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ABSTRACT

We construct dynamical systems with P* as state space, using (n+1)x(n+1)
matrices of linear forms in n+1 variables, such that the fixed point sets are
rational normal curves minus one point. Our matrices provide canonical forms
for the triple action of PGL,11 on the projective space of such matrices. Our
dynamical systems include parameters identified with points in P»~1. We find
conditions on these parameters to guarantee that any point in a dense open subset
of P converges to a fixed point. We determine the domain of attraction of every
fixed point.

1. Introduction

Let k be a field and V an n-dimensional vector space over k. The natural action
of GL(V) on V@V ® V poses a fundamental problem: Find invariants and canonical
forms for its orbits, see [6]. The study of this problem might be called “trilinear
algebra”; and the above action referred to as the “triple action” of GL(V).

Choosing among the several possible presentations of V ® V ® V, we view its
elements as n x n matrices of linear forms in n variables, see [2, 6]; and the triple
action of GL(V') as conjugation followed by a linear change of variables. Then it
is convenient to pass to the projective space P(V ® V ® V) and to the projective
group G = PGL(V).

In this context, we produce matrices of linear forms, which provide canonical
forms for their orbits under the triple action; and whose invariants are related to an
associated quadratic rational map of projective space.
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After some preliminary material gathered in Section 2, in Section 3 we associate
a dynamical system to a matrix of linear forms with parameters, then we prove the
convergence to a fixed point for all points in a dense open subset of projective space,
provided certain conditions are imposed on the parameters. We also determine the
domain of attraction of every fixed point.

Our dynamical systems may qualify as discrete-time versions of the “toric sys-
tems” studied in [3]: In our systems, the fixed point sets are always standard rational
normal curves minus one point; and the parameter space is a projective space. We
answer a Global Attractor Conjecture for our systems.

In Section 4, we find that the stabilizer of any of our matrices is also the stabilizer
of its associated rational map and that it consists of diagonal matrices. Thus, geo-
metrically, the stabilizer may be viewed as a subset of the ambient projective space,
where it is also a dense open subset of the standard rational normal curve. We also
obtain that both our matrices and our maps are a cross-section for some orbits of the
corresponding action of G.

Section 5 contains complementary information on quadratic rational maps similar
to the ones previously discussed. We exhibit geometric and dynamic conditions, for
lower dimensional cases, under which a quadratic rational map is in the orbit of our
previously discussed maps. Section 6 informs the curious reader about the biological
genesis of our dynamical systems.

The present work generalizes and improves our previous work [10]. The latter
contains similar results up to dimension four, with less parameters; and with more
computational ingredients. Both papers have origin in the author’s work in population
genetics, see [11, 12, 13]. All computations were performed using Macaulay?2, see [4].

2. Preliminaries

Let k be the complex field, and let R = k[zg, =1, ..., z,] be the ring of polynomials in
n + 1 variables over k. We write M,,+1(R) for the ring of (n + 1) x (n + 1) matrices
over R and LF,1(R) for the subspace of matrices of linear forms.

Consider a nonzero matrix A € LF,i(R). Given a point in projective space
b € P", we can “evaluate” A or any matrix representing its class [A] in P(LF,+1), at b,
written Aj, to obtain generically a rational map ¢4, : P* — P, which sends any given
point ¢ = (cg,...,cn) € P to the point with homogeneous coordinates (co, ..., ¢p)Ap.
We sometimes write A = A, for the generic point x = (zy, ..., z,,); using this notation,
the matrix A has a canonically associated quadratic rational map ¢4 : P* — P" given
by pa(x) = (xo, ..., Tn)Ag.

If an algebraic group G acts on a variety X and we are given elements g € G and
x € X, we write g - x or else 29 for the translate of x with g, G* for the stabilizer of x
in G and G - x for the orbit of z, see [1, 7, 9].

Let n be a fixed positive integer, and let G denote the projective general linear
group PG L, 11(k), identified with the (n+1)x (n+1) invertible matrices over k£ modulo
the scalars. We now define the triple action of G on the space P(LF,11). Given g € G
and A € LF,;+1(R) representing an element [A] € P(LF, 1), we choose an invertible
matrix B € M,41(k) representing g. This produces the translate [A]Y: represented by
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the matrix obtained from BAB™! replacing in its entries each x; for i = 0, ..., n by the
i-th coordinate of the row vector xB.

There is another action of the group G on the space ® of quadratic rational maps
P™ — P given by conjugation. We say that ¢,9¥ € ® are projectively equivalent when
they are elements of the same orbit under this action.

The association P(LF, 1) — @ is not injective, but we have a surjective linear
map ¥ : LF,11(R) — Qpn+1 from the space of matrices of linear forms to the space
Qn+1 of 1 x (n + 1) matrices of quadratic forms in R, given by left multiplication
with the row vector z, whose kernel must be considered. We define the polynomial
elementary column Ej;j of size n + 1, for any given pair of indices 0 < i < j < n,
to be (0,...,0,—z;,0,...,0,;,0,...,0)", where —x; appears in the i-th position and z;
appears in the j-th position.

We will use the following results from [10]:

Theorem 2.1

Let k be a field, R = k[xo,x1,...,2,],0 # A € LF,41(R) and let ¢ : P* — P"
be given by ¢(x) = zA. If L : P — P" is the projective map given by L(x) = xB
with [B] € G = PGLy41(k), then the composition L~ o ¢ o L : P* — P" is given by
(L~ opoL)(x) =zAB],

Proposition 2.2

ker W is the set of matrices in LF,1(R) whose columns are in the span of
{Eijli<j}.

3. The dynamical systems

Let a = (ap,...,an) € P" be a vector of parameters. The vector a € P™ will be called
generic in this paper whenever

ij#n—1
H a; H (a; —aj) #0. (3.1)
in—1 i<j

We will have occasion to use the catalecticant matrix

C:<$0 Ty - Tp-2 $n1>; (3'2)

ry T2 - Tp—1 Tn

and its following minors

a=| " T o<i<n—2 (3.3)
Tit+1 In
Consider the matrix of linear forms
agTy 0 e 0 0
(an — ap)Tp—1 arzy, --- 0 0
T, = (3.4)
Ap—1Tn, 0

(an - an—l)xn—l AnTn
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For a generic point a, we have a rational map ¢, : P" — P™ given by ¢, (z) = 2Ty,
for © = (g, ..., z5,) € P". The iteration of ¢, will originate our dynamical system. As
a first step, we proceed to determine the fundamental and fixed points of ;.

