
a1b1, · · · , a1b1 · · · · · ·

Jn︷ ︸︸ ︷
a1bn, · · · , a1bn · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · ·
a1b1, · · · , a1b1 · · · · · · a1bn, · · · , a1bn · · · · · ·
a2b1, · · · , a2b1 · · · · · · a2bn, · · · , a2bn · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · ·
a2b1, · · · , a2b1 · · · · · · a2bn, · · · , a2bn · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · ·



}
K1

}
K2

...

.

Given ε > 0, choose n0 > 1/ε, then we have

ρΦ(ε(x0 ⊗ y0)) =
∞∑
i=1

∞∑
j=1

KiJjΦ(εaibj)

≥
∞∑

n=1

KnJnΦ
(anbn

n

)
≥

∞∑
n=n0

KnJn4nΦ1(an)Φ2(bn)

=
∞∑

n=n0

4n

4n+1
=

∞∑
n=n0

1
4

= ∞ .
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Consequently, x0 ⊗ y0 6∈ l(Φ) since ε > 0 is arbitrary, which contradicts (iii) and finish
the proof. �

Theorem 2

If (Φ1,Ψ1), (Φ2,Ψ2) and (Φ,Ψ) be pairs of complementary N−functions. Then
the following conditions are equivalent:

(i) Φ(αuv) ≤ Φ1(u) ·Ψ2(v) for some α > 0 and 0 < u, v ≤ u0;
(ii) A ∈ B(l(Φ1), lΦ2), for each A = (aij) ∈ lΨ(N ×N );
(iii) A ∈ Bc(l(Φ1), lΦ2), for each A = (aij) ∈ lΨ(N ×N ).

Proof. (i)⇒ (ii): Let (i) be satisfied. In view of Theorem 1, there is C > 0 such that

‖x⊗ y‖(Φ) ≤ C‖x‖(Φ1)‖y‖(Ψ2) (1)

for all x ∈ l(Φ1) and y ∈ l(Ψ2). Therefore, A = (aij) ∈ lΨ(N × N ) implies that
‖A‖Ψ <∞ and we deduce from (1) that

‖A‖l(Φ1)→lΦ2 = sup
{
‖Ax‖Φ2 : ‖x‖(Φ1) ≤ 1

}
= sup

{
|〈Ax, y〉| : ‖x‖(Φ1) ≤ 1, ‖y‖(Ψ2) ≤ 1

}
= sup

{∣∣∣〈AT , x⊗ y〉
∣∣∣ : ‖x‖(Φ1) ≤ 1, ‖y‖(Ψ2) ≤ 1

}
≤ sup

{
‖AT ‖Ψ‖x⊗ y‖(Φ) : ‖x‖(Φ1) ≤ 1, ‖y‖(Ψ2) ≤ 1

}
≤ C‖A‖Ψ .

That is, A is bounded on l(Φ1) into lΦ2 .
(ii)⇒ (iii): For any given A = (aij) ∈ lΨ(N ×N ), put

An =



a11 a12 · · · a1n 0 · · ·
a21 a22 · · · a2n 0 · · ·
· · · · · · · · · · · · · · · · · ·
an1 an2 · · · ann 0 · · ·
0 0 · · · 0 0 · · ·
· · · · · · · · · · · · · · · · · ·


.

Then An is a finite dimensional operator for each n ≥ 1. Since

‖A−An‖l(Φ1)→lΦ2 ≤ C‖A−An‖Ψ → 0

as n→∞, we conclude that A is compact and hence (iii) holds.
(iii)⇒ (i): Suppose that (iii) holds and that (i) is not satisfied. There exist un ↘ 0

and vn ↘ 0 such that

Φ
(
unvn

4n

)
> Φ1(un)Ψ2(vn), n = 1, 2, · · · .

