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The equation

A(x) ¥ = By (¥) +iB1 () v + ... + B, (x) " ( - %c) .

comprises a variety of special types of first order equations such as
the linear equation, Riccati’s equation, Bernoulli’s equation, and
Abel’s equation of the first kind. Assuming that A4, By, By ,..., B,
are polynomials in x, the problem of the possible degrees of polyno-
mial solutions of (1) was completely settled in [1]; the results include
those of CampBELL and GoroMs for the Riccati equation [2].

The nature of the polynomial solutions of (1) with B, (x) = 1
was investigated in [3], the main results being embodied in Theo-
rem 2 of that paper. The equation considered in [3] is

A@x)y =By(x)+Bi(®)y+ ... + B,2(x) "2+ " (2)

It should be noted that replacing y by y — (B,_1/#) in (1) (with
B, = 1) reduces (1) to the form (2). One of the results of Theorem
2 [3] is that subject to certain conditions on the degrees of the poly-
nomials in equation (2), w; S is a solution of (2) if and only if

n—2 L

Aw;S"=—Q+ ¥ Bjo/ S

i=1
where S denotes the polynomial part of the expansion of (—B)!/* in
descending powers of x, Q a polynomial such that — By = S" + Q,
and w; the #" roots of unity (: =1, ..., n).
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The purpose of the present paper is to establish the form that
(2) must take in order that all the w; S be solutions, and to show
that for a certain form of (2) there is at most one possible solution.
We first note that the # roots of unity, »;, can be represented in

terms of a primitive #™ root m as w®, w, w2, ..., w"71,
THEOREM 1. The polynomials 'S (i =10,1, ...,#—1) are all
solutions of (2) if and only if (2) has the form
A (%) y"= By (x) + B1(x) y + " (3)
where By= — 5" and S is a polynomial solution of 4 (x) ¥’ = B (x) v.

Proor: First let o' S be solutions of equation (2). Then by
substituting y = 'S in equation (2), we get

Aw'S'=—Q + By ®'S + Byw2'S2 + ... + B, ,ol=2i §n=2
(t=0,1,...,n—1).
Multiplying the above equations by o % (/1=10,1, ..., n—1)
respectively and adding we have
n—I1 n—I1

n—I1
A'G o s = Q'S o B, T s
i =0 i=0 .

1

n—1 n—1

+ 132'20(,,(2—“;' S24 ...+ B”_Z'EO(,)("—z—k)i Sn—2
1= =

Setting £ = 0 we obtain Q = 0 whence B, = — S™.

The above equation then becomes:

n—I1 n—I1 n—I1
A 2 m1—ki §7 — B, 2 m1-ki § + B, 2 m2—ki G2
i=0 i=0 i=0

n—I1
4+ ... 4 B, 5, X om"27hi Gn2
i=0

With 2 = 1 we have AS' = B; S.
Hence S is a polynomial solution of the equation

4 v = By y.
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Similarly, by setting 2= 2,3, ..., n—2 in turn we find that
B,=0(@=2,...,n—2). Equation (2) thus reduces to the form

Ay = DBy+ Bry + 5",
where By= — 5" and S is a polynomial solution of 4 y' = B, y.

Conversely, if equation (2) is of the above form, with By, = —S”"
and S is a polynomial solution of 4 ¥y’ = B, y, it is easy to see that
®'S(i=0,1,...,n—1) are all solutions. For, substituting 'S
in the above equation, we have A S’ = B S, which is true since S is
a solution of A4 y" = B; y. This holds independently of the values
of i. Thus w' S are all solutions. This completes the proof.

Let a, by, by be the degrees of A, B, B; respectively. The
question of the existence of polynomial solutions other than 'S is
settled by the following theorem.

THrorEM 2. If (i) n > 2, (i) By = — S" where S is a polyno-
n—72

mial solution of 49" = By, (iii) §; < by and (iv) the degree

7

of S is not the singular exponent for equation (3), then equation (3)

has no polynomial solutions other than 'S (1=20,1, ..., n—1).
(IFor definition of singular exponent see [1]). We omit the proof of

this result, which requires a rather involved use of the classification

of the degrees of polynomial solutions as developed in [1].

We finally show that for a certain form of equation (2) there is
at most one polynomial solution.

n—2

TurorrM 3. If a—1 < by and by > 0, then the equation

n
AWy = By(x) + v (4)
has at most one polynomial solution.
Pror. By Theorem (2) of [3] the only possible polynomial solu-
tions are ®*S (1 =0, ..., n—1). We now show that at most one

of these polynomials can be a solution. By assuming two polyno-
mials o' S and o* S (0’ # »*) to be solutions we get

AwiS' =—0Q, AwtS =0

whence S° = 0. Hence S = C (constant) and Q = 0. This implies
By = — C" = constant, which is a contradiction.
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