Theorem 3.1
For a generic point a, ¢, has the following properties:

(1) The determinantal algebraic set of fixed and fundamental points of the map, de-
fined by the 2 x 2 minors from the 2 X (n + 1) matrix with rows z and (),
has support A U L, where A is the standard rational normal curve in P"; and
L = Z(xp—_1,xy) is the tangential linear space to A of codimension two at the
point @ = (1,0,...,0) € A.

(2) The fundamental points of the map have support equal to L.

(3) The set of fixed points of the map is A\ Q.

Proof. We write F' for the set of fundamental points of ¢,; and (yo,...,yn) =
©a(xo, ..., Tp). The definition of T, guarantees that L = Z(xy—1,x,) C F.

Observe that y, = a,z2 while ¥, o = an_oTn 2%y + (@n — an_2)z2 ;. Thus,
Ay, Qp — ap—o 7# 0 implies F' C Z(xy,—1,y). This proves (2).

The algebraic set of fixed and fundamental points of ¢, is determinantal, given
by the ideal a generated by the 2 x 2 minors from the following 2 x (n + 1) matrix,
whose rows are x and ¢q(x):

X0 T Tn
5 |-
aoxoTy + (an — 00)T1Tn—1 1212y + (@p — a1)T2Tp—1 -+ apT;
Among these minors, we have
Tn—1 L, Tp—1 T 0
2 = = P
Ap—1Tp—1Tpn + (an - anfl)xnflxn n Ty, AnTn—1Tp  ApTy,
as well as
Z; Tn X; Tp—1
o |= (an —ai)zn :
;T Ty + (an — Q) Tip1Tn-1  AnT;, Titl Tnp
and
Zg Tn—1 Zg Tn—1
= (an - ai)-rnfl ,
a;T;Tp + (an - ai)xi+1$n—1 nTn—1Tn Ti+1 Tn

for 0 <1i¢ < n — 2. Since a,, — a; # 0 for these indices, the ideal

3

b = saturate (a, (zp_1,2p)) = (a: (Tn_1,20)") ,

v=1

which describes the closure of the set of fixed points of ¢,, contains all minors ¢;,
defined in (3.3), of the catalecticant C, for 0 <1i <mn — 2.
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The remaining generators of a are

xX; Zj

a;TiTy + (Qn — ;) Tit1Tn—1  QjTjTy + (an — Q) Tj41Tn—1

Ty Tnp-1 Tj  Tp-1

= (an — a;)z; — (an — aj)z;

Ti+1 Tn Tj4+1 In

foral0<i<j<n-—2.

Thus, for generic parameters, the saturation with respect to (z,—1,xy), of the
ideal generated by the minors ¢;, already generates b.

Let ¢ be the ideal generated by all 2 x 2 minors from the catalecticant matrix (3.2).
It is well known, see [2, 6, 8], that ¢ is the prime ideal of the standard rational normal
curve A.

Now, ¢ contains the minors ¢;. Hence ¢ also contains the saturation with respect
to the ideal (x,—1,x,) of the ideal that these ¢;’s generate. It follows that b C .

On the other hand, ¢ C b, because the identities

ZT; :Ej s Tn—1 l’j Tn—-1
T, = Tj+1 — Ti41 ,
Ti+1 Tj+1 Ti+1 Tn Tj+r1 Tn
€T, $]’ Z; Tn—1 l’j Tn—-1
Tn—1 =Ty — I )
Ti+1l Tj41 Ti+1 Tn Tjr1  Tn

which are valid for all 0 < i < j7 < n — 2, express most minors in ¢ in (saturation
acceptable) terms of other minors in ¢, already identified as elements of b by earlier
identities.

Thus, b is the ideal generated by all 2x2 minors from C'. This proves (1) and (3). O

Each minor ¢; of the catalecticant (3.2) is a quadratic form. We wish to compare
these forms with the quartic forms resulting from substitution of y; instead of x; for
all i = 0,...,n, where y = @q(z).

Lemma 3.2

The minors c; satistfy the polynomial identity

¢j(pa(®)) = ajanwic; — (aj41 — an)ann-12ncjt1.

Proof.
B a;xiTy + (an — aj)Tj412n—1 OnTn—1Tn
¢j(pale)) = )
Aj1Tj41Tn + (An — Qj41)Tjr2Tn-1  anTj,
B G;Cj + Anxj+1Tn—1 AnTpn—1Tn
- 2
Aj4+1Cj+1 + ApTj42Tn—1 anxy,
a;Cj Tn—1 2 LTj+1 Tn-—1
= AnTn +a,Tp_1Tn
aj+1Cj+1  Tn ZTjt+2  Tp




330 VARGAS

_ 2 2
= AjanTpCj — Aj410nTn—-1TnCj+1 + ApTp—1TnCj+1

= ajanzic; — (aj41 — Gn)AnTn—1TnCji1. (3.5)

Dynamical systems

The systems under study are discrete-time, they are generated by the iteration
of rational maps ¢, : P — P™ for generic parameter vectors a € P". Thus, the state
space is projective space. The next theorem shows that under adequate conditions on
the parameters, any generic point of the state space converges to a fixed point.

Theorem 3.3

Let H = Z(xy,) and L = Z(xy—1,xy). For a generic point a, the dynamical system
obtained by the iteration of ¢, has the following properties:
(1) pa(H N L) C L.
(2) The polynomial eigenvalue E,, = ker(T,—a,x,) parametrizes the standard rational
normal curve A as follows:

Ey= (a0 1, 2" 12, oy gzl ).
(3) The polynomial eigenvalue E; = ker(T, — a;x,) parametrizes the rational nor-
mal curve (of degree i), E; = (e, ...,€i,0,...,0) in a space isomorphic to P!,

which is the linear component of dimension i in the osculating flag to A at Q,
fori=0,...,n — 1. Here,
v—1 i—1 )
T H (a; — a;) H(aj —ap)z, Gy, 0<v <i. (3.6)
j=0 j=v

(4) Using the parametrizations above, we have the polynomial identity
n
paty te = piEi, (3.7)
i=0

where pn, = [],cy<n—1(au — ay), pn—1 = 0; and p; is the following homogeneous
polynomial of degree n — i, for i =0,...,n — 2:

Rz
pi = H (au - au)
p<v<n-—1
n—2 o n—2 J o '
X Z(—l)”] H (a; — ay) H (ax — an)azfl__llxzﬂfjcj. (3.8)
=i A=j+1 A=it1

(5) We also have the polynomial identity p;[pa(x)] = a;a? " tan~ip,(z), for each
1=0,...,n— 2.