Therefore, we have from a basic property on N−function (see [7, Proposition 2.1.1])

unvn

4n
> Φ−1 (Φ1(un)Ψ2(vn)) >

Φ1(un)Ψ2(vn)
Ψ−1 (Φ1(un)Ψ2(vn))

,
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or,

Ψ
(

4nΦ1(un)Ψ2(vn)
unvn

)
< Φ1(un)Ψ2(vn) . (2)

Without loss of generality, we assume that Φ1(un) < 1
2n and Ψ2(vn) ≤ 1

2n for
every n ≥ 1. Let us choose for each n ≥ 1 two integers Kn and Jn such that

1
2n+1

< Knu
p1
n ≤ 1

2n
,

1
2n+1

< Jnv
q2
n ≤ 1

2n
. (3)

Next we define

A0 =


A1 0 0 · · ·
0 A2 0 · · ·
· · · · · · · · · · · ·
0 · · · An · · ·

· · · · · · · · · . . .

 ,

where

An =
4nΦ1(un)Ψ2(vn)

unvn


1 1 · · · 1
1 1 · · · 1
...

...
...

...
1 1 · · · 1


Jn×Kn

n ≥ 1.

Then A0 ∈ lΨ(N ×N ). In fact, by (2) and (3) we have

ρΨ(A0) =
∞∑

n=1

KnJnΨ
(

4nΦ1(un)Ψ2(vn)
unvn

)

<
∞∑

n=1

KnJnΦ1(un)Ψ2(vn) ≤
∞∑

n=1

1
4n

=
1
3
<∞ .

Finally, we will show that A0 6∈ Bc(lp1 , lp2). Put

x0 =
( K1︷ ︸︸ ︷
u1, u1, · · · , u1, · · · · · · ,

Kn︷ ︸︸ ︷
un, un, · · · , un, · · · · · ·

)T

and

y0 =
( J1︷ ︸︸ ︷
v1, v1, · · · , v1, · · · · · · ,

Jn︷ ︸︸ ︷
vn, vn, · · · , vn, · · · · · ·

)T
.

Then by (5) we deduce that

ρΦ1(x0) =
∞∑

n=1

KnΦ1(un) ≤
∞∑

n=1

1
2n

= 1

and

ρΨ2(y0) =
∞∑

n=1

JnΨ2(vn) ≤
∞∑

n=1

1
2n

= 1.
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Note that

A0x0 =


J1︷ ︸︸ ︷

K14Φ1(u1)Ψ2(v1)
v1

, · · ·, · · · ,

Jn︷ ︸︸ ︷
Kn4nΦ1(un)Ψ2(vn)

vn
, · · ·, · · ·


T

,

whence we conclude that

‖A0‖(Φ1)→Φ2
= sup

{
‖A0x‖Φ2 : ‖x‖(Φ1) ≤ 1

}
≥ ‖A0x0‖Φ2 = sup

{
|〈Ax0, y〉| : ‖y‖(Ψ2) ≤ 1

}
≥ 〈A0x0, y0〉 =

∞∑
n=1

KnJn4nΦ1(un)Ψ2(vn)

≥
∞∑

n=1

1
4

= +∞, ,

which contradicts condition (iii). In such a way the proof is finished. �

We obtain the corresponding result for operator on lp spaces mentioned by [4]
from the above theorem:

Corollary. If p1, p2, p ∈ (1,∞) and 1/p1 + 1/q1 = 1/p2 + 1/q2 = 1/p+ 1/q = 1, then
the following conditions are equivalent:

(i) p ≥ max(p1, q2);
(ii) A ∈ B(lp1 , lp2), for each A = (aij) ∈ lq(N ×N );
(iii) A ∈ Bc(lp1 , lp2), for each A = (aij) ∈ lq(N ×N ).

Proof. The sequence space lp is generated by the N−function Φ(u) = |u|p, so we
reduce to check that (i) is equivalent to (uv)p ≤ αup1vq2 for some constant α > 0 and
0 < u, v ≤ 1, which is routine. �
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