(6) Every point outside the hyperplane H converges to a fixed point, provided |a;| <
lay| for alli = 0,...,n — 2.
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Proof. If z,, = 0, but x,_1 # 0, then the following equality proves (1):

gDa($) = ((an - Clo):El, ) (a’n - aan)ZEnfla 0, 0)

Next, we wish to calculate the left-hand kernel of the matrix T, — a,x,. This will
be a point in P%, which we will interpret as a single parametrization of a set of points
in P, It is easy to verify that the polynomial eigenvalue F, is the left-hand kernel of
the matrix

—, 0o - 0 0
Tyl —Tpm - 0 0
0 o -+ —z, O
0 0O -+ zp1 O

The solutions in the ring of polynomials R of this system of linear equations are
the following, proving (2):

Ep= (a0 1, 2" 12, oy op12l ). (3.9)

In a similar way, if 0 < ¢ < n — 1, our search for the polynomial eigenvalue
E; = ker(T, — a;x,) leads us to the left-hand kernel of the matrix

(ap — a;)zy 0 0 0
(an —ap)rp—1 (a1 —ai)zy, - 0 0
0 0 oo (ap—1 —ag)zy 0

0 0 oo (ap — ap—1)Tp-1 (an — a;)zy

The solutions in the ring of polynomials R of this system of linear equations are the
stated ones, where each linear space L; = Z(xit1, Tit2, ..., Tpn) =P}, for 0 <i <n—1,
is tangent to A at @, because of the set-theoretic equality AN L; = {Q}.

Observe that for 0 < ¢ < n — 1, the eigenvalue F; is a single point y =
(Y0, -+, Yi» 0, ...,0) € P}, interpreted as a single parametrization for the points in P,
satisfying the ideal generated by all 2 x 2 minors of the matrix

C; = ( (a0 —ai)yo -+ (@i—1—a;)yi-1 Tn- )

(ap—an)yr -+ (ai—1 —an)yi  xp

This is the stated rational normal curve of IP)};, proving (3).

We start the verification of (4), observing that the last two coordinates on one
side of the asserted equality are indeed equal to the corresponding ones on the other
side.

In lieu of a complete proof, we offer a verification of the equality of the (n — 2)nd
and (n — 3)rd coordinates for (3.7), assuming that n is big enough.

The left-hand side of Equation (3.7) has the following (n — 2)nd coordinate:

n—1
H (ay — ay)Tp_oxy ",
pu<v<n—1
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whereas the corresponding right-hand side coordinate is:

H (au - al/)cn—2en—2,n—2 + H (au - al/)en,n—2

pu<v<n—2 pu<v<n—1
n—3
= H (ay — ay)(Tp—omn — 22 _1) H (aj — ap—o)x! 2
u<r<n—2 Jj=0

The left-hand side of Equation (3.7) has the following (n — 3)rd coordinate:

+ H (ap — a)zp % = H (ap — ay)Tn—2w

pu<v<n—1 pu<v<n—1

n—1
H (ay — ay)Tp_zx), ",
pu<v<n—1

whereas the corresponding right-hand side coordinate is:

wr#En—3
(au _'au)(an—S'_'an—2)$ncn—3€n—&n—3
pu<v<n—1
pr#n—3
- II (a“ _(MJ(an—Q_'an)xn—lcn—Qen—&n—3
pu<v<n—1
+ H (ap, - au)cn—Qen—Q,n—B + H (ap, - azl)en,n—3
pu<r<n—2 p<v<n—1
= H (ay — ay)Tpcn_zar™®
p<v<n—1
pr#En—3
- (ap'_(hJ(an—2_'an)mn—lcn—Zmzig
pu<v<n—1
n—4
+ II (ap—av)en— ] (ar — an—2)(an—3 — an)zn_12]"
p<vr<n—2 A=0
Tl (o anadoen
p<v<n-—1
= JI (—a)epsay™
p<v<n—1
n—4
+ I (ep—av)en—z [ (ar — an—2)(an-3 — an_2)zn 1
pu<v<n—2 A=0
+ JI (ap—a)ay g2y
pu<v<n—1

= 1l

pu<v<n—1

+ H (ay — ay)(zp—2wn — Tn )Ty O H (a, — ay),

(au —-ay)($n,3$n‘—-$n,2$n,1)$2_2

p<v<n—1 p<v<n—1

- I

pu<v<n—1

(ay — ay) 3ol L.

3

n—3
n
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In order to prove (5), let us write

n—2 J o '
Bij= (-1 I (ai—ax) J] (ax—an)ayyap 77,
A=j+1 A=it+1
Equation (3.8) becomes:
Rz n—2
pi= [l (au—a))  Bije.
p<v<n—1 j=i

Lemma (3.2) implies that

(Bijej)(wal@)) = ajan™" "2 ™ B jej + (ai — aj)an ™" 2™ Bijicjis
and this equality immediately implies (5).

The last assertion (6) follows immediately from (4) and (5): If we compare the
expression (3.7) for z with the corresponding one for ¢,(x), we obtain the asserted
convergence: limy, o ¢h'(x) = E,(z) € A, for x in the affine space x,, = 1, because
the coefficient p,, dominates the other coefficients under the hypothesis of (6). O

Remark 3.4 The parameter a,_1 plays no role towards the definition of the map ¢,
from the matrix T,, and it can be omitted. In fact, we could write a,—1 = 0 in the
definition of T,, preserving the properties of ¢, and T,.

The next corollaries follow immediately from the proof above. They complete the
description of the dynamical systems: They tell us where a generic point goes and
what is the domain of attraction of a given fixed point.

Corollary 3.5
If x ¢ H, then lim,, . ¢l'(x) = Ep(x).

Corollary 3.6
Giveny = (Yo, ...,yn) € AN{Q}, theset of all x € P™ satisfying lim,, oo @' (z) = y
is locally closed, described by the conditions x,, # 0 and

Tn—1 Yn-—1
Tn Yn

=0.

Remark 3.7 The global attractor conjecture for our dynamical systems. We have
a stratification for an open subset of our state space P" according to points § =
(t,u) € P': To each point 3 we associate the hyperplane H, 3 defined by the equation
txn — uryp—1 = 0. The hyperplane H(; ¢ is special. Let us call the remaining strata
“generic”.

We have identified each generic hyperplane Hg as the domain of attraction of a
fixed point. Furthermore, any generic Hp is stable under any of our generic rational
maps ¢q, as seen at the beginning of the proof of Theorem 3.1. Also, Hg intersects
the fixed point set at exactly one point.
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We consider that all of the above is the geometric part of the hypothesis of the
conjecture. It is satisfied by the dynamical system associated to any of our rational
maps .. Having an adequate geometry present, we exhibited the Lyapunov-type
conditions in Theorem 3.3 (6) that guarantee the desired convergence; and the truth
of the Conjecture. Thus, the geometry does not entirely determine the dynamics. It
is only an important ingredient.

ExamMpPLE 3.8 The rational normal Quintic. Consider the matrix

apls 0 0 0
(a5 — ag)z4 a1Ts 0 0
Ta = 0 (a5 — a1)$4 . 0 0
0 0 . a4s 0
0 0 (a5 —aq)ry asxs

Its eigenvalues F; = ker(T, — a;r5) may be parametrized as follows:

3&'27 Ly L5, 3323757 3'221%%7 »’641’?, 33?)
(ao — as)(a1 — a5)(az — a5)(a3 — as)xd,
ap — ag)(a1 — as)(az — as)(az — as)xiws,
ao — aq)(a1 — as)(az — as)(az — as)ziz3,
ap — aq)(ay — as)(ag — as)(az — as)zazs,
) ( )
)
(

as — ayg)(as — ay a:g, 0);

ap — az)(a1 — az)(az — as)rars, (ap — az)(ar — az)(az — az)xs,0,0);
(ap — as)(a1 — as)x3, (ap — az)(a1 — as)zsws,

ap — az)(a; — a2)$5,0 0,0);

(
(
(
(
(ap — as)(a1 — as)(az — as)z3, (ap — a3)(ay — as)(az — as)rizs,
(
)
(
)

(CLO — a5)T4, (‘10 - a1)$55 07 07 07 O)a
1,0,0,0,0,0).

= (
= (
(
(
(
(ap — as)(a1 — aq
= (
(
(
(
(
(
We have the identity
pstsx = poEo + p1E1 + p2Ba + p3 B + ps Bs, (3.10)

where

po= [l (ai—ay)

1<i<j<3
X [(ag — a1)(ag — a2)(ap — ag):vgco — (ap — a2)(ap — az)(a; — a5)az4m§cl

+ (ag — az)(a1 — as)(az — as)zizsce — (a1 — as)(as — as)(az — as)rics],
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i,j€{0,2,3}
pi= I (ai—aq
i<j
x [(a1 — ag)(a; — ag)xgcl — (a1 — a3)(ag — as)z4wsCo

+ (ag —as)(as — a5)x303],

i,7€{0,1,3}
p2 = H (a; — a;)[(ag — az)zsca — (a3 — as)xacs],
i<j
p3 = H (a; —aj)es, ps = H (a; — aj);
0=i<y=2 0<i<j<3

where we have written ¢; for the following minors of the matrix C":

ro Il X2 T3 T4

Tl T2 X3 T4 Tp

i Lq

, for 0 <i < 3.
Tit1 Ts

Finally, if z = (xo, ...,x5) and ¢(z) = 2T}, then

pol(x)] = agaizlpo, pilp(z)] = aradzip,

palp(a)] = azadaips, psle(z)] = asaszips.

Remark 3.9 For any generic parameter point a, the transformation ¢, is a Cremona
map, with inverse rational map 1), defined on P" \ Z (1, zy,) by ¥ (x) = xJ,, where
[Ja] admits as a representative the transpose of the cofactor matrix of Ty,.

We will now use the following catalecticant matrix and its 2 X 2 minors:

C(i,n)=< SR ”“’”‘1>.

Ti+1 Ti42 - Tn

Corollary 3.10

Let A be the standard rational normal curve of degree n in P". Let Q = Wy C
Wy C -+ C W, = P" be the osculating flag to A at Q@ = (1,0,...,0). Then the join
J(A,W;) has homogeneous ideal generated by the 2 x 2 minors of the catalecticant
matrix C(i + 1,n).

Proof. Let a; be the ideal generated by the 2 x 2 minors of C(i,n), for 0 < i < n.
Since these ideals are well known to be prime, see [2, 6, 8], it will be enough to prove
that Z(aiH) = J(A, WZ)

Equations (3.8) imply that p; € a;, for j > 4,5 # n.

Equations (3.7) imply that Z(a;4+1) C J(A, W;), because E; C W;.

Conversely, we have that each J(A, W;) is irreducible; and furthermore, J(A, W;) €
Whoo = Z(xp-1,zy). I b € JAW;) N Z(xp-1,2,), then the set of vectors
E = {Ey(b),..., En—2(b)} is linearly independent; and (3.7) gives rise to the unique
expression of the vector p, (b)b7~1b — p,(b)E,(b) as a linear combination of E.

Thus, pj(b) = 0, for j > ¢; and b satisfies the saturation with respect to the ideal
(Zn—1,2n) of the ideal generated by the ¢; with j > i. This means that b € Z(a;j41).
Hence J(A,W;) C Z(a;41). O



336 VARGAS

Corollary 3.11

For the standard rational normal curve A in P" and its osculating flag Wy C W1 C
- C W, at some point W € A, we have

(1) dim J(A,W;) =i+ 2.
(2) In particular, J(A, Wy_2) = P™.
(3) deg J(A,W;) =n—i—1.

EXAMPLE 3.12 For the rational normal quintic, let M(i,5) be the ideal generated by

all 2 x 2 minors of
0(1,5):< S ”“’4).
Ti+1 Li42 - Ts

In the polynomial ring k[ay, ..., as, o, ..., T5], we have the primary decompositions

\/saturate ((ps), ps) = (24,25) N Ma(3,5),
Vsaturate ((p2, ps),ps) = (z4,25) N Ma(2,5),
\/saturate ((p1,p2,03),p5) = (24, 25) N Ma(1,5),
\/saturate ((po, p1,D2,P3),05) = (T4, 25) N M2(0,5).

4. Canonical forms and stabilizers

Recall that G = PG Ly acts by the “triple action” on the projective space of matrices
of linear forms; and by conjugation on the projective space of quadratic rational maps
P P*— P

Theorem 4.1

For generic points a = (ag, ..., a,) € P", the rational maps p, represent a cross-
section of orbits under conjugation with PG L, 1 on the projective space of quadratic
rational maps ¢ : P* — P". In other words, if g € PGLy1 satisfies [g7! o ¢, o
g] = [pp], then o’ = b as points of P!, where a' = (ag,ar,...,an_2,a,) and b’ =
(bo, b1y -vvy br—2, by).

Proof. We interpret assertion (4) in Theorem 3.3 as the decomposition of a generic
point x,, # 0 in terms of the eigenvalues F;(z) of Tj:

We pass to the affine open set A" = P | where we set x, = 1, then we interpret

assertion (5) in Theorem 3.3 as a collection of “convergence” statements towards or
away from the hypersurfaces p;(z) = 0:

pi[@a(x)] = QiGy Ty, pl(x)7

one for each i =0, ...,n — 2.
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The ratios |a;|/|a,| determine the speed of each “convergence”; and must be
invariant under the action of G. Indeed, if g € G is associated to the automorphism
L : P" — P" and the expression for ¢J(x) is normalized so that every point z =
(zo, ..., ) With x,, = 1 goes to a point z = (zy, ..., z,) with z, = 1, then we obtain the
equation

ailh (2)] = aiay ™y g (@),
where ¢;(x) = pi(L(x)), yn = (vp 0 L)(2),93 = L7 0, o L; and the expression
for @9(z) is normalized for y,. Thus, 9 = ¢y implies |a;|/|an| = |b;i|/|bn|, for all
i=0,..,n—1. 0

Remark 4.2 The forms p;(x) are called “entropies” in [10], because they keep track
of the passage of time.

Corollary 4.3

For generic points a = (ag, ..., a,) € P", the matrices

agTy 0 0 0
(an, — ag)Tp—1 arxy --- 0 0
T, = . .
0 0 s Ap—1Tp 0
0 0 - (ap—ap-1)Tp-1 anxy

represent a cross-section of orbits for the triple action of PGL,41 on the projec-
tive space of matrices of linear forms. In other words, if ¢ € PGL,41 satisfies
[T9] = [T], then o’ = V' as points of P"~1 where a' = (ag,a1,...,an_2,a,) and
b = (bo, b1, ..., bp—2,by).

Proof. Let g = [M], with M = (m;;) € GLy41 be such that [T¢] = [T}] for generic
points a,b € P*. By Theorem 2.1, we have [g7! o ¢, 0 g] = [p]; and then our
conclusion. 0

Canonical forms

After these results, we propose the matrices T, and their associated quadratic
rational maps ¢, : P* — P", for generic points a € P*, with a,—1 = 0, as canonical
forms for their orbits under the corresponding actions of G = PG Ly, 1. These matrices
and maps generalize and improve our previous proposals in [10].

We now proceed to study the stabilizers of our matrices and maps.

Theorem 4.4

For a generic point a = (aq, ..., a,) € P*, the matrix T, has stabilizer G'=, whose
elements are represented by diagonal matrices diag (dy, ...,d,) subject to the ideal
of 2 X 2 minors of the catalecticant matrix

[ do di -+ dp2 dn
D‘<d1 dy o da )

Thus, GT* is geometrically isomorphic to a dense open subset of the curve A; and the
dimension of the orbit containing T, is (n + 1)? — 2.
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Proof. Let g = [M] € GT= be represented by M = (m;;) € GLy+1. Then g € G¥= and
hence g fixes the curve A, the point ) and the osculating flag to A at Q. Thus, M is
lower triangular.

The translate T¢ is obtained from [MT,M~1] by an invertible linear change of
variables, which replaces x,, by a nonzero scalar multiple of itself and x,_; by a linear
combination ax,_1 + Bx,, with a # 0.

This situation forces M to be diagonal. Let us write M = diag (do, ..., dp).

A quick calculation shows that [TY] is represented by

aogxy 0
biozn—1
E= ,
bnfl,anxnfl Gp—1Tn
0 d;ildn(an - an—l)wn—l AnTn
where )
b10 = dg d1 (an — ao),
521 = dl_ldg(an — al),
bn—l,n—Q = d;igdn—l(an - an—Q)-
But [T,] = [E] is equivalent to the following matrix having rank one:
1 1 1 1
dotdy ditdy - djtydnoy dytidn )

which clearly amounts to rank one for the catalecticant matrix D.
Since G = PG Ly, has dimension (n + 1)? — 1, our orbit has the stated dimen-
sion. U

Theorem 4.5

For a generic point a = (ag,...,ay) € P", we have the equality of stabilizers
GTe = G¥a, provided n > 2. In that case, dim(G - p,) = (n+1)? — 2.

Proof. Let g = [M] € G¥+, with M = (mj;) € GLp4+1. Then g fixes the curve A, the
point @ and the osculating flag to A at Q). Thus, M is lower triangular.

The translate [T,]9 may be represented by a matrix S which differs from 7 by
addition to any column of a multiple of a “polynomial elementary column” E;; =
(0,..,0,—z;,0,...,0,2;,0,...,0), for any given pair of indices 0 < i < j < n, where —z;
appears in the i-th position and x; appears in the j-th position, by Proposition 2.2.

Since M is lower triangular, only the variables z,_1 and z, appear in S. This
restriction forces the matrix M to be diagonal, if n > 2. Hence, no polynomial ele-
mentary columns may alter Ty; i.e. [T,] = [S], which implies the conclusions. O

Remark 4.6 In case n = 2, G¥* consists of all lower triangular matrices

Co 0 0
C = C3 C1 0
Cs C4 C2
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in the open subset cocica # 0 of the degree eight surface given by the equations
coc2 — C%, CoC3 — 2C1C4, CoCy — c?l.
In fact, if g = [C], then T¢ = coc1c3T, + (2a1 — ag — ag)cicacy EYy, where

0 00
EdG=1| —z2 0 0
T 0 0

5. Natural questions and partial answers

Several natural questions arise at this point.

(1) Given a quadratic rational map v : P — P" with associated dynamical system
similar to those generated by the iteration of ¢,, how far is it from some ¢,?

(2) What precisely is the orbit of each ¢,?

(3) Are there quadratic rational maps not in the orbit of any ¢, whose fixed points
sets are open subsets of rational normal curves?

(4) What happens when the point a is not generic?

Generalizing [10], we say that the curve A together with the osculating flag to A at
the point () constitutes the geometry of the rational map ¢, or else of the matrix 7,.
The point of parameters a = (ag, ..., a,) € P™ does not provide additional geometric
information; as long as it is generic, it respects the geometry.

The next two examples address Question (4).

EXAMPLE 5.1 The rational map ¢ : P2 — P? defined by ¢(z) = 27 for z =
(zo,x1,22) and
0 0 0
T=Topa = | ar1 bz 0 ,
0 (a—0b)xr1 axs

for a # 0, corresponds to the non-generic point of parameters (0, b,a). It has the same
geometry as the generic case, but the convergence to the fixed points occurs in one
step, i.e. ¥(x) € A, for all ¥ € P2\ {Q}, where {Q} = Z(x1,22) and A = Z(2? —xo72).

In [10], we had a similar dynamical system, but the conic was Z(x3 — 4xgz2),
associated to the matrix

0 0 0
S = I 2.’/62 0
0 2I1 4IE2

Here, [S]9 = [T{0,1,2)]; with g = [M] and M = diag (1,2,1).

If we look at the non-generic case T' = T, ,) with a # 0, we find that the line
L = Z(x5) is the set of fundamental points; and that every point in P? \ L is a fixed
point.

Finally, in the non-generic case T' = T(, ) with a # 0, we find that the conic
A = Z(x? — xox2) is the set of fundamental points; and that every point in P? \ A
goes to the fundamental point @ = (1,0,0).
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EXAMPLE 5.2 The rational map ¢ : P> — P3 defined by o(z) = 27 for T = T(0,0,b,a)5
with a # 0, has the line L = Z(x2,23) as the set of fundamental points; and the
standard twisted cubic curve A as the closure of the fixed-point set. Here, p(z) C
Z (23 — x123), for all z € P3N L, but it is not the case that ¢(z) C A, for these points.
However, p?(x) C A, for all x € P> \ L.

In the non-generic case T' = T{30,q4), With ab(a — b) # 0, we find the line L =
Z(x2,23) as the set of fundamental points; and the standard twisted cubic curve A as
the closure of the fixed-point set. Here, p(x) C Z(x3 — z123), for all x € P3 < L.

The next example compares the present canonical forms with our previous pro-
posal in [10].

EXAMPLE 5.3 The general nonsingular conic case in [10] was constructed with a
matrix M and its associated map ¢ (z) = xM. Here, the triangular matrix B satis-
fies 1] = [L71 o P(a,20+b2a+20) © L], where L(x) = 2B, ¥(q,2a+b2a+25) IS & canonical
quadratic rational map; and

ars 0 0 1 0 0
M = %bxl—i—%axg (2a + b)xo 0 ,B=]101 0 |,
0 bxy 2(a+b)x2 c d t
with
‘ 2a + 4b _at B d?
T YTy T

The next result addresses Questions (1-2).

Theorem 5.4
Let A be the smooth conic 3 = woxe; and let B = (1,0,0). Assume that
Y = (Yo, 1, 12) : P2 — P? is a quadratic rational map such that

(1) The algebraic set defined by the ideal (1, 1,12) has support {B}.

(2) The algebraic set defined by the determinantal ideal I of all 2 x 2 minors from the
2 x 3 matrix with rows © = (x¢, z1,x2) and (x) has support A.

(3) The only possible multiple point in Z(I) is B.

Then ¢ = pqp, with pap(z) = 21,y, for adequate parameters (a,b) € P!, where

axs 0 0
Top =Taopy=| (b—a)rr 0 0
0 bxl b:CQ

Proof. Let y1, ..., y18 be parameters, in order to write a general quadratic rational map
as follows:

Y= (yliﬂ(Q) + yﬂ% + 2/390% + yazoz1 + YsTox2 + Y6122, ...).

Requiring the conic A to be contained in the zero set of I, we reduce the above
expression for ¢ to the following one, with six parameters:

Y = (ax? + brox + cad + dvoze — da?,
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ar1xe + bx% + cxor1 + froxe — fa:%,
ax3 + br1xe + cxoT — ex0T2 + ex?). (5.1)

Requiring B to satisfy the ideal J = (g, %1,12), we obtain ¢ = 0. Requiring the
ideal I to be supported by the conic A, with B as unique possible multiple point,
yields e = f = 0 and a # d.

Requiring B to be the unique possible multiple point in Z(J) implies b = 0, but
then ¥ = ¢(40,q), With a # d. (]

Consider Question (3) for the simple case of the plane. A natural candidate for
fundamental point set for a rational map 1 with fixed point set equal to a dense open
subset of A, is the line L = Z(x5), tangent to A at B. We have the following negative
answer.

Corollary 5.5

Let A be the conic x3 = xgwy. Assume that ¢ : P2 — P? is a quadratic ratio-
nal map with fixed point set equal to a dense open subset of A. Then, the set of
fundamental points of 1) cannot be the line L = Z(x2), tangent to A at B.

Proof. We start with a quadratic rational map ¢ : P> — P? with six parameters such
that A satisfies the ideal I, as in the Theorem. Then, we saturate the ideal I with
respect to the conic A, to obtain the condition ac — c¢d + de — bf + f?> = 0; and the
linear equations

exr1 + fl‘g, fl'o + ar] — dxq,

exg — axo + dra, cxrg + bxry — fxr1 + dxo.

If this system reduces to the equation zo =0, thenb=c=e=f =0and a =d # 0;
and the map must be 1 (z) = (zoxa, T172,73), which is a contradiction. O

We continue to address Questions (1-2), for the twisted cubic case. Here, we have
a point of parameters a = (ag,a1,az,a3) € P3, a matrix of linear forms 7}, and a
rational map ¢, : P? — P3,

Proposition 5.6

Let p = ¢, be a quadratic rational map of P3, with a generic point of parame-
ters a, let I be the determinantal ideal of all 2 x 2 minors of the 2 X 4 matrix with
rows x and p(z); and let K be the ideal generated by {¢o, ..., p3}. Then

e We have the primary decomposition I = p N q, with p a prime ideal, corre-
sponding to the standard twisted cubic curve A; and q minimally generated
by {w%,xgxg,xg, q}, where q is a nonzero quadratic form contained in the ideal
($2, :L'g).

e K is minimally generated by a set {3, xox3, h1, ha}, where hy and hy are nonzero
quadratic forms contained in the ideal (x2,x3).

Proof. This is a simple calculation with Macaulay2. (]

We are ready to use these geometric ingredients together with our previous en-
tropies, see [10], to obtain the following result.
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Theorem 5.7

Let A be the standard twisted cubic curve, image of the Veronese map v : P! — P3,
given by v(t,u) = (t3,t%u, tu®,u?), let Q = (1,0,0,0) € A; and let L = Z(x9,13), the
tangent line to A at Q. Assume that 1) = (g, ...,13) : P> — P3 is a quadratic rational
map such that
(1) The algebraic set defined by the determinantal ideal I of all 2 X 2 minors from the

2 x 4 matrix with rows © = (o, ..., v3) and (z), has support AU L.

(2) We have the primary decomposition I = pNq, with p = I(A) prime, generated by
{x123—23, 2073 —T172, ToT2 — 27 }; and q minimally generated by {3, xox3, 23, q},
where q is a nonzero quadratic form contained in the ideal (x2,x3). Thus, \/q =
(x2,23) and Z(q) = L.

(3) The ideal K generated by {g,1,12,13}, is minimally generated by the set
{a:%, x9x3, h1, ho}, where hy and hy are nonzero quadratic forms contained in the
ideal (z2,x3). Thus, Z(K) = L.

(4) There is a quadratic entropy p(x) € p satisfying a relation of the form

p(1(2)) = axip(w),

for some nonzero scalar «.
(5) There is a cubic entropy r(z) € p satisfying two unique relations of the form

r(y(z)) = Bair(z),
for some nonzero scalar (3; and
coxs)(z) = crz3w + cop(x) B + csr(2)Q,

for scalars cg, c1,co, c3; p(x) the previous quadratic entropy; and B an adequate
linear parametrization of L.

Then 1)(x) = =S, for the matrix of linear forms

brs 0 0 0
g cxga;zaxg (b+ 2;2 d)xs 8 8 ’ (5.2)
0 0 (b+c)xa (b+c)xs
for adequate parameters a, b, c,d.
Proof. We consider forty parameters yi, ..., 940, in order to write
Y= (yll’g +oee y4x§ + yszox1 + - - + Y10x2x3, ...).
The condition Z(K) D L is equivalent to
Y1 ="Y2=Ys =y = y12 = Y15 = 0,
Y21 = Y22 = Y25 = Y31 = Y32 = Y35 = 0. (5.3)

The condition Z(I) 2O A is then equivalent to

Y4 = Y10 = Y14 = Y16 = Y20 = Y24 = Y26 = Y36 =0,
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Y28 = —Y27, Y38 = —Y37, Y34 = Y30,
Yo = —Y3, Y30 = Y7+ Y8, Y39 = —Y33, Y40 = Y6,
Y18 = Y6 — Y17, Y29 = Y6 — Y23, Y19 = Y7 + Y3 — Y13 (5.4)

Since the ideal K + I(A) admits the basis

Tr1x3 — iB%, ToT3 — T1X2, ToT2 — fﬁ%,
(2y6 + 3Yy7 + T3Y8)T3,
(1y6 + T2y7 + T2Y8) 73,
(zoys + z1y7 + T1Y8) T3,
ro(T2ye + T3y7 + T3Y8); (5.5)

we see that Condition (3) implies ys = 0, because otherwise we could find a point
x = (zg, x1, T2, 23) € A, with x3 # 0, satisfying the above basis.

In order to use effectively Condition (2), we saturate the ideal I with respect to
the twisted cubic (x123 — a:%, ToL3 — 1T, XoTy — :1:%), and call J the result. Then we
write J' = J + (23, x9x3,73). The ideal J' is minimally generated by {3, xoz3, 73}
together with all of the following polynomials

r123(Y27Y33 — Y23Y37),

r122(Y27Y33 — Y23Y37),

r0x3(Y27Y33 — Y23Y37),

Tox2(Y2ry33 — Y23Y37),

23(T1Y8Y23 + T1Y3Y27 + ToY17Y23 — T0Y13Y27),
13(T1Y8Y33 + T1Y3Y37 + ToY17Y33 — T0Y13Y37);
T2(T1Y8Y33 + T1Y3Y37 + ToY17Y33 — T0Y13Y37);
T2(T1Y8Y23 + T1Y3Y27 + ToY17Y23 — T0Y13Y27);
T1(T123Y33 + T1T2Y37 — TOT3Y37),

(
(
(

( )
1(123Y23 + T1Z2Y27 — T0T3Y27),
( )
(
2
1

8

Zo(T173Y33 + T102Y37 — T0T3Y37),
To(T123Y23 + T1T2Y27 — T0T3Y27),
(2Ta3ys — T3 T2Ys + TOT1T3Ys — TOT1T3Y13 — TOT1T2Y1T + TELIYLT)-
The ideal J’ is our candidate for q. We obtain some necessary conditions on the
parameters y; in order to guarantee that J’ is a primary ideal satisfying Condition (2):

The ideal a must be satisfied, since otherwise there would be too many minimal gen-
erators for J', where a is the determinantal ideal b generated by all 2 x 2 minors

from
Y3 Y13 Y23 Y33
—Ys Yir Y2t Y37
with ysy17 + ysy1s missing. We have the primary decomposition

a = (Y23, Y27, Y33, Y37) N b.
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If we assume that our remaining parameters satisfy the determinantal ideal b, i.e.
the missing determinant ysy17 + ysyi3, we contradict Condition (2). Thus,

Y23 = Yor = Y33 = Y37 = 0, ysy17 + ysy13 # 0,

because 423, Y27, Y33, Y37 € saturate(a, ysy17 + ysyi3)-

At this point, the primary decomposition of the ideal I satisfies Condition (2).
Furthermore, this is the earliest stage at which ¢(z) —x € L, for all x € P3 \ L. This
is also as far as we can stretch the geometric requirements on .

We proceed to use Condition (4). Let f(r) = 23 — 2173, g(7) = 2179 — w073, and
B(x) = o2 — aozy; and let F(z) = f(1()), G(z) = g(i(x)) and H(z) = h(1(x)).

The quadratic entropy p(z) must be a scalar linear combination of f,g and h.
But H contains the term —yj72%23, which does not appear neither in F' nor in G
and cannot be canceled in any candidate for an entropy where h appears. Similarly,
G contains the term —yj7z12323, not appearing in F, leaving 17 = 0 as the only
possibility for an entropy p to exist. This is achieved with p = f.

We are left with four parameters, which we relabel as follows:

ys=a, yr=>b, ys =¢, yiz3 =d.
Then the entropic constant, see [10], corresponding to f above is
b+c—d
b+c¢

Condition (2) now implies cd # 0. Thus, the new parameters must satisfy the restric-
tion cd(b+ c¢)(b+c—d) #0.
We proceed to use Condition (5). We immediately obtain

B = (CIEQ — axrs, (C - d)$37 07 0)7

r = ar1Ti — arirs + crors — criwows — drori + das.

We have obtained the cubic entropy r with corresponding entropic constant

b
b+c

The parametrization B above is the only possible one satisfying Condition (5). We
can now verify directly that our map v satisfies ¥(x) = xS, for the stated matrix of
linear forms S. ([

Remark 5.8 This result tells us that perhaps our canonical form is missing one pa-
rameter. The next result shows that this is not the case.
Proposition 5.9

Given parameters a, b, c,d; let V¥(qp ca) P3 — P2 be the rational map defined as
¢(a,b,c,d) (:C) = IS(a,b,c,d)f for x € Pg; and

bxs 0 0 0
g | ecxa—axz (b+c—d)zs 0 0
(@:be,d) = axs dza 0 0

0 0 (b + C)xg (b + C)$3



Dynamical systems for rational normal curves 345

Let A, L, Q be as in the preceding theorem. For generic values of the parameters b, ¢, d,

we have

(1) The set of fundamental points of Y . 4y is the line L = Z(z2,x3).

(2) The set of fixed points of (g pc.q) is AN Q.

(3) If there exists g € G with w(ga,b,qd) = V(tuvw), then (b,c,d) = (u,v,w) as points
in P2

(4) The transporter Transg (Y a,p,c,d) V(t,b,c,d)) is geometrically isomorphic to an open
set of the twisted cubic curve. In particular, it is nonempty.

(5) A complete set of invariants for the orbits containing maps 44y under the
action of PG Ly, is the point (b, c,d) € P2

Proof. Properties (1) and (2) can be verified easily. In fact, they were imposed on all

7vb(a,b,c,d)'
Given two generic points of parameters (b,c,d) and (u,v,w), any element g €
Trans(P(ap,e,d) P(tuww)) Must preserve the flag

QCLcCH=Z(as).

Thus, g may be represented by a lower triangular matrix

w 0 0 0
M| o 0 O
y3s ya ys O
Ys Y7 Ys Y9

We compute the composition g o ¢, c,q) © g~ ', which we identify with a 4 x 1
vector @%z,b,c, ) of quadratic forms. We then consider ¢(; ) as a 4 X 1 vector of
quadratic forms; and then we look at the ideal I of 2 x 2 minors from the matrix with
rOwWS 90§,b,c,d and Q¢ v.w)-

The ideal J generated by the coefficients with respect to the variables =z;
of the elements in I establishes the conditions for M to represent an element in
Transg(P(ap,ed) P(tupw)) and the conditions for ¢, to be in the orbit of
P(a,b,c,d)-

(3) In the general case, we require

beduvw(b + ¢)(u+v)(b+ ¢ — d)(v — w)(u + v — w)Yoy2ysyy # 0,

before we eliminate the variables y;, to obtain the ideal of 2 x 2 minors from the matrix

b ¢ d
v v ow |

(4) In case (b,c,d) = (u,v,w), we obtain that the diagonal entries of M describe
an open part of a twisted cubic as equivalent to

g€ TransG(@(a,b,c,d)? Qp(t,b,c,d))'

A collection of linear equations determine the remaining entries of M.
(5) follows immediately from (3) and (4). O
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Question (3) admits a positive answer in the case of the rational normal quartic A
that appeared in [10]. The rational maps studied there, have as fixed point set A \ @,
with @ = (1,0,0,0,0), the same as in the present case. But, the set of fundamental
points in [10] is the tangent line Z(x2,x3,24) to A at @, different from the tangent
plane Z(x3,x4) obtained presently.

6. Biological discussion

The dynamical systems presently studied are mathematical generalizations of the sim-
plest cases. The iteration of ¢(g0,1) : P2 — P? describes the Hardy-Weinberg Theorem
in Population Genetics, after change of basis. This states that focusing our attention
at a locus with two alleles, any population evolving via outcrossing, with no mutations,
no selfing and no selection parameters, reaches equilibrium in the next generation. The
equilibrium genotype frequencies are described by the smooth conic.

For the same population, we may allow selfing and inbreeding depression, in which
case we obtain a dynamical system associated to a generic map ¢, : P? — P2

The final example in the previous section, describes a population at a locus with
two alleles, whose individuals carry quadruple genetic information instead of the com-
mon double information. This phenomenon is called tetraploidy, see [13]. The ge-
ometry for that dynamical system involves the rational normal quartic. It is a slight
variant of the geometry obtained from our present general systems.
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